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PREFACE. 



The object of the study of Mathematics, is two fold — the acqui- 
sition of useful knowledge, and the cultivation and discipline of 
the mental powers. A parent often inquires, " Why- should my 
son study mathematics? I do not expect him to be a surveyor, an 
engineer, or an. astronomer/' Yet, the parent is very desirous 
that his son should be able to reason correctly, and to exercise, 
in all his relations in life, the energies of a cultivated and disci- 
plined mind. This is, indeed, of more value than the mere attain- 
ment of any branch of knowledge. 

The science of Algebra, properly taught, stands among the first 
of those studies essential to belli the great objects of education. 
In a. course of instruction properly arranged, it naturally follows 
Arithmetic, and should be taught immediately after it. 
: In the following work, the object has been, to furnish an ele- 
mentary treatise, commencing with the first principles, and leading 
the pupil* by gradual and easy steps, to a knowledge of the ele- 
ments of the science. The design has been, to present these in a 
brief, clear, and scientific manner, so that the pupil should not be 
taught merely to perform a certain routine of exercises mechani- 
cally, but to understand the why and the wlierefore of every step* 
For this purpose, every rule is demonstrated, and every principle 
analyzed, in order that the mind of the pupil may be disciplined 
and strengthened so as to prepare him, either for pursuing the 
study of Mathematics intelligently, or more successfully attending 
to any pursuit in life. 

Some teachers may object, that this work is too simple, and too 
easily understood, A leading object has been, to make the pupil 
feel, that he is not operating on unmeaning symbols, by means of 
arbitrary -rules ; that Algebra is both a rational and a practical 
subject,- and that he can rely upon his reasoning, and the results 
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of his operations, with the same confidence as in arithmetic. For 
this purpose, he Is furnished, at almost every step, with the means? 
of testing the accuracy of the principles on which the rules are 
founded, and of the results which they produce. 

Throughout the work, the aim has been, to combine the clear, 
explanatory methods of the French mathematicians, with the prac- 
tical exercises of the English and German, so that the pupil should 
acquire both a practical and theoretical knowledge of the subject. 

While every page is the result of the author's own. reflection, 
and the experience of many years in the school-room, it i;s also 
proper, to state, that a large number of the best treatises on the 
same subject, both English and French, have, been carefully con- 
sulted, so that the present work might embrace the modern and 
most approved methods of treating the various subjects presented. 

With these remarks, the work is submitted to the judgment of 
fellow laborers in the field of education. 



'Woodwaed College, August. 1848. 



SUGGESTIONS TO TEACHEBS. 

It is -intended that the pupil shall reel to the Intellectual Exercises with 
the hook open before Mm, as in mental Arithmetic. Advanced pupils may 
omit these exercises. 

The following subjects may he omitted by the younger pupils, and passed 
oyer by those more advanced; until the hook is reviewed. 

Observations on Addition and Subtraction, Articles, 60 — M, 

The greater part of Chapter IX* 

Supplement to Equations of the First Degree, Articles 164. — it 7. 

Properties of the Boots of an Equation of the Second Degree, Articles 
215—217. 

In reviewing the book, the pupil should demonstrate the rules on the 
blackboard. 

The work will be found to con tain a. large number of examples for prac- 
tice. Should any instructor deem these too numerous, a portion of them 
may .be omitted. 

To teach the subject successfully, the principles must be first clearly 
explained, and then the pupil exercised' in the solution of appropriate 
examples, until 'they are rendered perfectly familiar. 
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PAET FIRST, 



INTELLECTUAL EXERCISES, 



LESSON I. 



Note to Tkachebs. — All tho exercises in the folio wing lessons can 
be solved in the same manner as in intellectual arithmetic; yet the instruc- 
tor should require the pupils to perform them after the manner here indi- 
cated. In every question let the answer be verified, 

1. I have 15 cents, which I wish to divide "between William 
and Daniel, in such a maimer, that Daniel shall have -twice as 
many as William ; what number mast I give to each ? 

If I give William a certain number, and Daniel twice that num- 
ber, "both will have 3 times that certain member; but both together 
are to have 15 cents ; hence, 3 times a certain number is 15. 

Now, if 8 times a certain number Is 15, one-third of 15, or 5, 
must be the number. Hence, William received 5 cents, and Dan- 
iel twice 5, or 10 cents. 

If, instead of a certain number, we represent the number of cents' 
William is to receive, by a;, then the number Daniel is to receive 
will be represented by 2x, and what both receive will be repre- 
sented by x added to 2x t or Bx. 

If Bx is equal to 15, 
then la; or x is equal to 5* 

The learner will see that the two methods of solving this ques- 
tion are the same in principle; but that it is more convenient to 
represent- the quantity we wish to find, by a single letter, than by 
one or more words. 

In the same manner, let the learner continue to. use the letter x 
to represent the smallest of the required numbers in the following 
questions. 



KAY'S ALGEBRA, PART FIRST. 



Hote.— -as is read x, or <me'sc, and is the same as Ix. 2x is road two % 
or 2 times x, Zx is read three x, or 3 times x, and so on. 

2. What number added to itself will make 12? 

X<et x represent the number ; then x added to x makes 2%, which 
is equal' to 12 ; hence if 2x is equal to 12, one x, which is the half 
of 2a?, is equal to the half of 12,' which is 6. 

Verification,—™ 6 added to 6 makes 12. 

3. What number added to itself will make 16? 

If x represents the number, what will represent the number 
added, to itself? What is 2x equal to ? If 2x is equal to 16, what 
is x equal to ? 

4. What number added to itself -will make 21? 

5. Thomas and William each have Ihe same number of applet 
and they both topsiher Iia\e 20; huw many apples ha^ each? 

(>. James h> as o»d a> John, and ihe sum of thoir a^es is 22 
years ; whs I Is the age of each ? 

7. Each of two men Is to receive tbo same sum of money for a 
job of work, and tlioy both together receive 30 dollars: what is 
the ^hare uf each? 

8. Daniel bad 18 cents ; after spending a part of Ihem.hc found 
he bad as many lefi as he had >pent * how many cents had ho spent? 

1). A pole 30 feci hir;h was broken by a bia-d of -wind : iho part 
broken oif was equal to the pari left standing; wiun was {ho 
length of each pari ? 

instead of saying x added i^> x ?v egitrl to 30, i«, is mo v o conven- 
ient to say x plus x is equal to 30. To avoid writing the word 
plus, we ibo the si<rn -|-, which means the Kvmo, and is called tlie 
sign o£additio?}. Ako, instead of writing tho word <v/?w/. we u*o 
the ^ip;n — , which means the t>amc, and is called ihe sign of 

10. John, James, and Thomas, are each 1o luue equal shares of 
12 apples; if x represents John's share, what will represent iho 
hharo of James? What will represent ihe share of Thomas? 
What expression will represent x-\ x r x more briefly. Jf 3,i-~-l2, 
what is ihe value of x? Why? 

1 1. The sum of fom* equal numbers is equal to 20; if x repre- 
sents one of Ihe number,, what will represenr each of the olliora? 
What will represent x- ] -x \ x-{ x, more bilefly? If Ax 20, what 
is x equal 10? Why? 

12. What is x J r x equal to? Ans. 2x. 

13. What is x~\~x-\-x equal to? 

J 4. What is x \~x~~x4-x equal to? 
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LE-.SS-ON II. 

L James and John together havo 18 cents, and John has twice 
as many as James ; how many cents has each. ? 

If a; represents the number of cents James has, what will repre- 
sent the number John hay ? What will represent the number they 
both have? If 3x is equal to 18, what is x equal to? Why? 

Kote. — If the pupil, does not readily perceive 'how to solve a question, 
let the instructor ask questions similar to the preceding. 

2. A travels a certain distance one day, and twice as far the 
next, in the two days he travels 36 miles ; how far does lie travel 
each day ? 

3. The sum of the ages of Sarah and Jane is 15 years, and the 
age of Jane is twice that of Sarah ; what is the ago of each ? 

4. The sum. of two numbers is 1G, and the larger is 3 times the 
smaller ; what are the numbers ? 

5. What number added to 3 times itself will make 20 ? 

0. James bought a lemon and an. orange for 10 cents, the orange 
cost four times as much as the lemon; what was the price of each? 

7. In a store-room containing 20 casks, the number of those 
that are full is four times the number of tiiose that are empty; 
how many are there of each ? 

8. In a flock containing 28 sheep, there is one black sheep for 
each six white sheep ; how many are there of each, kind? 

9. Two pieces of iron together weigh 28 pounds, and t\\Q hea- 
vier piece weighs three times as much as the lighter; what is the 
weight of each? 

10. William and. Thomas bought a foot-ball for 30 cents, and 
Thomas paid twice as much, as William; what did each pay? 

11. Divide 85 into two parts, such that one shall be four times 
the other. 

12. The sum of the ages of a father and son is equal to 85 
years, and the age of the father is six times that of his son. ; what 
is the age of each? 

13. There are two numbers, the larger of which is equal to nine 
times the smaller, and their sum is 40; what are the numbers? 

14. The sum. of two numbers is 56, and the larger is equal to 
seven times the smaller ; what are the numbers ? 

15. What is x~\-2x equal to? 

16. What is oc+Sx equal to? 

17. What is x+4% equal to ? 
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LESSON III. 

1 . Three "boys are to share 24 apples between them ; the second 
is to have twice as many as the first, and the third three times as 
many as the first. If x represents the share of the first, what will 
represent the share of the second? "What will represent the share 
of the third? What is the sum of x-{-2x-\-3x < ! If 6x is equal 
to 24, what is the value of x? What is the share of the second? 
Of the third? 

V k u i i io a t io\. — Th e first received 4, i h e second I w ice as 
many, vrhhdi io 8, and the third three limes the fir*d, or 12; and 
4 added to and 12, make 24, the whole number to he dhided. 

2. There are three numbers -who^e Mim h *>(), (he j»ocmid is 
equal tu fwieo the fi>t, and the third is equal to three times the 
first; vih?»t are the number ->? 

3. Theie are three numbers vrho^e nim is 21, Jig second is 
equal to tvdeo the fird, and the third m equal to tviec the Kvmd. 
If x represents ihe llr-t. v hat will represent f h<< secoinl :' If 2<>j 
reproe*oni? the f oeond, what will lepre^nt the Ihb-d ? \\ hiu is 
the sum of .r 2,* } 4.»*? What are the number^? 

4. A mau travels G3 miles in da # \s; h» inn ids ivice as far 
1he second day as the first, and twice as far the third day as the 
second; how man}' mile^ doo^ lie {rerel each day? 

5. John had 40 che*dnu{s, of which he r aa\e to his brother a 
certain number, and to his sisior tvue as mau\ a< lo his broihor; 
after this bo had as many left as ho had given to hi^ brother, how 
many eliesimiH did he p;iu> to each? 

(>. A farmer bought a -dieop, a cow, ami a hors<\ for 60 dollars ; 
the cow cost three times a-> much as the sheep, and the horse iwico 
as much as the cow : \\ hat was the cost of each ? 

7. James had 30 cents; he JoU a certain number; after (his 
he gave away as many as ho had lost, and th«m found lhai he had 
three times as manj renaming as he had given away; hem many 
did he lose? 

8. The suit?, of three numbers is 36; the second is equal to 
twice the first, and the third is equal to three times the second ; 
what are the numbers? 

9. John, James, and William together have 50 cents ; ejohn has 
twice as many as James, and James has three times as many as 
William ; how many cents has each? 

10. What is the sum of x, 2x, and three times 2x? 

11. What is the sum of twice 2 ; x } and three times 3x? 
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LESSON IV. 

1. If I lemon costs x cents, what will represent the cost of 2 
lemons? Of 3? Of 'J ? Of 5? Of 0? Of 7? 

2. if I lemon eo^ds 2x cents, what will represent the cost of 55 
lemons ? Of 3 ? Of 4 ? Of 5 ? Of i> ? 

3. James "bought a certain number of lemons at 2 cents a piece, 
and as many mure at 3 cents a piece, all for 25 eent'j ; if ,r repre- 
sents the number of lemons ai 2 con Is, what will represent their 
cost? What will represent the cost of 1ho lemons at 3 cents a 
piece? How many lemons? at each price did he hny ? 

4. Mary bought lemons ami oranges, of each an o^ual nuniher; 
the lemons cost 2, and the oranges 3 cents a piece; the c»^t of the 
whole was 30 cents; how many were there of each? 

5. Daniel bought an equal number of apples, lemons, and 
oranges for 42 cents ; each apple cost I cent, each lemon. 2 cents, 
and each orange 3 cents ; how many of each did he buy ? 

6. Thomas bought a number of oranges for 30 cents, one-half 
of them at 2, and the other half at 3 cents each ; how many 
oranges did he buy? Let x= one-half the number. 

7. Two men are 40 miles apart ; if they travel toward, each 
other at. the rate of 4 miles an hour each, in how many hours will 
they meet ? 

8. Two men are 28 miles asunder; if the}? travel toward each 
other, the first at the rate of 3, and the second at the rate of 4 
miles an hour, in how many hours will they meet ? 

9. Two men travel toward each other, at' the same rate per 
hour, from two places whose distance apart is 48 miles, and 
they meet in six hours ; how many miles per hour does each 
travel ? 

10. Two men travel toward each other, the first going twice as 
fast as the second, and they meet in 2 hours ; the places are 18 
miles apart ; how many miles per hour does each travel ? 

11. James bought a certain number of lemons, and twice as 
many oranges, for 40 cents ; the lemons cost 2, and the oranges 
3 cents a piece ; how many were there of each ? 

12. Two men travel in opposite directions ; the first travels 
three times as many miles per hour as the second ; at the end of 
3 hours they are 36 miles apart ; how many miles per hour does 
each, travel ? 

13. A cistern, containing 10.0 gallons of water, has 2 pipes to 
empty it j the larger discharges four times as many gallons per 
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boar as the smaller, and they both empty it In 2 hours ; how many 
gallons per hour does each discharge ? 

14. A grocer sold 1 pound of coffee and 2 pounds of tea for 108 
cents, and the price of a pound of tea was four times that of a 
pound of coffee : what was the price of each ? 

If x represents the price of a pound of coffee, what will repre- 
sent the price of a pound of tea? What will represent the cost 
of both the tea and coffee ? 

15. A grocer sold 1 pound of tea, 2 pounds of coffee,- and 8 
pounds of sugar, for 85 cents ; the price of a pound of coffee was 
twice that of a pound of sugar, and the price of a pound of tea 
was three times that of a pound of coffee. Bequired the cost of 
each of the articles, 

If a: represents the price of a pound of sugar, what will repre- 
sent the price of a pound of coffee ? Of a pound of tea ? What 
will represent the cost of the whole ? 



LISSOM V. 

1. James 'bought 2 apples and 8 peaches, for 16 cents; the price 
of a peach was twice that of an apple ; what was the cost of each? 

If x represents the cost of an apple, what will represent the 
cost of a peach ? What will represent the cost of 2 apples ? Of 
3 peaches ? Of both apples and peaches ? 

2, There are two numbers, the larger of which is equal to twice 
the smaller, and the sum of the larger and twice the smaller is 
equal to 28 ; what are the numbers ? 

8. Thomas bought 5 apples and 8 peaches for 22 cents ; each 
peach cost twice as much as an apple; what was the cost of each? 

4. William bought 2 oranges and 5 lemons for 27 cents ; each 
orange cost twice as much as a lemon ; what was the cost of 
each ? 

5. James bought an equal number of apples and peaches for 21 
cents; the apples cost 1 cent, and the peaches 2 cents each; how 
many of each did he buy ? 

6, Thomas bought an equal number of peaches, lemons, and. 
oranges, for 45 cents ; the peaches cost 2, the lemons 8, and the 
oranges 4 cents a piece ; how many of each did he buy ? 

7, Daniel bought twice as many apples as peaches for 24 cents ; 
each apple cost 2 cents, and each peach 4 cents; how many of 
each did he Imj ? 
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8, A farmer bought a horse, a cow, and a calf, for 70 dollars : 
the cow cost three times as much as the calf, and ilie horse twice 
as much as the cow; what was the cost of each? 

D. Susan bought an apple, a lemon, and an orange, for ] 6 cents: 
the Jemcm coot three times as much as the apple, and the orange 
as much ay both the apple and the lemon; what was the cost of 
each ? 

10. .Fanny bought an apple, a peach, and an orange, for IB 
cents; the peach cost twice as much as the apple, and the orange 
twice as much as both the apple and the peach; what wa>* the 
cost of each ? 
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1. Jam<N bought a lemon and an urange : the orange eo^t twice 
as much as the lemon, and Hie difference of their prices was 2 
cent.* ; whal. was the cost of each '■ 

If x represent the cosl of the lemon, what will represent the 
cost of the orange? What is \ls le^> x represented by? 

2. "What, is hU* h> * r. «vpjvscuicd by ? What i$ll;c leasts? repre- 
sented by? 

'What is -ia; loss <;' ronre^eiued by? What is 5x le^s "Jx repre- 
sented by? 

The word km ;*//.*, is tucd instead of fws; and the sign — , lor 
the sake oC brevity, is used to avoid writing the word minus. 

'Tims, if wo wish to take the dltmrunec between Zx audi .r, we 
TiVoJ sav 3 

" " &v le-s as 

or <*.." itKnv.? x ; which may be written llx --,*% 

When the sign ■ — • w h«'.h1, it is to he read mi una. 

«). Thomas bought; a lemon and an orange; the orange <>.oi,t, 
three tinier as much as the lemon, and die difference of their 
prices was 4 cents; \diac was the price of each? If x represents 
the cost of the lemon, what will represent (he eosi vl the orange? 
"What is V>x — x represented by? 

4. In a school containing ehissos in Grammar, (leography, and 
Arithmetic, there are three times as many studying fmograplry as 
Grammar, and twice as many studying Arithmetic as Geography ; 
there are 10 more in (he class in Arithmetic than in dial in 0. ram- 
mar ; how many more are there in each class ? If x rep re <ems the 
number in the class in Grammar, what will represent the number 
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in the class in Geography ? In the class in Arithmetic ? What 
is Bas — a; represented "by ? What is it equal to ? 

5. The age of Sarah is three times the age of Jane, and the 
difference of their ages is 12 years ; what is the age of each ? 

6. The difference of two numbers is 28, and the greater is equal 
to eight times the less ; what are the numbers ? 

7. Daniel has four times as many cents as William, and Joseph 
has twice as many as both of them ; but if twice the number of 
Daniel's cents be taken from Joseph's, the remainder is only 16; 
how many cents has each? 

8. Susan bought a lemon, an orange, and a pine-apple; the 
orange cost twice as much as the lemon, and the pine-apple three 
times as much as both the lemon and the orange ; the pine-apple 
cost 14 cents more than the orange ; what was the cost of each ? 

9. James bought 1 lemon and 2 oranges ; an orange cost twice 
as much as a lemon, and the difference between the cost of the 
oranges and the lemon was 6 cents: what was the cost of each? 

10. Charles bought 2 lemons and 3 oranges; an orange cost 
twice as much as a lemon, and the difference between the cost 
of the lemons and the oranges was 8 cents ; what was the cost 
of each? 

11. A man -bought a cow, a calf, and a horse; the cow cost 
twice as much as the calf, and the horse twice as much as ih& 
cow ; the difference between the price of the horse and that of the 
calf was 30 dollars ; what was the cost of each? 

12. There are three numbers, of which the second, is three 
times the first, and the third is twice as much as both the first 
and second, while the difference between the second and third 
is 10 ; what are the numbers? 



LESSON VII. 



1. James and John together have 11 cents, and John has 3 
more than James; how many has oaeh? 

If James has x cents, then John has x~\-th and ihoy both have 
x {-.r-j-JJ, or 2.r «l cents; hence, 2x -| 3 are equal to I J : Ivmeo, if 
2x and 3 are equal to 13, 2x mum be equal 1o 1 1 les* «J, which js 
equal to 8 ; then, if 2x is equal to 8, one x, or a*, must be equal to 4. 

2. William and Daniel together have apples, and Daniel has 
one more (ban William; how many has each? U x represents 
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the apples William lias, what will represent the apples Daniel 
has 2 What will represent the number they both have ? 

3, In -a class containing 13. pupils, there are three more boys 
than girls ; how many are there of each ? 

4, In a store-room containing 40 barrels, the number of those 
that are empty exceeds the number filled by 10; how many are 
there of each ? 

5, In a flock of fifty sheep, the number of those that are white 
exceeds the number that are black, by 30 ; how many are there of 
each kind ? 

6.. Two men together can earn 80 dollars in a month, but one 
of them can earn 10 dollars more than the other; how many 
dollars can each earn ? 

7. The sum of two numbers is 25, and the larger exceeds the 
smaller by 1 5 ; what are the numbers ? 

8. Sarah and Jane bought a toy for 25 cents, of which Jane 
paid 5 cents more than Sarah ; how much did each pay ? 

9. The difference between two numbers is 4, and their sum is 
16 ; what are the numbers ? If x represents the smaller number, 
what "will represent the larger ? 

10. The difference between two numbers is 5, and their sum is 
35 ; what are the numbers ? 



LESSON' VIII. 



L •lamer* and John iogciiier ha\e 15 cents, ard John has twice 
as many as Jame->, and 3 more: how many bay each 'i 

W s: roprcsuais the number dames has, then 2x j 3 will repre- 
sent tbe t mm bur John has, and x \ 2x | 3. or 3a'-,-«i, what *hvy 
both ha\e. h' 3v - 3 is equal io 15, then 3x must bo equuJ to 15 
less 8, or 12 ; hence x is equal to 4, the number James has ; Ihen 
John has 1 J . 

2, William bought a lemon and an orange for? cents; tho 
orange cost twice as much as the lemon and I cent more; what 
was the cost of each ? 

tf. There are two numbers who^c sum is 35: die second is 
twice the first and 5 more; what are she numbers? 

'J. \n an orchard containing tipple-trees and cherry-trees, [ho 
number of apple- irecs is three limes that of the eliervy-iroes, and 
7 move; the whole number of trees in the orchard is 51; how 
many are there of eavh kind ? . ■ 
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5. A farmer bought a cow and a calf, for 13 dollars ; the cow 
cost three times as much as the calf, and I dollar more ; what was 
the cost of each ? 

6. William and Thomas gave 50 cents to a poor woman; Wil- 
liam gave twice as many as Thomas, and 5 cents more ; how many 
cents did each give? 

7. Eliza and Jane bought a doll for 14 cents ; Eliza paid twice 
as much as Jane, and 2 cents more ; what did each pay ? 

8. Divide the number 15 into two parts, so that one part shall 
exceed the other by 3. 

9. Divide the number 26 into two parts, so that the greater part 
shall be 5 more than twice the less part. 

10. The sum of two numbers is 23, and the greater is equal to 
three times the less, and 8 more ; what are the numbers ? 

11. Two numbers added together make 40; the greater is 5 
times the less, and 4 more ; what are the numbers ? 

12. A man has two flocks of sheep ; the larger contains six 
times as many as the smaller, and 5 more, and the number in 
both is 82 ; how many are there in. each ? 



LESSON IX. 

1. James has as many cents as John, and 2 more, and Thomas 
lias as many as John, and 3 more ; they all have 26 cents ; how 
many has each ? If x represents the number of cents John has, 
what will represent the number James has ? The number Thomas 
has ? The number they all have ? 

2. James, Thomas, and John, went out to gather chestnuts ; 
Thomas gathered 5 more than James, and John 8 more than 
Thomas, and they all gathered 34 ; how many did each gather ? 

3. A father distributed 25 cents among his three boys; to the 
second, he gave 2 more than to the first, and to the third, 3 more 
than to the second ; how many did he give to each "? 

4. Divide the number 19 into three parts, so that the first may 
be 2 more than the second, and the third tvvd.ce as much as the 
second, and 1 more. 

5. Divide 13 apples between three boys, so that the second shall 
have I more than the first, and the third, 2 more than the second. 

6. A peach, a lemon, and an orange, cost 15 cents ; the lemon, 
cost 1 cent more than twice as much as the peach, and the orange 
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2 cents more than three times as much as the peach ; how many 
cents did each cost? 

7, Three pieces of lead together weigh 47 pounds ; the second 
is twice the weight of the first, and the third weighs 7 pounds 
more than the second ; what is the weight of each piece ? 

8. The sum of the ages of Eliza, Jane, and Sarah, is 38 years; 
Jane is 8 years older than Eliza, and Sarah is 2 years older than 
Jane; what are their ages? 

9, A father has three sons, each of whom is 2 years older than 
his next younger brother, and the sum of their ages is 27 years ; 
what is the age of each ? 

10. The sum- of three numbers is 29; the second is twice the 
first and 1 more, and the third is equal to the second, and 2 more ; 
what are the numbers ? 

I L A man bought 2 pounds of coffee and 1 pound of tea, for 
50 cents ; the price of a pound of tea was 10 cents more than, 
twice the price of a pound of coffee; what did each cost? 

12.. A man bought 3 pounds of coffee and 1 pound of tea, for 77 
cents ; the price of a pound of tea was equal to the price of 2 
pounds of coffee, and 7 cents more; what was the price of each? 

13, Says A to B, "Good morning, master, with your hundred 
geese." Says B, "I have not 100; but, if I had twice as many 
as I now have, and 20 more, I should have 100." How many 
had he ? 



LESSON X. 



1. If jc-l-l represent a certain number, what will represent 
(twice that number? Since twice- se is 2x., and twice 1 is 2, twice 
.a?+l, will be represented by 2x-f2. 

2. What is 3 times jc+1 ? 4 times x-j-1 ? 5 times ar-fl ? 

3. If %~\~2 represent a certain number, what will represent 
twice that number ? 2 times x is 2&, and 2 times 2 is 4> henee, 
twice x~\~2 is is 2a>-j--4. 

4. What is 3 times &+2? 4- times ar+2? 5 times x+2 ? 

5. If 2aH~l represent a certain number, what will represent 
twice that number? Twice 2x is 4%, and twice 1 is 2, hence, 
twice 2;c-fl is 4a;+2. 

■6. What is 3 times 2#+l ? 4 times £&+!? 5 times 2s+l ? 
7 What is 2 times Sx+21 3 times 3a;+2? 4 times 3tc+2? 
8. What is x, sH~l, and &+2 equal to? 
2 
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9. What is x, x+1, and Sx+S equal to? 

10. What is xy%+3 t and 2a>-f 2 equal to ? 

11. A father divided 1 5 cents "between his three boys ; giving 
to the second I more than to the first, and to the third twice as 
many as to the second ; how many cents did each receive ? 

12* The sum of 3 numbers is 34; the second is 1 more than the 
first, and the third is 3 times the second ; what are the numbers ? 

13. Eliza, Jane, and Sarah, together have 24 cents; Jane has 
twice as many as Eliza, and 1 more, and Sarah has twice as many 
as Jane ; how many cents has each ? 

14. A man. bought 1 pound of coffee and 2 pounds of tea, for 62 
cents; the price of a pound of tea. was equal to that of 2 pounds 
of coffee, and I cent more ; what was the cost of each ? 

15. A man worked three days for 10 dollars ; the second day he 
earned 1 dollar more than the first, and the third day as much as 
both the first and second ; how much did he earn each day ? 

18. Three boys together spent 43 cents; the second spent 5 
cents more than the first, and the third twice as much as the 
second ; how many cents did each spend? 

17. Divide the number 33 into three parts, so that the second 
shall be 2 more than the first, and the third equal to five times the 
second. 

18. Three men, A, B, and 0, have 40 dollars between them ; B 
has twice as man}- as A, and 1 dollar more, and C has 3 times as 
mo/ay as B ; how many dollars has each? 

19. Divide the number 29 into three parts, such that the second 
shall be equal to the first, and 1 more, and the third equal to three 
times the second. 

20. A man bought 3 pounds of sugar and 2 pounds of coffee, 
for 41 cents; the price of a pound of coffee was 3 cents more 
than that of a pound of sugar ; what was the cost of each ? 

21. James bought 2 lemons and 3 oranges, for 27 cents; an 
orange cost twice as much as 'a lemon, and 1 cent more ; what 
was the cost of each ? 

22. An apple, a peach, and 2 pears, cost 17 cents ; the peach 
cost 1 cent more than the apple, and each pear twice as much as 
the peach ; what was the cost of each? 

23. An. apple, 2 peaches, and 3 pears, cost 14 cents ; a peach, 
cost 1 cent more than the apple, and a pear 1 cent more than a 
peach; what was the cost of each? 

24. Two pears, 3 lemons, and 4 oranges, cost 29 cents; a 
lemon cost I cent more than a pear, and an. orange 1 cent more 
than a lemon ; what was .the cost of each ? 
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LESSON XI. 

1. James has 4 cents, and John lias I cent less than James ; 
how many cents lias John ? What is 1 less than 4 ? What is 2 
less than 4 ? 

2. If x represents' a certain number, what will represent 1 less 
than that number ? Ans. x — I ; read x minus 1 , 

8. If re represents a certain number, what will represent 2 less 
than that number? What will represent 3 less than thai number? 

4. If a certain number less 1 is equal to 8, what is the number 
equal to ? 

5. If x — 1 is equal to 3,. what is x equal to ? 

6. If 2x — 1 is equal to 5, what is 2x equal to ? If 2x is equal 
to 6, what is x equal to? 

7. inix -2 is equal to 10, what is 2x equal to? Tf Sx is equal 
to 12, what is x equal to? 

8. If 5,r — 3 Is equal io 17. what is i)x equal lo? IT fir, is equal 
to 20, what is x equal to? 

9. -lames and John together have 17 cents, and oames has 
cents less Hun John ; how many has each? 

If a; represents the number of cents James has, what v,]ll repre- 
sent the number John has? What is x and x- 3 equal lo? JC 
2.r—3 is equal to 17, what 2x equal to? If 2x is equal to 20, 
whao is x equal to? 

10. I>ivide the number 17 into two parts, so that one ,*,h«U ho 
5 le^s than the other. 

11. An o)angcand a lemon together co^t 8 cents, and the lemon 
cost two ceo of* ks>s than the orange: what was the cost of each? 

12. The sum of two numbers is 20, and the .mudler Is 4 Ions 
than the greater; what are the number*? 

13. "William and Daniel together lune 20 cents, and Daniel luv; 
twme as many as William, wanting 1 cent; how many corny has 
each ? 

14. The sum of two number-} is 24. and the larger is twice the 
smaller, wanting 3 ; what are Dm numbers? 

3 5. In a havket containing 25 apples and peaches, if 5 be sub- 
tracted from twice the number of apples, it will give the number 
of peaches; hew many are there of each? 

16. The sum of two numbers is 25, and the great er Is equal to 
3 times the miaiier, wanting 7: what- are ihe numbers? 

17. A seiiool contains C7 pupils, the number of boys is ?! times 
the nujjibei* of girls, wanting 3 ; what is the number of each ? 
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18. A cow, a calf, and a sheep, cost 28 dollars ; the sheep cost 
2 dollars less than the calf, and the cow cost 4 times as much as 
the calf; what was the cost of each? 



LESSON XII. 

1 . What number Is that, to which if 3 be added, the number 
will be doubled ? If x represents the number, what will #+3 be 
equal to? 

Since 2x is equal to #4-3, it is plain that x is equal to 8. 

2o What number is that, to which if 5 be added, the number 
will be doubled ? 

3. What number is that, to which if 4 be added, the sum will be 
8 times the number? If x represents the number, #4-4 will be 
equal to Sx ; but if Sx is equal to #-}-4, it is plain that 2% is equal 
to 4, and that x is equal to 2. 

4. What number is that, to which if 9 be added, the sum will 
be 4 times the number? If x represents the number, what will 
#4-9 be equal to? If 4x is equal '#4-9, it is plain that Sx is 
equal to 9, and that x is equal to -3. 

5. What number is that, to which if 15 be added, the sum will 
be four times the number ? 

6. There are 10 years difference between the ages of two 
brothers, and the age of the elder is 3 times that of the younger ; 
what is the age of each ? 

7. James says to John, "I have 4 times as many apples as you 
have ; but if you had 9 apples more than you now have, we would 
then each have an equal number." How many has each ? 

8. The difference of two numbers is 20, and the greater is 5 
times the smaller ; what are the numbers ? 

9. The age of Eliza exceeds that of Jane 18 years, -while the 
age of the former is five times that of the latter; what are their 
ages ? 

10. James bought a book and a toy; the book cost six times as 
much as the toy, and. the difference of their prices was 20 cents ; 
how much did he pay for each ? s 

11. The difference between the age of a father and that of his 
son, is 80 years, and the age of the father is seven times the age 
of the son ; what are their ages ? 

12. What number is that, to which if 32 be added, the mm will 
be equal to nine times the number itself? 
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J 'J. What number is I hat which i- t» les<- than 3 times the 
number U*>elf? 

14. James is 12 t yoavs younger ihan John; bat John Is only 
four times the age of Jame^: vJiat are iheh* a^es? 

15. Tl ha I number is that, to the double of ^hich, if S be added, 
the sum will be equal to 4 times the number? 

in I his ca«e, if x represents the number, l.v h e^ual to 2^—8; 
hence 2x must be equal to 8, and x equal to 4. 

111. What is flie \alue of a", v\hea 5« is equal to &r j-G? 
17. What is the value of x 9 when &x is equal to 2x ,-15 ? 
38. What is the value of a; when Rv U cqi:al iu &«■-}- 15? 
10. What is the value or $\ v>hen idx is equal to li-- 24 ? 

20. What number is that, to the double of wl leh, if 21 be 
added, the sum will be (he um^s the number? 

21. if Danish's ace be multiplied by -, ami HO added u> the 
produetj the sum will be (> time* his ape* what is his age ? 

22. What number added to tvJee itself and 32 more, will make 
a sum equal to *} tinier the number? 

23. What luimber added to itself and 40 more, will make a sum 
equal to 10 linie-> the mneber? 

21. A lathe: ga\e Iun m>u 3 iimo u* many ceiu* as he then 
had, his umde Then ga^e him 40 eent«. when he ibimd lie had I) 
(hues a< many a- at iir^t : how many had tie at lb t ,' 
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1. What number is that which being increased by 5, and then, 
doubled, the sum will be equal to three times the number ? 

In this example let x represent the number, then aH~5 doubled, 
will be 2aH~10, which is equal to 2x; hence x is equal to 10. 

2, Sarah is 2 years older than Jane, and twice Sa.ralds age is 
equal to three times the age of Jane ; what is the age of each ? 

8. William has 8 cents more than Daniel, and three times Wil- 
liam's money is equal to 5 times that of Daniel ; how many cents 
has each? 

.4. Three pounds of coffee cost as much as 5 pounds of sugar, 
and 1 pound of coffee cost 6 cents more than 1 pound of sugar; 
what is the price of a pound of each ? 

5. A former bought 2 hogs and 7 sheep ; a hog cost 5 dollars 
more than a sheep, while the hogs and sheep both cost the same 
sum ; what was the cost of each.? 
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6. William bought 3 oranges and 5 lemons ; an orange cost 2 
cents more than a lemon, while the oranges and the lemons each 
cost the same sum ; what was the cost of each ? 

7." William has 10 cents more than Daniel; hut 7 times Dan- 
iel's money is equal to twice that of William ; how many cents 
has each? 

8. The greater of 2 numbers exceeds the less by 14; and 3 
times the greater is equal to 1 times the less ; what are the 
numbers ? 

9. Moses is 16 years younger than his brother Joseph ; but 3 
times the age of Joseph is equal to 5 times that of Moses; what 
are their ages ? 

10. "flie difference between the ages of a man and his wife is 7 
years ; and 8 times the age of the man is equal to 8 times the age 
of his wife ; what are their ages ? 



LESSON XIV. 

1 . If x represents a certain number, what .will represent one 
half the number '? 

To divide a number, we draw a line beneath it, under which we 

I 
place the divisor ; thus, to divide 1 by 2 f it is written ~, which is 

read one half, or one divided by two. In the same manner, one half 

of x would be written thus. ~; which maybe read one half of x, or 

x divided by 2. 

x 
In a similar manner, one third of x is written ~ ; two thirds of 

2x ° 

x is written ~^. 

2. If ~ is equal to 4, what is x equal to? 

■ ■ 3. If ^ is equal to 5, what is x equal to ? 
o 

2x 
4. If ~ is equal to 8, what is x equal to? If two thirds of re is 

equal to 8, one third of x is equal to one half of 8, or 4 (since one 
half of two thirds is one third); and if one third of x is equal to 4 ? 
x is equal to. three times 4, or 12. 

Or thus: if 2x divided by 8 is equal to 8, 2x must be equal to 
3 times '8, or 24; and if 2x is equal to 24, x is eaual to one half 
of 24 or 12, 
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Either of these methods may be used in finding the value of ss 
m similar expressions, 

Sx 

5. If ™ is equal to 9, what is x equal to ? 

5x 

6. If ^ is equal to 1.0, what is x equal to ? 

ix „ 

7. If J-? is equal to 14, what is a; equal to? 

Sx 

8. If ~^- is equal to 9, what is x equal to ? 

4a? 

9. If -q- is equal to 12, what is a? equal to? 

10. If ™ is equal to 20, what is x equal to? 

7a; 
'11. If ~^~ is equal to 14, what is x equal to? 

12. If ™ is equal to 18, what is x equal to? 

.13. "What is the sum of x and ~ ? or of a:+^? 

Since aj is equal to ^, we have aj+^ equal to : ^r~j-^ 3 which is 

SX 

equal to -~-. 

14. What will represent the sum of 2x and ~, or of 2&'~j~^? 

15. What will represent the sum of #-(--? 

2# se 

16. What will represent the sum of x~t~^-2 Of 2a;+!q? 

17. lYhat is the sum of x+% ? Of x+~? Of 2x+~? 

o 5 5 

.18. What is the sum of a+y ? Of »+^? Of 2.^+y? 

19. There is a certain number, to which if the half oC itself be 
added, the sum will be 15; what is the number? 

20. William has half as many cents as Daniel, and ihejy both 
together have 21 ; how many cents has each? 

21. The age of Mary is one third that of Jane, and Ihe sum of 
their ages is 24 years ; what is the age of each ? 

22. A pasture contains 44 sheep and cows ; the number of cows 
is one third the number of sheep ; how many are there of each? 

23. The sum of the ages of Kuth and Eliza is 24 years; while 
the age of the former is three fifths of that of the latter; what is 
the age of each ? 
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24. James and John together ha\e 18 cents uml John Iuh iuiir 
fifth & as many a* James ; how many has each? 

25. Two places, A and C, arc 40 miles apart; between them is 
a village which is two ihirds as far from C as it is from A ; what 
is its distance from each of the places? 

26. The sum of two numbers is 21, and the smaller number is 
throe fourdis of the larper ; what are the numbers? 

27. Thomas and Charles have 85 cents, and Charles has half 
as many more cents as Thomas ; how many cents has each? 

28. The double of a certain number. Increased by one third of 
itself, is equal to 21 ; what is the number? 

29. William, James, and Robert, together, have 83 cents ; James 
has twice as many as William, and Robert has one third as many 
as James ; how man}? cents has each ? 

30. What number is that, which being increased bj its' half and 
its fourth, equals 21? 

31. What number is that, which being increased by Us half, its 
fourth, and 4 more, equals 25? 

tl2. A boy, being asked how much money he had, replied, that 
if one half and one third of his money, and 9 cents more, wore 
added to it, the sum would be 20 cents ; how much money had he ? 

33. There are three numbers, whose sum is 44 ; the second is 
equal to one third of the first, and the third is equal to the second 
and twice the Jirst ; what are the numbers? 

34. There are four towns in the order of the letters, A, B, C, 
and D; the distance from B to C is one fifth of the distance from 
A to B, and the distance from C to I) is equal to twice the dis- 
tance from A to ; the whole distance from A to I) is 12 miles, 
Required the distance from A to B, from T> to C, and from to I), 

35. What number is that, to which if Us half, its fourth, and 20 
more be added, the sum will be equal to 5 timers the number? 

30. There is a fish whose head is (I inches long, and the tail is 
as long as the head and half the body, and the body is as long as 
the head and I ail; what is the length of the whole ilsh? 

37. A gentleman being asked his age, replied, "If to my age 
you add its hal^ its third, and 28 jotm:^ the sum will bo equal to 
three times my age" Required his age. 

ff'i'y The preceding cxereWb v# ill servo t<» give Iho learner some- idea of 
ilio nalnro of Algebra, and of the maimer in which il may be applied to iho 
solution of problems. We shall now piueecd to consider Iho subject in a 
rojrular aiid soie-nlSfic maimer. 
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CHAPTER L 

PMEOMIMABY BKFmiTIOJtfS AMP FHIISfCIPl.ES. 

Note to Teachers, — In general, the Introduction, embracing Ar~ 
tides 1 to 15, need not be thoroughly studied until the pupil reviews the 
book. 

Article !• In Algebra, numbers and quantities are represented 
by symbols. These symbols are the letters of the alphabet. 

Art. 2* Quantity is anything that is capable of increase m 
decrease ; such as numbers, lines, space, time, motion, -&c. 

Art. Se Quantity is called magnitude, when presented or ce£- 
sidered in an undivided form, such as a quantity of water. 

Art. 4U Quantity is called multitude, when it is made up of indi- 
vidual and distinct parts, such, as three cents, which is a quantity 
composed of three single cents. 

Art. $>» One of the single parts of which a quantity of multi- 
tude is composed, is called the unit of quantity, or measuring unit; 
thus, one cent is tlio measuring unit of the quantity throe cents. 
The value or measure of every quantity, is the number of times it 
contains its measuring unit. 

Art. <l* In quantities of magnitude, where there is no .natural 
unit, it is necessary to fix upon an artificial unit, as a standard of 
measure ; and then to lind the value of the quantity, wo must 
ascertain how often, it contains its unit of measure* Thus, to 
measure the length of a lino, we take a certain assumed distance 
called a foot, and applying it a certain number of limes, say live, 
we ascertain that the line is five feet long; in this case, one foot 
is the unit of measure, 

.Art. 7o The numerical value of any quantity, is the number that 
expresses how many times it contains its unit of measure. Thus, 
in the preceding example, the lino being 5 foot long, its numerical 

IIevxkw. — 1. How are numbers and quantities represented in Algebra? 
Waata.ro gymhoJs ? 2. What is a quantity? o. When, jg quantity called 
magnitude ? d-. When is quantity called multitude? f>. Whnbis the unit 
of quantity? 6*. How is the value of a quani-ifcy ascertained, when there is 
bo natural unit? -'L What is iho numerical value of any quantity? 
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value is 5. The same quantity may have different numerical 
Tallies, according to the unit of measure that is assumed. 

Art, t§« A unit is a single or whole thing of an order or kind. 

Art. !!• Number is an expression denoting a unit, or a collec- 
tion of units. Numbers are either abstract or concrete. 

AiiT. SO, An abstract number denotes how many times a unit is 
to be taken. A concrete, or applicate number, denotes the units 
that are taken, 

Thus, 4 feet is a concrete number; while 4 is an abstract num- 
ber, which merely shows the number of units that are taken. A 
concrete number may be defined to be the product of the unit of 
measure by the corresponding abstract number. Thus, 6 dollars 
are equal to 1 dollar multiplied by 6, or 1 dollar taken 6 times. 

Art. 11, In Algebra, quantities are represented by numbers, 
and the letters used, stand for numbers. 

Art. IS. There are two kinds of questions in Algebra, theorems 
and problems. 

Art, IS. In a theorem, it is required to demonstrate some rela- 
tion or property of numbers, or abstract quantities. 

Art. 14« In a problem, it is required to find the value of some 
unknown number or quantity, by means of certain given relations 
existing between it -and others, which are known. 

Art. IS. Algebra is a general method.- of solving problems and 
demonstrating theorems, by means of figures, letters, and signs. 
The letters and signs are sometimes called symbols. 

DEFI3S1TIOM OF TERMS, AMP ■ EXPLANATION OF SIGMS. 

Art. 16* Known quantities are those whose numerical values 
are given, or supposed to be known : unlcnown quantities are those 
whose numerical values are not known. 

Art, 1T« Known quantities are generally represented by the 
first letters of the alphabet, as a, b, c, &c; and unknown quantities 
by the last letters, as x, y, z. 

Art. IS. The following are the principal signs used in Algebra: 

==, +, —\ x, -T-, ( ) ?> >» y. 

Each of these signs is the representative of certain words ; 

Review.- — 8. What is a unit? 9. What is number ? 10. What does 
&n abstract number denote ? What does a concrete number denote ? 11. 'What 
do the letters used in Algebra represent? 12. How many kinds of ques- 
tions are there in Algebra? What are they? 13. What is a theorem? 
14. What Is a problem? "J 5. What is Algebra? 16. What, arc known, 
quantities ? What are unknown quantities ? 17. By what are known quan- 
tities represented ? By what are unknown quantities represented ? 18. Write 
o» a slate, or a blackboard, the principal signs used in Algebra. What do 
the signs represent ? For what purpose are they used ? 
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they are used for the purpose of expressing the various operations, 
in the most clear and brief manner. 

Art, 10. The sign of equality, ==, is read equal to. It denotes that 
the quantities between which it is placed are equal to each other. 
Thus, a=3, denotes that the quantity represented by a is equal to 3, 

Art, 2#e The sign of addition, J r , is read plus. It denotes that 
the quantity to which it is prefixed, is to be added to some other 
quantity, 

Thus, a+5 denotes that b is to be added to a. If a— 2 and 
&=3 ? then c&+6==2-j-3, which are =5. 

Art. S81» The sign of subtractions — , is read minus. It denotes 
that the quantity to which it is prefixed is to be subtracted. Thus, 
a — o denotes that b is to foe subtracted from a. If a=5 and 6=^3, 
then 5—3=2, 

Art. 1B§3* The signs ~f- and — are called #ie signs ; the former 
is called the . positive, and the latter the negative sign ; they are 
said to be contrary or opposite. 

Art. SIS* Every quantity is supposed to be preceded by one or the 
other of these signs. Quantities haying the positive sign are called 
positive: and those having the negative sign are called negative. 
When a quantity has no sign prefixed to it, it is considered positive. 

Art. SI4U Quantities having the same sign are said to have like 
signs ; those having different signs are said to have unlike signs. 
Thus, -fa and -\~b, or —a and - — 6 have like signs; while +c and 
-~-d have unlike signs. 

Art. &«£• The sign of multiplication, X> is read into, or multi- 
plied by. It denotes that the quantities between which it is placed, 
are to be multiplied together, 

A dot or point is sometimes used instead of the sign X- Thus, 
aytfi and a.b, both mean that b is to be multiplied by a. The dot 
is not used to denote the multiplication of figures, because it is 
used to separate whole numbers and decimals. 

The product of two or more letters is generally denoted by 
writing them in close succession. Thus, ab denotes the same as 
aXb> ox a.b; and abc means the same as aX&X<V o? a.b.e. 

B>EVin"Wo~--ll>., How is the sign of equality, =, rend? What docs it Jo- 
nolo? 20, flow is the sign -|~ read? Whai. dord it denote? 21. How L 
tho sign - rend ? What does it denote? 22. What are the signs plu> and 
minus called, by way of distinction? Whi^h is positive, and which r>ega 
Live? 23. When quantities are preceded by the sign pins, what arc iliey 
raid lobe? By tho sign minus? When a quantity ha a i.o sign profiled, 
what sign is uixlcmood ? 2 1. When do quantities have like **i£i\«f ? Whei 
unlike sigiid? 25. How is tho sign X ^ad, and what does* it denote ? What 
<> ih e? method-* are there of representing raid implication, besides tho sign X? 
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Art, S16« Quantities that are to be multiplied together, are called 
factors. The continued product of several factors, means that the 
product of the first and second is to he multiplied by the third, this 
product by the fourth, arid so on. Thus, the continued product of 
a> &, and c, is expressed by aX&X c ? or abc. 
'if a==2, 5=3, and c=5, &ena&c===2X3X5==6X5===30. 

Art. M* The sign of division, -r-, is read divided by. It denotes 
that the quantity preceding It Is to be divided by that following it. 
The division of two quantities is more frequently represented, by 
placing the dividend as the numerator, and the divisor as the de- 
nominator of a fraction,. Thus, a-^-b, or>, means, that a is to 

b 

be divided by b. If a=12 and 5=8, then a-~-6=12~r-3=4; or 

«_12 

5^8 

Division is also represented thus, a\b, where a denotes the 
dividend, and h the divisor. 

Art, $&• The si<rn >•, is called the sign of inequality. It de- 
notes that one of the two quantities between which it is placed, is 
greater than \\\o> other, the qpadihj of the sign beiug turned 
towards the greater quantity. 

Thus, //>/> denotes that « is greater than 5, Tt Is read, a yrealcr 
Hum b. If a- 5, and 6—3, ihon 5>3. 

Also, e<V denotes that c is less than d. ft is read, c L&>$ than d. 

if 6---1 and d -7, then «1<7. 

Art. 3J©» Tlie sigu gc, denotes a quantity greater Hum any that 
can be assigned; that is, a quantity indefinitely great, or infinity. 

akt. S#» The nviitcral cuvjfu'ind of a quantify is a number pre- 
fixed to it, to show how often the quantity is to be taken. Thus, 
u the quantity represented by a Is to be added to itpolf several 
.mies, as rt--«-|-«-r^> "*ve write it but once, and place a number 
mo fore ii, to >how how often it is taken, 

Thus, fi-\ a~\-a-\ a-~Aa; and ax-\~ax-\-ax- Sax. 

A sit. $!!• The literal colifficie/H of a quantity, is a quantity by 
which it is multiplied. Thus, in the quantity ay, a, may he consid- 
ered the coefficient, of//, or y may bo considered the coeflieient o£ a. 
The literal coefficient is gonerally regarded as a "known quantity. 

He VTinv.-- -2G. What aro factors? How -many factors hi a? In <fb? 
In aOv? i» 5ube? 27. !hnv is Llio tngii -t~ read, and what docM h denote 'i 
Whni> oi hor methods aro there of representing (he di\ Won of two quantities ? 
*J^. What dyes the sign of inequality, ^>, il^aioto ? "Winch quantify i,< placed 
at the opening? 29, What does the sign ao denote? 30. What is the n it- 
inera! coefficient of a quantity? How ou>u is iw taken in ilio expression 
3«jc? in fuTx? In 7««c? of. What is the Utera* eue'fiieieul of a qtumiity ? 
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A rt. S3U The coefficient of a quantity may consist of a number, 
and also of a literal part. Thus, in the quantity oax, oa may be re- 
garded as the coefficient of x. If a=2, then 5a=l 5 and 5a#=l Ox. 

When no numeral coefficient is prefixed to a quantity, its coe'f- 
licient is understood to be unity. Thus, a is the same as la, and 
5a? is the same as Ibx. 

Ab't. SS* The power of a quantity is the product arising from 
multiplying the quantity by itself one or more times. When the 
quantity is taken twice as a factor, the product is called its square, 
or second power ; when three times, the cube, or third power ; when 
four times, the fourth power, and so on. 

Thus, ai}\&=^aa, is the second power of a ; a\ay^a-=aaa, is the 
third power of a ; aXay^dXa—aaaa, is the fourth power of a. 

Instead of repeating the same quantity as a factor, a small 
figure, called an exponent, is placed to the right, and a little above 
it, to point out the number of times the quantity is taken as a 
factor. Thus, aa is written a 2 ; acta is written a 3 ; aacm is written 
a 4 ; aabbb is written a 2 6 3 . 

When a letter has no exponent, it is considered to be the first, ot 
simple power of the quantity, and unity is considered to be its expo- 
nent. Thus, a is the same as a 1 , each expressing the first power of a. 

Art. S4* To involve or raise a quantity to any given power, is 
to find that power of the quantity. 

Art. $*»• The root of any quantity is another quantity, some 
power of which is equal to the given quantity, The root is called 
the square root, cube root, fourth root, Sea., according to the number 
of times it must be taken as a factor to produce the given quantity. 

Thus, since a,y(($=a 2 , therefore a is the second root, or square 
root of a 2 . In the same manner, x is the third root, or cube root 
of x z , since ^X^X^—^ 3 * . 

Art. S€« To extract any root of a quantity, is to find that rook 

Art. Sf» The sign -j/, is called the radical sign. When placed 
before a quantity it indicates that its root is to be extracted. 

Thus %l a, or j/a, denotes the square root of a ; %Ja, denotes 
the cube root of a ; %ja denotes the fourth root of a. 

Art. S§* The number placed over the radical sign is called the 
index of the root. Thus, 2 is the index of the square root, 3 of the 

Eeview.— 32. When a quantity has no coefficient written, what coef- 
ficient is understood ? 3.3. What is the power of a quantity ? What is meant 
by the second power of a? By the third power of a? What is an expo- 
nent? For what is it used ? How many times is a> taken as a factor in jg«? 
In a; 3 ? In a- 5 ? Where no exponent is written, what exponent is trader- 
stood? 35. What is the root of a quantity? 37. What is the sign yt 
called, and what does it denote ? 
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cube root, 4 of the fourth, root, and so on. "When the radical has 
no index over it, 2 is understood. 

Thus, |/9=3, ^8=2, V16=2. 

Art. HS« Every quantity written in algebraic language, that is, 
by means of algebraic symbols, is called an algebraic quantify, or 
an algebraic expression. Thus, 

2a is the algebraic expression of 8 times the number a ; 3a— 46, 
is the algebraic expression for 8 times the number a, diminished 
by 4 times the number b ; 2a 2 +3a6, is the algebraic expression for 
twice the square of a, increased by 3 times the product of the 
number a by the number b. 

Art. 43K An algebraic quantity not united to any other by the sign 

of addition or subtraction, is called a monomial, or a quantity of one 

. term, or simply a term. A monomial is sometimes called a simple 

quantity* Thus, a t 3a, —a?b, 2any% are monomials, or simple 

quantities. 

Art, 4JL Am algebraic expression composed of two or more 
terms, is called a polynomial, or a compound quantity, 

Thus, e J r 2d — b is a polynomial. 

Art. 4§U A polynomial composed of two terms, is called a 
■binomial. Thus, a+5, a — 5, and c 2 — d are binomials. 

A binomial, in which, the second term is negative, as a — b, is 
sometimes called a residual quantity. 

Art. 43» A polynomial consisting of three terms, is called a 
trinomial. Thus, a-\-b-{-c 9 and a — b-~~e are trinomials. 

Art. 44« The numerical value of an algebraic expression is the 
number obtained, by giving particular values to the letters, and 
then performing the operations indicated. 

In the algebraic expression 2a~\-3b, if a=4, and 5=5, then 
2o=8, and 35=15, and the numerical value is 8+15=23. 

Art. 45« The value of a polynomial is not affected- by chang- 
ing the order of the terms, provided each term retains its respec- 
tive sign. Thus, a 2 +2a+5 is the same as &+« 2 +2#. This is 
self-evident. 

Art. 4€« Each of the literal factors of any simple quantity or 
term is called a dimension of that term ; and the degree of any 
term depends on the number of its literal factors. 

Thus, ax consists of two literal factors, a and x, and is of the 
second degree. The quantity a 2 b contains three literal factors, a,a f 

R byie w. — 38. What is the number placed over the radical sign called ? 
3D. What is an algebraic quantity ? 40. What is a monomial ? What is a 
simple quantity? 41. What is a polynomial? 42. A binomial ? A residual 
quantity? 43. A trinomial? 44. What is meant by the numerical value 
of an algebraic expression? 
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and I), and is of the third degree. 2 A 2 contains live literal factors, 
a, a, a, #, and x, and is of the Jrfth degree ; and so on. 

Art. 4T* A polynomial is said to he homogeneous, when each 
of its terms is of the same degree. 

Thus, the quantity 2a — 3b-\~e is of the first degree, and homo- 
geneous ; aP-^Sbc-j-xi/, is of the second degree, and homogeneous ; 
x 5 — Sat/ 2 is of the third degree, and homogeneous ; a 8 -|-a? 2 is not 
homogeneous. 

Art. 4§« A pareniliesis, ( ), is used to show that all the terms 
of a compound quantity are to he considered together as a single 
term. 

Thug, 4(a—b) means that a — b is to he multiplied by 4 ; (a-\-x) 
(a—x) means that a~\~x is to be multiplied hj a — x; 10 — (a~\~e) 
means that a-\~c is to he subtracted from 10; (a — bf- means that 
a — b is to he raised to the second power ; and so on. 

Art. 4Su A vinculum, , is sometimes used instead of a 

parenthesis. Thus, a — &X& means the same as (a — b)x. Some- 
times the vinculum is placed vertically, it is then called a bar. 



Thus, 



j/ 2 has the same meaning as (a — &-j-4) t ?/ 2 . 



Art, S#* Similar, or like quantities are those composed of the 
same letters, affected with the same exponents. Thus, lab- and 
— Sab t also 4a 8 6 2 and 7cftb 2 f are similar terms. The quantities 
2cc z b and. 2ab' 2 are not similar, for, though they are composed of 
the same letters, yet these letters have different exponents. ■ 

Art. SJU The reciprocal of a quantity, is unity divided by that 

i i 

quantity. Thus, the reciprocal of 2 is ^, and of a is -. 

Art. 52* The same letter accented, is often used to denote 
quantities which occupy similar positions in different equations or 
investigations. Thus, a, a', «", af /f , represent tour different quan- 
tities ; of which a! is read, a prime ; a" is read, a second ; a! f? is 
read, a third, and so on. 

EXAMPLES. 

The following examples are intended to exercise the learner in 



Review. — 46. What is the dimension of a term? On what does the 
degroe of a term depend? What is the degree of the term xy? Of xyz'l 
Of2«.r;j/? 47. When is a polynomial said to be homogeneous? 48, For 
what is a parenthesis used ? 49. What is a vinculum, and for what is it 
used? 50. What are similar, or like quantities ? 51. What is the recipro- 
cal of a quantity? 52. When a letter, as «', has one accent, what does it; 
represent*, and how is it read ? How is a with two accents read ? 
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Let the pupil copy each example or his slate, or on the black- 
hoard, and then express it in common language. 

Also, let the numerical value of each expression he found, on 
the supposition that «=4, &— 3, c— 5, <2=10, x=2, and y=6. 



1. e?+<£- &. . .. . Ans. 12. 

2. 4a— x, . .. . ■ . Ans. 14. 

3. — 3##. . . ■. Ans. — 24. 

4. 6flfo. , . . Ans. 192. 

4), -^ . 

10. a+&X«-~&. . . . . ■ 

11. {a+b){a—b). '. . . . 

1 2. x 2 —3(a-±-x) {a—x) +2by, 

2(a—x 



Ans. 3. 



6, 



5-f-0-j-d! — a? 



Ans. 4. 



7. ^+^. . . . . Ans. 83, 

o x 

8. Sii 2J r 2cz~~tf, . . Ans. 41. 

9. «(a+6). . . . . Ans. 28. 

.......... Ans. 13. 

.......... Ans. 7. 

.'.......», Ans. 4. 



13. 3ax- 



14. 



€&{a+X') 



-4i/2ax. 



7*. 



. Ans, 
Ans. — 18, 



In case further exercises should he required- to teach the pupils 
the use of the signs, the following equivalent expressions may he 
employed, in which each letter may have any value whatever, 
.provided that the same value he attributed to the same letter 
throughout the same expression. 

15. 3(a+c)(ar-c)=3a 2 —dc\ 

a?~—x 2 



17. 
18. 



(l-j-X 

x* — y' % _ 



-^sf -f- x l y -\-xy iJ r y ? \ 
x y 

Examples, in which words are to he converted Into algebraic 

symbols. 

1. Three times a, plus 5, .minus four times c. Or, three Into % 
plus b, minus 4 into c. 

2. Eive times a, divided by three times h+ 

3. a minus 6, into three times c. 

4. a, minus three times 5 into c. 

5. a phis b, divided by three c. 

6. a, plus 5 divided by three'*?. 

7. 5 into a minus three into 5, divided by e minus d. 

8. a squared, minus three a into b, plus 5 times c into d squared, 

9. a; cubed minus b cubed, divided by a? squared minus b squared. 
10. Five a squared, into- a plus 5, into c minus d, minus three 

times x fourth power. 

1L a fifth power minus b fifth power, divided by a minus h, 
raised to the fifth power. 
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12. a squared plus b sc 


uared, 


divided by a plus 5, squared. 


13. The square 


root of 


a, minus the square root of x, 


14. The square root of 


a, minus x. 


15. The square 


root of 


a minus %. 


iQ. The square 


root of 


b squared minus four into a into c„ 

ANSWERS. 


I. 3a+&— 4c. 






9 ^-^ 

x 2 — b r 


o 5« 






36" 






10. 5a 2 (a+5)(c— <2)— 3ar*. 


3. (ar-b)3c. 






1 1 a 5 —?; 5 


4. a— 85c. 






« ad-5 






-f9. i!!±^ 


~§c~" 






(a+&) 2 


6. a+ A 






.13. f/a — yx« 


1 3c 






14. -|/a — #. 


^ 5«~~~36 
c — d 






15. |/(a — as). 






16. i/(6 2 —4ac). 


8. a 2 —3a&-f-5cdJ 


i 







ADDITION. 

Art, 158* Addition in Algebra, is the. process of collecting two 
or more algebraic quantities into one expression, called their sum. 

CASE 3L. 

When the quantities are similar, and have the same sign. 

1. James has 3 pockets, each containing apples ; in the first he 
has 3 apples, in the second 4 apples, and in third 5 apples. 

In order to find how many apples he has, suppose he proceeds to 
find their sum in the following manner : 3 apples, 

4 apples? 

5 at 



12 apples, 
Suppose, however, that, instead of writing the word apples, he 
should merely use the letter a, thus : 2 a 

4a 
5a 
12a 
Eetj.E¥. — 53. What is algebraic addition ? When- quantities are simi- 
lar, and have the same sign, how are they added together ? 
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It is evident that the sum of 3 times a, 4 times a, and 5 times 
a, would he 12 times a, or 12a, whatever a might represent. 

2. In the same manner the sum of ■ — 3a, — 4a, and • — ha — 3a 
would he — 12a. — 4a 

— 5 a 



Hence, the — 12a 

RUJLE, 
FOR ADDING SIMILAR QUANTITIES WITH LIKE SIGNS. 

Add Ugeiher the coefficients of the several quantities, and to their 
sum annex the common letter, or letters, prefixing ike common sign. 

Note 1. — Let the pupil he reminded, that when a quantity lias no coef- 
ficient prefixed, 1 is understood; thus, a is the same as la. 

Note 2.- — Let the pupil also be reminded, that the sum of any number 
of quantities is the same, in whatever order they are taken. This is self- 
evident-; hnt it s may he illustrated by numbers in the following manner. 
Suppose it is required to find the sum of the numbers 18, 25, and 34; in 
adding these numbers together, they may be written in six different ways, 
in each of which the sum is the same. Thus : 



16 


W 


25 


25 


34 


34 


25 


34 


18 


34 


16 


25 


34 


25 


34 


U 


25 


16 


75 


75 


75 

EX A3 


75 

IPLES. 


75 


75 




3. 


4. 


5. 




6. 




3 a 


— Qxy 


2a 2 




-~-3a 2 d 




2a 


—zy 


3a 2 




~~~4a 2 d 




a 


—Axy 


5a 2 




— 5a 2 5 




5a 


— Zxy 


7a 2 




— 2a 2 & 


Stun 


= 11.0! 


17a 2 


-I4a 2 & 


In the 


first example, 


we will 


suppose a=2, 


then 


3a=3X2=- 


2a=2XS 


J— 4, a— -2, 5a= 


=5X2=-] 


0; their sumi 


s 8-4-4 


4-24-10= 



=6, 

12. 

But the sum, 22, is more easily found from the algebraic sum, 
11a, for lla=l 1X2=22. 

In the second example, let #=S and ?/=2, and the value of its 

terms will he 8^=6X3X2=36 

xy= 3X2= 6 

4^=4X3X2=24 

3^=3X3X2=18 

the sum of their values is =84 

But this sum is more easily found from the algebraic sum ; for 

Re view. —When several quantities are to be added together, Is the 
result, affected hj the order in which they are taken ? 
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14&?/— 14X3X2— 84, As all these terms are negative, their sum 
is —84. 

In the fifth example let a represent 8 feet, then 
2a 2 =2a«— 2X3X3=18 square feet, 
3a^3affl=3X3X3==27 " 
5s 2 — 5aa=5X3X3— 45 " 
7a 2 =7gqF=7X3X3=63- " 
and their sum is 158 " " 

Or the sum =I7a s =17X3X3=153 square feet. 

Hote. — It is recommended to the learner, thus to exemplify the exam- 
ples numerically, by assigning certain values to the letters ; observing 
throughout each example, to adhere to the same numerical value for the 
same letter. 

What is the sum 

7. Of 86, 55, 75, and 95? Ans. 245, 

8. Of 2a5, 5a5, Sab, and Ha5? Ans. 26a5. 

9. Of abc, Sabc 9 7abc, and 12a5c? Ans. 22abc. 

10. Of 5a dollars, 8a dollars, 11a dollars, and 18a dollars? 

Ans. 87a dollars, 
. 11. Of — 8a£, —Sax, —7 ax, and —4ax? Ans. —19ax. 
12. Of — &y, — 25*/, —55?/, and —85?/? Ans. — lf%, 
13. 14. 15. 

3ay+7 8^—4?/ 3a*— 2aa; 

a?/-j-8 5as — 8?/ 5 a 2 — 8a t s 

2a?/~[-4 7^—6?/ 7a 2 ---5aa; 

5a;?/ -j- 6 6a; — 2u 4a 2 — 4a# 

CASE is. 
Art. 5>4U When quantities ave alike, but have unlike signs. 

1. If James receives from one man 6 cents, from another 9 
cents, and from a third 10 cents ; and then spends, for candy 4 
cents, and for apples 3 cents, how much money will he have left? 

If the quantities he received be considered positive, then those 
he spent may be considered negative ; and the question is, to find 
the sum of ~\~Qc, +9e, +10c, — 4c and — 8c, which may be written 
thus : ~{~ 6c 

+9c Here, it is evident, the true result will be found, by 

+ 10c adding the positive quantities into one sum, and the 

— 4c negative quantities into another, and then taking 

— So their difference. It is thus found that he received 

4- 18c %& c t aB 4 spent 7c, which left 18c. 

2. Suppose James should receive 5 cents, and then spend 7 
cents, what sum would he have left ? 
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If we denote the 5c as positive, the 7c will be negative, and it is 
required to find the sum of +5c and — 7c. 

In its present form, however, it is evident that the question is 
impossible. But if we suppose that James had a certain sum of 
money before he received the 5c, we may inquire how much less 
money he had after the operation, than before it; or, in other words, 
what effect the operation had upon his money. The answer, it is 
obvious, would be, that his money was diminished 2 cents ; this 
would be indicated by the sum of +5c and — 7c, being — 2c. 

It is thus we say, that the sum of a positive and negative quan- 
tity is equal to the difference between the two ; the object being to 
find what the united effect of the two will be upon some third quan- 
tity. This may be further illustrated by the following example. 

3. A merchant has a certain capital; during the year it is in- 
creased hj 3a and 8a dollars, and diminished by 2a and 5a dollars ; 
how much will his capital be increased or diminished at the close 
of the year ? 

If we denote the gains as positive, the losses will be negative. 
The sum of -\-3a, +8a, — 2a, and — 5a is 11a — 7a, which is equal 
to +4a. Hence, we say, that the merchant's capital will be 'in- 
creased by 4a dollars ; and whatever the capital may have been, 
the result will be the same to increase it by 4a dollars, as first to 
increase it by 3a and 8a dollars, and then to diminish it by 2a and 
5a dollars. Had the loss been greater than the gain, the effect 
would be to diminish the capital ; and this would be indicated, by 
the sum of the gains and losses being negative. 

If the gain and loss were equal, it is evident the capital would 
neither be increased nor diminished ; or, in other words, if the 
amount of the positive quantities was equal to that of the negative, 
their sum. would be 0. Thus, +Sa — 3a— 0. If 0=4, +3a=+12 
and —3a— —12, and +12— 12= 0. 

.Erom this the pupil will perceive, that to add a negative quan- 
tity is the same as to subtract a positive quantity. In such cases, 
the process of addition is called algebraic addition, and the sum is 
called the algebraic sum, to distinguish them from arithmetical 
addition, and arithmetical sum. Hence, the 

BULE 

FOR THE ADDITION OF QUANTITIES WHICH ARE ALIKE, BUT HATE UNLIKE SIGNS. 

Find the sum of the coefficients of the similar positive quantities; 
also, the sum of the coefficients of the similar negative quantities. 
Subtract the less sum from the greater; then, io the difference prefix 
the sign of the greater, and annex the common literal part,- 
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. 4. What is the sum of +8a, — 5a, ~j-9a, — 6a, and +7« ? 
Here, the sum of the coefficients of the positive terms, is 

3+9+7=+19 
The sum. of the coefficients of the negative terms, is 

—5—6=— 11 
The difference between 19 and II is 8, to which, prefixing the 
sign of the greater, and annexing the literal part, we have for the 
required sum -f8a» 

In practice, it is most convenient to write the 3a 

different terms under each other, Thus, -5a 

9a 
— 8a 
J7a 
Sum— 8a 
Beginners, however, will sometimes find it easier 8a — 5a 
to arrange the positive quantities in one column, 9a — Qa 
and the negative in another. The preceding ex™ la 



ample may be arranged as in the margin. \g a — \\a=8a 

EXAMPLES. 

5. What is the sum of 8a and — 5a ? Ans. '3a~. 

6. What is the sum of 5a and — 8a ? Ans. — 8a, 

7. What is the sum of — lax, Sax, 6ax, and —ax 2 Ans. ax. 

8. What is the sum of babx, — lobx, Sabx, — abx, and 4abx 1 

Ans. 4abx. 

9. Add together, 4ac, 5ac, —Sac, lac, —6ac, —2ac, 9ac, and 
17 ac. Ans. —Bac. 

10. Find the sum of 6a— 46, 3a+2b, —7a— 86, and — a+96. 

Ans. a — b, 

11. Find the sum of 8ax—2bij, —2ax-\-3by t 3ax—4by, and 
—9ax-\-8by. Ans, bbp, 

12. Eind the sum of Sab— 10*, — 3a&+7a, 3o6— (k, — ab~\~2x, 
and ~-2ab~ r lx. Aw*. 0. 

13. Find the sura of 4a 2 -2b, - Ckr-;-"26, 2a l ~~ S6, --5a, 2 - 8&, 
and — 3rr4 W>* ■A"*. - - *"" ~ 6 - 

1^. Find ihe sum of p*;/- -w, 3a;?/ ~2ac, ~~~lxy~\ 5<a< 5 <. v //-| (W, 
and —vy—2oe. Aius. -- "<\ 

"Von]. -The opcraUun of collcotmj? Hie similar ^rmb in nny algebraic 
expression into ov.e ?um, us exemplified in Hi is ea^e, is sometimes eailed 
tho Jleduelion of f } olyuvmk(h. The following are examples, 

13. .Reduce 2ab-\ 5c- -lfab—ttc+ 3ab—l4e- 2ah , c to its sim- 
plest form. Aug. 2t/£. 

KEYinn. ■— ol. How aro quantifies added together I'm I a.*c similar, but 
have nuUko ik<:\v-i ? 
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16, Reduce 5a 2 c— 86 2 +4a 2 c+56 3 — 8d 2 c-\-2b 2 to its simplest 
form. Ans, aV-j-46 2 . 

CASK III. 

Art. H§« JF/iew, jfAe quantities are unlike, or partly like and 
parity unlike. 

L Thomas has a marbles in one hand, and 5 marbles in the 
other; what expression will represent the number in both? If a 
is represented by 3, and 6 by 4, then the number in both would be 
represented by 3+4, or 7. 

In the same manner, the number in both would be represented 
by a-\-b ; but unless the numerical values of a and b are given, it 
is evidently impossible to represent their sum more concisely, than 

by <&+&. 

In the same manner, the sum of the quantities «+5 and c+d?,is 
represented hj a+6+e+& 

If, in any expression, there are two or more like quantities, it is 
obvious, that they may be reduced to a single expression by the 
preceding rules. Thus, the sum of 2a-\-x and 8a+?/, is equal to 
2a+3a+a+?/> which reduces to 5a+&+?/. 

It is evident that this case embraces the two preceding cases ; 
hence, the 

GEWEEAL RULE, 
FOR THE ADDITION OP ALGEBRAIC QUANTITIES. 

Write the quantities to be added, placing fJiose thai are similar 
under each other; then reduce the similar terms, and annex the other 
terms with their proper signs. v>---=- 

Ebmaek.— If a reason is asked for placing similar terms under each 
other, the reply is, that it is not absolutely necessary; but as we can only add 
similar terms together, it is a ■matter of convenience, to place them under 
each other. 

EXAMPLES. 
Add together 

2. 6a— 4c +36, and —2a— 3c— 55. Ans. 4a— 7c— 26. 

3. 2ab+c f 4-oa;— -2c+14, l2—2ax, and 6a6+8c— -x. 

Ans. 8a6+2aaj+2c+26—a?. 

4. 14a+sc, 136—|/ 5 —lla+2y,_ and — 2a— 126+2. 

Ans, a+6+aj+^+#. 

5. a— 6, 26— c, 2c— d, 2d~~~e, and ■ 2c+/. Ans, a +&+c+d+e+/. 
& ~~.76+3e, 46— 2c+3a, 36— 3c, and 2c— 2a?. Ans, x. 

7. 3(a+6), 5(a+6), and 7(a+6). Ans. 15(a+6). 

Be Yis w.— 55, What is the general rule for the addition of algebraic quan- 
tities ? In writing them, way are similar quantities placed under each other ? 
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Note.-— The learner should be reminded, that the quantities in the 
parentheses are to be considered as one quantity ; then it is evident, that 
S times, 5 times, and '7 times .any quantity whatever? will be equal to 15 
times that quantity. 

Add together 

8. 3a(b+x), 5a(b+%), 7a(6+a:)', ' and —lla(b-i-x). 

Ans. 4a(b-\-x). 

9. 2c{a*—W), — 3c(a a — 5 2 ), %c{d l ~~~b'% and ~~4.c{ci"-~tf), 

Ans. e[ar — & 2 ). 

10; 3az — 4%~~-8, — 2az+5by-\-6, 5az-f-61m — 7, and — &az 

—7&y-f-5. Ans. — 2as — 4, 

11. 8aa; — 8cs 3 , — 5a£-f-5c3 2 , a#-f-2c2 2 , and — 4aa;— 4<ss 2 . Ans, 0, 

12. 8^-f-6, 2a — ZH-e, — 3<z+5&-r% ' — && — 3c~\-Sd, and —5a 
+7c— 2d. Ans. 2tt-&+5c+3& 

13. 7^%+52+3~^,-^ : ~3y--^~^-^+y— 32—1+7^, —2« 
-f3#-j-3s — 1 — </, and £c~j-% — 52-f9-f-^. Ans. 4x-\- 3y~\-2-\-5g, 

14. 2a 2 -f5a0 — a:?/, -—7a 2 -f 3a& — 3#?/, — 3a 2 — lab—bxy, and 9a? 
~-ah — 2xy. Ans. a 2 — xy. 

15. 5a 3 5 2 — 8a 2 5 3 + a%+r?/ 2 , 4aW—7cPb z —3xy 2 —6x*y, 3a 8 6 2 
-f-3a 2 &3— Safy+Sff^ 2 , and 2a*J?—aW~-3x z y~-3xy\ Ans. d r b^+z 2 y, 
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Art, §€'* Subtraction in Algebra, is the process of finding the 
simplest expression for the difference between two algebraic 
quantities. 

In Algebra, as in Arithmetic, the quantity to be subtracted is 
called the subtrahend. The quantity from which the subtraction, 
is to be made, is called the minuend. The quantity left, after the 
subtraction is performed, is called the difference, or remainder* 

Remake,— The word subtrahend means, to he subtracted; the word 
minuend, to be diminished* 

1. Thomas has 5 & cents;- if he give 2a cents to his brother, 
how many will he have left ? 

Since 5 times any quantity, diminished by 2 times the same 
quantity, leaves' 3 times the quantity, the answer is evidently 3a; 
that is 5a — 2a=3&. 

Hence, to find the difference between two positive similar quaa- 
titiesj we find the difference between their coefficients , : and prefix it to 
ilie common letter, or letters. 
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Let it be noted, that the sign of the quantity to "ho subtracted, 
is changed from plus to minus, 

2. 8. 4. 5. 

From 5x lab Sxy Iltrx 

Take 3x- Sab hxy 5& 2 a? 

Remainder 2x 4a& Sxy 6d 2 x 

6. From 9#, take 4a. .............. Ans. 5a. 

7. From 116, take 116. ............. . Ans. 0. 

8. From llaxy, take 2>axy„ ......... . Ans. Saxy, 

9. From I2bcx, take 5&c#. ........... Ans, 76ca;. 

10. From 13 limp, take 9ftmjp. . ........ . Ans. 4Jimp, 

11. From 3a 2 , take 2a 2 . . ............. . Ans. a 2 . 

12. From IWxy, take 4b 2 xy. .......... Ans. 36 2 #y. 

Art. OT s — 1. Thomas has a number of apples, represented by 

a ; if he give away a quantity, represented by 5, what expression 
will represent the number of apples he has left? 

If a represents 6, and b 4, then the number left would be repre- 
sented by 6 — 4, which is equal to 2 ; and whatever numbers a 
and b represent, it is evident that their difference may be ex- 
pressed in the same way, that is, by a— 6. 

Hence, io find the difference between two quantities thai are not 
similar, ive place the sign minus before the quantity that is io be 
subtracted. 

Let the pupil here notice again, that the sign of the quantity to 
be subtracted, is changed from plus to minus. 

2. From c, take dJ. ............... . Ans. c — d. 

3. From 2m, take 3n. ........'.... Ans, 2m — 3n. 

4. From 5b, take 3c. ............ . Ans. 56— 3c. 

5. From ab 9 take cd. .......... . . . Ans. ah — cd. 

6. From a 2 x, take c&c 2 . ,......-.,... Ans. a?x — axK 

7. From & 2 , take a?. . . . . ' .....'...-. . Ans. x 2 — x. 

8. From xy t take yz,- •<............. Ans. a:^ — ?/£. 

Art. H8 e ~~-1. Let it be required to subtract 5~f 3 from 9. 

If we subtract 5 from 9, the remainder will be £ — 5 ; but we 
wish to subtract, not only 5, but also 3 ; hence, after we have sub- 
tracted. 5, we must also subtract 3 ; this gives for the remainder, 
9 — 5 — 3 ? which is equal to 1. 

Be tie w.-— 58. What is Subtraction in Algebra? What is the quantity 
to he subtracted, called ? What is the quantity called, from which the sub- 
traction is to be made ? What does subtrahend mean ? What does minu- 
end mean ? How do you find the difference between two positive similar 
quantities f b*f. How do yon find tlw difference between two quantities 
that are not similar? 
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2. Again, suppose that it is required to subtract 5—8 from 9. 
If we subtract 5 from 9, the remainder will be 9 — 5 ; but the 
quantity to be subtracted is 3 less than 5, and we have, therefore, 
subtracted 3 too much ; we must, therefore,, add 8 to 9 — 5, which 
gives for the true remainder, «Qr~5-j-3, which is equal to 7. 

8. Let it now be required to subtract b—c from a. 

If we take b from a, the remainder is a — b ; but, in doing this, 
we have subtracted c too much ; hence, to obtain the true result, 
we must add c, This gives, for the true remainder, a~-&+c. 

If #==9, 5~~5, and c=S t the operation and illustration by figures 
would stand thus : from a from 9 =9 

take b—c take 5 — 3 =2 

Remainder, a—b-\~c Rem. 9—5+3 =7 

The same principle may be further illustrated by the following 



4. a—- {c— a) ~a — c-\-a =2a — c. 
or— {a — c) ~~a — a-\-c —c. 
a-j~b—(a—b) —a-\-b— a+b =26. 
Let it be noted, that in the result in each of the preceding ex- 
amples, the signs of the quantity to be subtracted have been 
changed from plus to minus, and from minus to plus; hence, in 
order to subtract a quantity, it is merely necessary to change the 
signs and add it. Hence, the 

FOE FINDING THE DIFFERENCE BETWEEN TWO ALGEBRAIC QUANTITIES. 

Write the quantity to be subtracted under that from which it is to 
be taken, placing similar terms under each oilier. Conceive the signs 
of all the terms of the subtrahend to be changed^ mid then reduce ilie 
result to Us simplest form, 

Note,— It is a good plan with beginners, to direct them to write the 
example a second time, and then actually change the signs, and add, as in 
the following example. They should do this, however, only till they become 
familiar with the rule. 

From 5a+8 5 -----c The same, with the J5a+35 — c 

Take 2a— 2b— 2c signs of the subtra- -~2a+2fr+3c 

Bemaln. S«+56+2e head changed. 8a+5b+2c 

EXAMPLES, 

6. 7. 8. 

From. 2az~~~2y 4cx l —2by 2 8xyz+3az—8 

Take 2gkc+8# Hex—Sby* ^3^z2 c 2!llr? 

Bemainder, ax— by 4.CX 2, — 2c% 3ie t ys+6oS"~-lG 
4 
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10. 



From 7#-j-4?/ 
Take 6x — y 



3 a- 

5 a- 



-35 



II. 
6ax-—4'i/ 2J r S 

3ax~~~6y 2 -f~2 



12. 
13. 
14. 

15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 

24. 
25. 
20. 
27. 
28. 
29. 
80. 
31. 
32. 
33. 
34. 
35. 
36. 
37. 
38. 

39. 

40. 
41. 
42. 

43. 
44. 
45. 

46. 

47, 



From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 

From 

From 
From 
From 
From 
From 
From 



14, take ab — 5. 

a-\-b, take a. . . 

a, take a-\-b. . . 

x, take x — 5. . . 

3ax> take 2ax*+7. 

x-\-y, take x — y. ..... 

x—y, take x-\-y. ..... 

x-t-y-r-z, take x — y — *. . . . 

hx-\-3y — z, take 4x J r 3y- J rz. , 
a, take — a. ....... 

8a, take — 3a. ...... 

a, take —4a . 

56, take 115. ..... . 

a, take — h 

3a, take — 2b. ...... 

— 9a, take 3a. . . . . . . 

■ — la, take —la. ..... 

— 19a, take —20a. A . .. . 

— 6a, take — 5a. ...... 

— 3a, take —55. 

—13, take 3. ........ 

—9, take— 16. ........ 

12, take —8. ........ 

— 14, take — 5. ....... 

3a— 25+6, take 2a— 75— 3. . . 
13a— 26+9c— 3d, take 8a— 654 

An 
— 7a~\-3m — 8x, take — 6a — 5m- 
Ani 
32a+36, take 5a+176. . . . 

6a+5-~36, take —2a— 95— 8. . 
3e-~2Z+5c, take 8l+7e—4l- .. 
3az—2f, take —5ax—8f. . . 
2x 2 ~~~ 3aV+ 9, take a^+SaV— 3. 
4x 2 y' d — 5c2-|-8m, take — C2~j-2ar?/ : 



Ans. — 3a 



From « 8 — lla^H-3a, take —6^0+7 — : 
fcVom &(#+#)> take 2(a?+y). . . 



. Ans. 19— -ab. 

* , . . Ads. 5. 

. . . Ans. — b. 

. . -. . Ans. 5. 

. . Ans. ax — 7. 

'. , . Ans. 2y. 

. . Ans. — -2y. 

. Ans. 2x—2y, 

. Ans. 2y-\~2z. 

. . Ans. x—2z. 

. . . Ans. 2a. 

, . . Ans. 11a. 

. . . Ans. 5a. 

. . Ans. — 65. 

. . Ans. a~f5. 

. Ans. 3a-f 25. 

. . Ans. —12a, 

.... Ans. 0, 

.... Ans. a. 

. . . Ans. — a. 

j~55, or 55 — 3a. 

.... Ans. —16. 

...... Ans. 7. 

. . . . .Ans. 20, 

...... Ans. —9.. 

. . Ans. a-f 56-j-9. 
9c— lOaH-12. 
is. 5a+45-j-7c5-I2. 
-2a+3d. 

5 . — a-f- 8m-— 6x— 3 d. 
. . Ans. 27a— 146. 
. Ans. 8a+6&+ 13. 
. . . . Ans. c — 6L 

. . . Ans. 8ax+Gif. 
Ans.ar— 8^+12. 
? — 4cz, 

Ans, 2 ar?/ 3 -f Sm» 
2a — 5xyz, 

Ans. ar4-5a— 7„ 
. Ans. 3(x-{-y). 
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48. From Ba(x — s), take a(x — z). Ans. 2a{x~~~z). 

49, From 7a 2 (c~z) — ab(c-~ d), take 5a 2 (c — z)— 5ab(c— d).. 

Axis. 2a\c—z)+4ab{e--d). 

Art. §§>* It is .sometimes convenient to indicate the subtraction 
of a polynomial without actually performing the operation. This 
may be done, if it is a monomial, lay placing the sign minus before 
it ; and, if it is a polynomial, by enclosing it in a parenthesis, and 
then placing the sign minus before it. 

■ Thus, to subtract a — b from 2a, we may write it 2a — (a — 5), 
which reduces to a-\-b. 

By this transformation, the same polynomial may be written in 
several different forms ; thus : 

a—b+c-~d~a~b-~(d-—c)=a—d — {b — c)=a—(b—c+d) 

Let the pupil, in each of the following examples, introduce all 
the quantities, except the first, into a parenthesis, and precede it 
by the sign minus, without altering the value of the expression. 

l..a— H-c, ............... . Ans. a—(b— c). 

2. b+c—d. .................. Ans. b—(d~c). 

3. x 2 -—2xy-r £• ............. Ans. x' 2 ~~ ~{2xy— z). 

4. ax-\-bc—cd-\-h. ...:...... Ans. ax~—(cd~bc—h). 

5. m — n — i> — s. ............ Ans. m — (n-\-z-\~s). 

6. m—n-rz-\-s. ............ Ans. ?n—(n—z—s) : 

It will be found a useful exercise for the pupil, to take each of 

the preceding polynomials, and without changing their values, 
write them in all' possible modes, by including either two or more 
terms in a parenthesis. 



OBSERVATIONS OS" ADDITION AKD SUBTRACTION. 

Art. 6#0 It has been shown, that Algebraic Addition is the 
process of collecting, into one, the quantities contained in two or 
more expressions. The pupil has already learned, that these ex- 
pressions may be all positive, or all negative, or partly positive and 
partly negative. If they are either all positive, or all negative, 
the sum will be greater than either of the individual quantities; 
but, if some of the quantities are positive and others negative, the 
aggregate maybe less than either of them, or, it may even be 

He view. — m subtracting 6 — c from, a, after taking away -h, have we 
subtracted too much, or loo little? What must be added, to obtain the 
true result ? \ "liy 'i What in tho general rule for finding the difference 
between two • l^ohrale qnaniiiies? 59. How can the subtraction of an 
algebr<iie onavdlv b<* iu^icsiiou? 
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nothing. Thus, the sum of ~\-4a and — 3a, is a ; while that of 
~\-a and — a, is zero, or 0. 

As the pupil should have clear views of the use and meaning of 
the yarious expressions employed, it may be asked, what idea is he 
to attach to the operations of algebraic addition and subtraction. 

Art, 61 • In common or arithmetical addition, when we say, 
that the sum of 5 and 3 is 8, we mean, that their sum is 8 greater 
than 0. In algebra, when we say that 5 and -—3 are equal to 2, 
we mean, that the aggregate effect of adding 5 and subtracting 3, 
is the same as that of adding 2. When we say, that the sum of 
--5 and +3, is — 2, we mean, that the result of subtracting 5, 
and adding 3, is the same as that of subtracting 2. Some alge- 
braists say, that numbers with a positive sign represent quantities 
greater than 0, while those with a negative sign, such as — -3, 
represent quantities less than nothing. The phrase, less than noth- 
ing, however, can not convey an intelligible idea, with any signifi- 
cation that would be attached to it in the ordinary use of language ; 
but, if we are to understand by it, that any- negative quantity, when 
added to a positive quantity, will produce a result less than if 
nothing had been added to it; or, that a negative quantity, when 
subtracted from a positive quantity, will produce a result greater 
than if nothing had been taken from it, then the phrase has a cor- 
rect meaning. The idea, however, would be properly expressed, 
by saying, that negative quantities are relatively less than zero. 
Thus, if we take any number, for instance 10, and add to it the 
numbers 3, 2, 1, 0, —1, —2, and —3, we see, that adding a 
negative number produces a less result than adding zero, 

10 10 10 10 10 10 10 

_JL -JL -JL .£ zzL z?L n 3 - 

IS 12 II 10 9 ^ ~8 7 * 

From this, we also see, that adding a negative number, produces 
the same result, as subtracting an equal positive number. 

Again, if we take any number, for example 10, and subtract 
from it the numbers 3, 2, 1, 0, — 1, —2, and —3, we see, that 
subtracting a negative number produces a greater result than 
subtracting zero: 

10 10 10 10 10 10 10 

3 ■ 2_ J^ __0 3d z 2 -^ 
~V 8 9 10 TT 12 ~13"" 

From this, we also see, that subtracting a negative number, -pro- 
duces the same result, as adding an equal positive number. 

Review.—- 60. When is the sum of two algebraic quantities less thmi 
either of Uwm ? When is the sum equal to zero ? 



OBSERVATIONS. 45 



Art. ©£&• In consequence of the results they produce, it is cus- 
tomary to. say, of two negative algebraic quantities, that the least 
is that which contains the greatest number of units. Thus, —3 
is said to be less than —2. But, of two negative quantities, that 
which contains the greatest number of units is said to be numeri- 
cally ths greatest; thus, -—3 is numerically greater than —2. 

Art. US* A correct idea of the nature of the addition of posi- 
tive and. negative quantities, may be gained by the consideration 
of such questions as the following: 

Suppose the sums of money put into a drawer to be positive 
quantifies, and. those taken out to be negative ; how will the 
money in the drawer be affected, if, in one day, there are 20 dol- 
lars taken out, afterwards 15 dollars put in, after this 8 dollars 
taken out, and then 10 dollars put in? Or, in other words, what 
is the sum of -—20, 4-15, —8, and ~j-10? The answer, evidently, 
5s — 8 ; that- is, the result of the whole operation diminishes the 
amount of money in. the drawer 3 dollars. Had the sum of the 
quantities been positive, the result of the operation would have 
been, an increase of the amount of money in the drawer. 

Again, suppose latitude north of the equator to be reckoned -f-, 
and that south, — : and that the degrees over which a ship sails 
north, arc designated by --{--, while those she sails over south, are 

designated by .and that we have the following question: A 

ship, in latitude 10 degrees north, sails 5 degrees south, then 7 
degrees north, then 9 degree;"* south, and then 3 degrees north; 
what is her present latitude? 

Tiiis question is i]ie same as to find the mm of the quantities 
-{-10, — 5, i-T, — 0, and -f-*> ; this is evidently -[■(>; thai; is, the 
ship Is in degrees north latitude. Had the sum of the negative 
numbers been the greater, it follows, that the ship would have 
been found in south latitude. 

Other questions of a similar nature maybe used by the instructor, 
to illustrate the subject. 

Art. ©4« Subtraction, in arithmetic, shows the method of find- 
ing the excess of one quantity over another of the same kind. In 
this case, the number to be subtracted must bo less than that from 
which, it is to be taken ; and, as they are considered without refer- 

liEvinw. — C>1, ~SYki.it is meant, by saying that the sum of ~f-5 and —3* 
is equal to -»f»2 ? What is meant, by saying that the pirni of —~ 5 and ~f-3, 
is equal to ~~~ 2 ? Is it correct to say, that any quantity is less than noth- 
ing? What is the effect of adding a positive quantity ? Of adding a nega- 
tive quantity? Of subtracting a positive quantity? Of subtracting a 
negative quantity ? 02. In comparing two negative algebraic quantities, 
which is called the least? Which is numerically the great est? 
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enee to sign, it Is equivalent to regarding them of the same sign, 
'Algebraic Subtraction shows the meihod of finding the difference 
between two quantities which have either tho Bamc or unlike signs ; 
and it frequently happens, that this difference is greater than 
either of the quantities. To understand this properly, requires a 
knowledge of the nature of positive and negative quantities. 

Ail quantities are to be regarded as positive, unless, for some 
special reason, they are otherwise designated. Negative quanti- 
ties embrace those that are. in their nature, the opposite of positive 
quantities. 

Thus, if a merchant's gains are positive, his losses are negative ; 
if latitude north of the equator is reckoned ~f ? that south, would 
be — ; if distance to the right of a certain line Is reckoned ~f , 
then distance to the left would be — ; if elevation above a certain 
point, or plane, is regarded as -j-, then distance below would be 
— ; if time after a certain hour Is +, then time before that hour 
is — ; if motion in one direction is -j~, then motion in an opposite 
direction %\ >»iM oo — ; and ^) oe. 

"With till * knovled'^ of the iaean>ng of tin \<m miniu, it i 
easj tu too hu^v the ohJlfMM* 1 ol i\so quontitic-. having the ^uite 
hign, Is c^inl to Jvir diLavnto; end aho. ho a the dllleiencc of 
v\\ o quantities 1umu<> diiieienl *d< i ^ i c tqu il t; th'nr ««ivi). 

1. One plue h -iiuated 10 in d another de<^e'^ north of tho 
equntoi, Vaat is their ditfoionee of I all to do/ 

I lore vo are i<Vjuhed t) had ibo d>heiene° b^h>e A n --10 and 
J vdiHi is e^identh --4 ; by -\\ lii "»li ^e .no io under- tand 
thai the fnst place i* 1 dogiees ninlier narlh than the second. 

2. Two pia r e> axe situated, Oiie In 10, «mi<] the other In tldegivco 
south latitude • vih.it i> the dJf^i en< e of 1 »tiiu V ? 

la ere we aiereqnh Mtollnd thedh ence between — Omul ~ 19, 
which i> e\idcutif — 1, by %>h»ch v.e Ioa«.n, that, iL« Lr-^t o 1 ice is 
4 dc^oes far { ik a s »uth tlmn the ecoi 1 

3. One phuce i^ ^huat n d lu 10 do* i.v- noith, and another In 
degree-* c < r»lh latitude : -uhat it> ihn» uiiteunceof latjtwh ? 

Hoi o v\ o are i cqulrc d to Had 1 lie c ir> enee be i i * e*m - 1 and - u, 
or to lake (5 fiom -10, \»hidi, by the ivle ioi* MibbTe.ion, Iea\es 
* j~ 1 ; which i* e\ idoaihy i re differed e of ihv. \ i* hiiiiudci, and f loni 
which ^e leaugthai he Or 4 | bee i.> "* 6 u.gree^ hi aher noi Ji 
than the -other. 

It is thus, when properly understood, the results are always 
capable of a satisfactory explanation. 

BisV3C33W.-~64. In what respects does algebraic differ from arithmetical 
Subtraction .? In what respect do negative quantities differ from positive? 
Illustrate the difference by example^ 
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MULTIPLICATION. 

Art. 6§<> Multiplication", in Algebra, is the process of taking 
one algebraic expression, as often as there are units in another. 

In Algebra, as in Arithmetic, the quantity to be multiplied is 
called the multiplicand; the quantity by which we multiply, the 
multipUer > and the result of the operation, the product. The mul- 
tiplicand and multiplier are generally called factors. 

Art. H€« Since the quantity a, i^aken once, is represented by a, 
when taken twice, by a-\-a, or 2a, when taken three times, by 
a-j-a-^-a, or 8a, it is evident, that to multiply a literal quantity by 
a number y it is only necessary to write the multiplier as the coefficient 
of the literal quantity. 

1 . If 1 lemon costs a cents, how many cents will 5 lemons cost ? 
If one lemon costs a cents, five lemons will eost Jive times as 

much, that is 5« cents. 

2. If 1 orange costs c cents, how many cents will 6 oranges cost "? 

3. A merchant bought a pieces of cloth, each containing b yards, 
at c dollars per yard : how many dollars did the whole cost ? 

In a pieces, the number of yards would be represented by ab, 
or b.a t and the cost of ab yards at c dollars per yard, would be 
represented hj c taken ab times, that is, by aby^c, which Is repre- 
sented by abc. 

Art. 6f» It Is shown in " Bay's Arithmetic," Part III, Art. 44, 
that the product of two factors is the same, whichever be made 
the multiplier ; we will, however, demonstrate the principle here. 

Suppose we have a sash containing a vertical, and b horizontal 
rows; there will, be a panes in each horizontal row, and b panes 
in each vertical row ; it is required to find the number of panes in 
the window. 

It is evident, that the whole number of panes in the window 
will be equal to the number in one row, taken as many times as 
there are rows. Then, since, there are a vertical rows, and b 
panes': in- , each row, the whole number of panes will be represented 
by b taken a times, that is, by ab. 

Again, since there are b horizontal rows, and a panes In each 
row, the whole number of panes will be represented by a taken b 
times, that is, by ba» But, since either of the expressions, ba or 

Re view.-— 85. What is Multiplication in Algebra? What is the multi- 
plicand? The multiplier? The product? 'What are the multiplicand and 
multiplier generally called ? 66. How do you multiply a literal quantity 
by a. 'number? 
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ab, represents the whole- number of panes in the window, they are 
equal to each other, that is, ab is equal to ha. Hence, it follows, 
that the product of two factors is the same, whichever be made the 
multiplier. 

By taking <z— 8 and 5—4, the figure in the margin may 
be "used to illustrate the principle in a particular case. 

In the same manner, the product of three or more 
quantities is the same, in whatever order they are taken, 
Thus, 2X3X4=3X2X4=4X2X3, since the product 
in each case is 24. 

L "What- will 2 boxes* each containing a lemons, cost at b cents 
per lemon ? 

One box will cost -ab cents, and 2 boxes will cost twice as much 
as I box, that is, 2ab cents. 

2. What is the product of 25, multiplied by 3a? 

The product will be represented by 2#X3&, or by Sa\2b, or by 
2X3 X#&* since the product is the same, in whatever order the 
.factors are placed. But 2X3 is equal to 6, hence the product 
25X3 a is equal to 6&5. 

Hence, we see, that in multiplying one monomial by another, 
the coefficient of the product is obtained by muUiplyijig together the 
'coefficients of the multiplicand and multiplier. This is termed, the 
rule of the coefficients. 

Art. 6§» Since the product of two or more factors is the same, 
in whatever order they are written, if we take the product of any 
two factors, as 2X3, and multiply it by any number, as- 5, the 
product may be written 5X2X3, or 5X3X2, that is, I0X3 ? or 
15X2, either of which is equal to 30. From which we .see, that 
when either of the factors of a product is multiplied, the product 
itself is multiplied* 

Art. 69.-^-1. What is the product of a by at 

The product of b by a is written ab, hence, the product of a by 
a would be written aa; but this, (Art. 33,) -for the sake of brevity, 
is written a 2 . 

11 What is the product of a' by «? 

Since a 2 may be written thus, aa, the product of a" by a may bo 

REVimr. — 07. Prove that 3 times A is the samo as -1 timet; 3. "Prove 
that « times h is the same as b times a. Is the product of imy number of 
factors* changed by altering their arrangement? In multiplying one mono- 
mial by another, how is the coefficient of the product obtained? 63. Kyou 
nniMply one of the factors of a- product, how does it affect the product? 
69, How may the product of a hy a be written? How may tho product of 
a* by v be written? 
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expressed thus, aaXa, or aaa, which, for the sake of brevity, is 
written a?« Hence, the exponent of a letter in the product, is equal 
to the sum of its exponents in the two factors. This is termed, the 
rids of ike exponents, 

8. What is the product of a 2 hj a 2 2 . . . . Ans. aaaa, or a\ 

4. What is the product of a 2 b by ah ? . . Ans. aaafob, or oft) 2 , 

5. What is the product of 2aW by 8db ? Ans. 6aabbb 9 or 6a?b*. 
Hence, the 

FOB MULTIPLYING ONE POSITIVE MONOMIAL BY ANOTHER, 

Multiply the coefficients of the two terms together, and to their pro- 
duct annex all the letters in both quantities^ giving to each letter em 
exponent equal to the sum of its exponents in the two factors. 

Sote. — It is customary to write the letters in the order of the alphabet. 
Tims, abyCe is generally written a&e. 

6. Multiply ah by %. . . . . . , „ . . . . * . . Ans, abx. 

7. Multiply 2bc by mn. . .... v ..... . Ans. 2bcmn. 

8. Multiply 4ab by bxy. .......... Ans. 2Qabxy, 

9. Multiply '7a« by 4a?. ........... Ans. 28acdx» 

10. Multiply 65?/ by Sax. ......... , Ans. 18ata/. 

11. Multiply S« 2 5 by 4ab. .......... Ans. 12a 8 &*. 

12. Multiply 2xf by 3^. ■.....'..... Ans. 6afy*. 
18. Multiply 4ab 2 x by 5aa>V- '. . '.. . . . , . Ans. 20a%%/» 

14. What is the product of 3a?¥c by SoW? . . Ans. 15aW. 

15. What is the product of layH by &x s yz? . . Ans. 56aj^V. 

Note.-— The learner must he careful to distinguish between the coeffi- 
cient and the exponent. Thus, 2a is. different from a tt . To fix this in Ms 
mind, let him answer such questions as the following : 

What is 2a — a 2 equal to, when a is 1 ? ■...,.. Ans. 1. 

What is a 2 — 2a equal to, ■when a is 5 '? ...... Ans. 15. 

What is a z — 3a equal to, when a is 4 ? ...... Ans. 52* 

What is # 4 —4a equal to, when a is 3 ? ...... Ans. 69, 

Akt. fO«— ~ 1. Suppose .you purchase 5 oranges at 4 cents a 
piece, and pay for them, and then purchase 2 lemons at the same 
price ; what will be the cost of the whole ? 

5 oranges,- at 4 cents each, will cost 20 cents; 2 lemons, at 4 
cents each, will cost 8 cents, and the cost of the whole will be 
20+8=28 cents. 

The work may he written thus ; 5+2 

"4 

20+8=28 cents. 
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If you purchase a oranges at c cents a piece, and b lemons at e 
cents a piece, what will be the cost of the whole ? 

The cost of a oranges, at e cents each? will he ac cents ; the 
cost of ,6 lemons, at c cents each, will he be cents, and the whole 
cost will he ac-\-be cents. 

The work may he written thus : a-\-b 



ae-\-bc 
Hence, when the sign of each term is positive, we have the 
following 

EUtE s 
rOR MULTIPLYING A POLYNOMIAL BY A MONOMIAL, 

Multiply each term of the multiplicand by the multiplier* 
EXAMPLES. 

2, Multiply a-\-d bj&. .;.,.. Ans, ah-^-'bcL 

3, Multiply ae+5e'by d. . . . ...... . Ans. acd-\-bcd. 

4, Multiply 4a;+% by 8a. ...... . Ans. V2>ax+I5ay. 

5, Multiply 2jb+3» by 2&. ........ . Ans. 4&c+6&s. 

6, Multiply m+2?i by 3ra. ........ Ans. 2nm J r &n 2 « 

! 7. Multiply x-\-y by «a?. .......... Ans, ax 2 -\~axy. 

8. Multiply # 2 +# 2 by #y. ........ . . Ans. sfiy-^-xy®. 

9, Multiply 2a+5?/ by «&». ...... Ans, 2cbbx 2 -\~*)abxy. 

10. Multiply 3a: 2 +2iC2; by 2xz. . ..... . Ans. 6a^+4oV. 

11. -Multiply 8«+25+ 5c by 4d. . . . Ans. 12adH-8&dH-20ctf/ 

12. Multiply &c+a/+ma; by Sax. . Ans. 3a5ca;+8«j6*+3ama;\ 

13. Multiply ab-\~a&-\-xy by a to/. . AiiBuWxy J r a?bx % y-- ] r abx 2 y i , 
Abt. flU—l. Let it be required to find, the product ofx+y by 

#+5. Here the multiplicand is to : be taken as many times as 
there are units in a-\-b, and the whole product will evidently be 
equal to the sum of the two partial products. Thus, 

x+y 

a+5 

aa+-ay=the multiplicand taken a times. 

&«x+6y=the multiplicand taken 5 times, 
€ix~\~ay J rbx~t~by~~th.e multiplicand taken (a+6) times. 
If ju=t5, ^=6, a=2, and 6=3, the multiplication may be arranged 
5+6 
J5+3 
.1G+I2=the multiplicand taken 2 times. 

15+18=lhe multiplicand taken 3 times, 
10+27+18=55= =the multiplicand taken 5 times. 
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Hence, when all the terms in each are positive, we have the 
following 

S'OR MULTIPLYING ONE POLYNOMIAL BY ANOTHER. 

Muttiplt/ each term of the multiplicand by each ierm of the multi- 
plier, mid add the products together. 

2. 2. 

~o d 2 b J r cd 

ab-rcd? 
d*b 2 ~\~abcd 

+a 2 &cdP+e 2 dP 




a 2J r2ah~\-b 2 a*V 2 +d 2 bc<P~\-abcd+c 2 d d 

4. Multiply a-\~b by c+d. ...... Axis. ac~\-ad~Yhe-\-hd. 

5. Multiply 2x+3yby3a+2&. . . Axis. Qax+Qay+Ux+Qby, 

6. Multiply 2a+Sb by 2c+d. . . Ans. Gae+9bc+2ad+3bd. 

7. Muliply m-j-% by sc+s. ...... Axis, mx-l-nx-f-mz+nz. 

8. Multiply 4a+3& by 2a+5. . . . . Aiis. 8aM~10«&+3& 2 . 

9. Multiply 4*+ 5y by 2a+3a. Ans. 8o«+ 10^+12^+ 15a//. 
10. Multiply 3s+2*/ by 2»+3y. . . . . . Ans, Gs 2 +13a#+% 2 . 

I L Multiply a 2 +& by a+5, . . . . . , Ans, a B +a 2 b+ab 2 + b\ 

12. Multiply 3a*+2& by 2a 2 +3& 2 . . . Ans, 6aM~13a 2 & 2 +65^ 

13. Multiply a 2 +a&+& 2 by a+&. . . Ans. a*+2d t b+2a& i +&. 

14. Multiply e 3 +^ 3 by c+d ...... Ans. <*+e&+(*d+dK. 

15. Multiply a; s +2«y+y 2 by a+y, . . Ans, a^tofy+Ss^HY. 



Art. TC* In the preceding examples, it was assumed that the 
product of two positive quantities, is also positive. It may, how- 
ever, be shown as follows : 

1st. Let it be required to find the product of +5 by a. 

The quantity 5, taken once, is +& ; taken twice, is evidently, 
+25 ; taken 3 times, is +35, and so on. Therefore, taken a times, 
it is +ab. Hence, the product of two positive, quantities is posi- 
tive ; or, as it may be more briefly expressed, plus multiplied by 
plus, gives plus, 

2d. Let It be required to find the product of •—•& by a. 

Review.— To what is the exponent of a letter in the product equal ? 
What is the rule for multiplying one positive monomial by another ! 70. 
What is the product of a plus l } by c? When all the terms in. each are posi- 
tive, how do you multiply a polynomial by a monomial ? TL When all 
the terms m each are positive, how do you find the product- of two poly- 
nomials ? 
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The quantity — b, taken once, is — b; taken twice, is —2b; 
taken 8 times, is —35 ; and hence, taken a times, is — ah\ that is 3 
a negative quantity multiplied by & positive quantity, gives a nega- 
tive product.- This is generally expressed, by saying, that minus 
multiplied by plus, gives minus. 

3d. Let it be required to multiply b by — -#. 

Since, when two quantities are to be multiplied together, either 
may be made the multiplier (Art. 67), this is the same as to multi- 
ply ■ — a by 5, which gives —ab. That is, a positive quantity mul- 
tiplied by a negative quantity, gives a negative product ; or, mora 
briefly, jplus multiplied by minus, gives minus, 

4th. Let it be required to multiply ~-3 by —2. 

The negative multiplier signifies, that the multiplicand is to be 
taken positively, as many times as there are units in the multi- 
plier, and then subtracted. The product of — 3 by --j~2 is —6, 
then, changing the sign to subtract, the — 6 becomes -f-6; and, in 
the same manner, the product of -—b by — a is +a&. 

Hence, the product of two negative quantities is positive ; or, 
more briefly, minus multiplied by minus, gives plus* 

Note. — -The following proof of the last principle, that the product of 
two negative quantities is positive, is generally regarded by mathematicians 
as more satisfactory than the preceding, though it is not quite so simple. 
The instructor can use either method. 

5th, To find the product of two negative quantities,, 

To do this, let us find the product of c — d by a — 6. 

Here it is required to take c — d as many times as there are units in a~—K 
It is obvious that this will be clone by taking e — d as many times as there 
are units in a, and then subtracting from this product, c — d taken as many 
times as there are units in b> 

Since pins multiplied by plus gives plus, and minus multiplied by plus 
gives minus, the product of c — d by a, is ao — -ad* 

In the same manner, the product of e—-d by b, is hc—~hd \ changing the 
signs of the last product to subtract it, it becomes —bcr\~bd; hence the pro- 
duct of c—~d by a — -5, is <xc—~ad~~-bc-\-bd. 

But the last term, -\-bd, is the product of — d by —5, hence the product 
of two negative quantifies is positive ; or, more briefly, minus multiplied by 
minus produces plus. 

The multiplication of c—d by a~—'b may be written thus : 
e — d 



■,e~~~ad=^c—~d taken a times. 
— be~\-bd=e — d taken b times, and then subtracted, 



ac—-ctd—-bc~{-bd 
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The operation may be illustrated by figures ; thus, let it fee required, to 
find the product of 7-™~4 by 5—3, 

7— i We first take 5 times 7 — d-; this gives a product too 

5-~~3 great, by 3 times 7 — 4, or 21 — 12, which, being subtracted 



35 20 from the first product, gives for the true result, 3 5— 41 -f- 12, 

— -21+12 which reduces to -j-6. This is evidently correct, for 7—4 
85-— 41-fl2 — % and 5 — 3—2, and the product of 3 by 2 is 6. 

From the preceding illustrations, we derive the following 

GENERAL SILS, 
FOB, THE SIGNS. 

Plus multiplied by plus, &r minus multiplied by minus, gives plus. 
Phis multiplied by minus, or minus multiplied by plus, gives minus. 
Or, ilie product of like signs gives plus, and of unlike signs gives minus. 

From all the preceding, we derive the 

GENERAL RULE, 
FOR THE MULTIPLICATION OF ALGEBRAIC QUANTITIES. 

Multiply every term of the multiplicand, by each term of the mul- 
tiplier. Observing, 

1st. That the coefficient of any term is equal to the product of the 
coefficients of its factors. 

2d. Thai the exponent of any letter in the product is equal to the 
sum of its exponents in the two factors, 

3d. Thai the product of like signs, gives plus in the product and 
unlike signs, gives minus. Then, add the severed partial products 
together, 

NUMERICAL EXAMPLES, 
TO VERIFY THE RULE OF THE SIGNS. 

1. Multiply 8-3 by 5. ..... . Ans. 40— 15=25=5X5. 

2. Multiply 20—13 by 4. ... . . Ans. 80—52=28=7X4. 

3. Multiply 13— 7 hj 11— 8 . Ans. 143—181+56=18=6X3. 
■4. Multiply 10+3 by 3-5. 

Ans. 30-41— 15=— 26=13X--2. 

5. Multiply 9— 5 by 8—2. . . Ans. 72—58+10=24=4X6. 

6. Multiply 8—7 by 5—3. . . . Ans. 40—59+21=2=1X3. 

"E e v i e w.— 72. What is the product of +6 hj +« ? Why ? What is the 
product of- — b by o? Why? What is the product of ~\~h by ~-a? Why? 
What is the product of —3 by ■ — 2 ? What does a negative multiplier sig- 
nify ? What does minus multiplied hj minus produce ? What is the gen- 
eral rule for the signs ? What is the general rule for the multiplication of 
algebraic quantities ? 
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6BMEEAL EXAMPLES, 

I. Multipl y Zarxy hj 7axy s . ........ Axis. 2IAhfK 

.2. Multiply — 5a 2 6 by 3ab\ ........ Ans,'— I5a 3 5 4 . 

3. Multiply —bxhf by — 5a^ 2 « ........ Axis. 25a; 3 ?/ 3 . 

4. Multiply 3a— 26 by 4c, ..."..... Ans. 12ac—86c. 

5. Multiply 3ar+2y by —2a;. ....... Ans, — 6a 3 — 4«y. 

6. Multiply a+6 by £— ?/. . . . . . . Axis, ax—ay -\-bx — by. 

7. Multiply a — 6 by a — 6. ...... . Axis, a 2 — 2a6~j-& 2 » 

8. Multiply a 2 +ac-hc 2 by a — c. ........ Ans. a 8 — c s . 

9. Multiply m-fra by w— w. ..»,...... Ans. m 2 — « 2 . 

10. Multiply a 2 — 2a6+6 2 by a-j-6. ! . . Ans. a 9 —a 2 b— al?W° 

1 1. Multiply SaPy — 2a??/ 3 -f?/ 4 by 2xy-j-y 2 . 

Ans. e^ 2 +3^y— 4«y+y j . 

12. Multiply a 2 +2a6+6 2 by a 2 — 2a5-f6 2 . . Axis, a*— 2a 2 6 2 +6 4 . 

13. Multiply y 2 -~~y-\-~l by y+1. ........ Ans. # 3 +l. 

14. Multiply & 2 ~f?/ 2 by a; 2 — ?/. ......... Axis, x- — y\ 

15. Multiply a 2 — 3a+8 by a+3. .... . ■ Ans. a 8 — a+24. 

16. Multiply 2x 2 —~2xy-\-y 2 by # 2 — 5xy. 

An s. 2a; 4 — 1 3a; B -f - 1 6# 2 ?/— 5#?/ 3 . 

17. Multiply 3a+56 by 3a— 56. . . '. . . . Ans. 9a 2 — 25k 

18. Multiply 2a 2 -4ax+2£ 2 by 3a-3a?. 

Ans. 6a 3 — 1 8a~x-\~ 1 Sax 2 — (kr. 

19. Multiply 5a: s +3# 8 by 5ar>— 3#*. ..... Ans, 25^ 6 — 9f. 

20. Multiply 2a 8 +2a 2 a:+2aa; 3 +2ar l by 3a— 3x. . Ans. 6a 4 — &c*. 

21. Multiply 3a 2 +3aa;+3a; 2 by 2a 2 — 2a£. . . Ans. 6^— 8a^ s 

22. Multiply 3a 2 +5aa;— 2a 2 by 2a— ar. 

Ans. 6a 8 +7a 2 #— 9a# 2 +2ar\ 
•23. Multiply a^+aj^+a; 2 by ar— 1. . ...... . Ans. a 8 — a: 2 . 

24. Multiply a^-f-ar^+y 2 by a; 2 — xy-{-y\ . . Ans. aj 4 H-ary i -f-?A 

25. Multiply a 3 +a 2 6+«6 2 +5 3 by a—b. . , . . Ans. a*— 6V 

In the following examples, let the pupil perforin the multipli- 
cations indicated, by multiplying together the quantities contained 
in. the parentheses. 

26. (a— 3H<c-3)(3-3).-. ...... Ans. a?— 9s 2 +27ar— 27. 

27. ' (a?— 4)(a;— 5)(a;+4)(a:+5). . . . . . . Ans. «*— 41a; 2 +40D.. 

28. {a-\-c){a—e){a-\~ c)(a— c). . ...... . Ans. a 4 — 2aV+c*. 

29. (a 2J r 6 2 ~l-c 2 — ab— ac— 6c) (a+ b+c). . Ans. a 3 +6 s +e 3 — 3a6c. 
30.'(» 2 +»+l)(n 2 +»+l)(»— !)(«-!). • • Ans. »«-2» 8 +l. 
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DIVISION. 

Art. fS. Division" ■ in Algebra, is the process of finding how 
often one algebraic quantity is contained in another. 

Or, it may be defined thus : Having the product of two factors, and 
one of them given. Division teaches the method of finding the other. 

The number hj which we divide, is called the divisor ; the num- 
ber to be divided, is called the dividend; the number of times the 
divisor is contained in the dividend, is called the quotient. 

Art. *%.4L* Since Division is the reverse of Multiplication, the 
quotient, multiplied by the divisor, must produce the dividend, 

The usual method of indicating Division, is to write the divisor 
under the dividend in the form of a fraction. Thus, to indicate 

that ab is to be divided by a, we write, — . Algebraic Division, 

however, is sometimes indicated, like that of whole numbers, thus, 
a)ab ; where a is the divisor, and ab the dividend. 

Note to Teachers. — In solving the following examples, let the 
pupil give the reason for the answer, as in the solution to the first question. 
Although the examples can be solved mentally, it will be found most advan- 
tageous, to work them on the slate, or blackboard ; as the learner, by this 
means, will be preparing for the performance of more difficult operations. 

1. How often is a? contained in 4&? ...... Ans. — =4. 

■x 

This solution- is to be given by the pupil, thus: 4a? divided bysc, 
is equal to 4, because the product of 4 by x is 4.x\ 

2, How often is a contained in 8a ?..... . . . Ans. 6, 

8. How often is a contained in ab ? ........ Ans. b. 

4. How often is b contained in 2ab ? ...... Ans. 8a. 

5. How often is a contained in abx ? ...... Ans, . hx> 

6. How often is a contained in habxt ....... Ans, bbx. 

7. How often is 2 contained in 4.a ? . ...... Ans. 2a. 

8. How often is 2a contained in 4ab ?....... Ans. 2h 

9. How often is a contained in a 2 ■? ........ Ans. a. 

10. How often is a contained in a? ? ........ Ans. a 2 . 

11. How often is a contained in Bu 2 ? ...... Aug. 3a. 

12. How often is ab contained in §a 2 5 ? ..... Ans. 5a, 

R e v I is w* . — Id* What is Algebraic Division ? What is the divisor ? The 
dividend? Tho quotient? 74. To what is the product of the quotient and 
the divisor equal ? Why ? What Is the usual method of indicating divi- 
sion ? 
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13. How often is 2a contained in 1 Qa? ? . . . . . Ans. 5a 2 . 

14. How often- is 3a 2 contained in 12« 3 6? . . .'. Ans. 4a5. 

15. How often is 4«6 2 contained in 12<x 3 & 8 e? . . A,.ns.Ba r bc. 

16. How often is 2a 2 contained in Qa b b? 

Solution, -tzr-r~^a 5 ~ 2 b~Ba $ h, 

In obtaining this quotient, we readily see, 

1st. The coefficient of the quotient, must he such a number, 
that when multiplied by 2, it shall produce 6 ; hence, to obtain it, 
we divide 6 by 2. 

2d. The exponent of a must be such a number, that when 2, the 
exponent of a in the divisor, is added to it, the sum shall be 5 ; 
hence, to obtain it, we must subtract 2 from 5 ; that is, 5 — 2 is 
equal to 3, the exponent of a in the quotient. 

3d. The letter b, which is a factor of the dividend, but not of 
the divisor, must be found in the quotient, in order that the product 
of the divisor and quotient may equal the dividend. 

Art. fHa It remains to ascertain the rule for the signs. 

~±-ab 
Since +« multiplied by -f&=+a&, therefore, -i— ==-}-#; hence, 

plus divided by plus, gives plus, 

— oib 
Since — a multiplied by -\~b= — ah, therefore, ~j-j-——-ai hence, 

~ro 
minus divided by plus, gives minus. 

— ctb 
Since -\-a multiplied by — b=—ab, therefore, ~~~j~==:~{-a; hence, 

minus divided by minus, gives plus. 

Since —a multiplied by — b=-\-ab } therefore, --y= — a; hence, 
plus divided by minus, gives minus. 

from this, we see, that in Division, like signs give plus, and 
unlike signs give minus. 

Hence the 

11-Cfl.iS, 
FOR DIVIDING ONE MONOMIAL BY ANOTHER. 

Divide the coefficient ofiJze dividend, by thai of the divisor; observ- 
ing, thai like signs give plus, and unlike signs give minus. 

After the coefficient, write the letters common to both divisor a/ad 
dividend, giving to each an exponent, equal io the excess of the expo- 
nent of the same letter in the dividend, over thai in the divisor, 

In the quotient, write the letters with their respective exponents, thai 
ate found in the dividend} but not in the divisor. 
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Note.— The pupil must recollect, thai when a letter has no exponent 
expressed, 1 i.3 understood ; thus, a } is the same as a\ 

::EXAMFLEg s 

17. Divide 15o%? by Sa*b. ........... Ans. hoc. 

18. Divido 27x 2 y 2 by — 3xy. ......... Ans. — ID;?/. 

19. Divido — 1 8a 3 # by — 8a#. .......... Ans. 8a 2 . 

20. Divide 2oabxy by 5ay, . . ....... . , Abs. 5bx. 

21. Divide a'^e 3 by a?x, ............. Ans, a 2 £ 2 . 

22. Divide — 4a c i 2 by 2a 3 *. .......... Ans. ~~~2a*x, 

23. Divido — 12cV^ by -A&xif. ....... Ans. 3a 2 /. 

24. Divido — 24ab : h/% by 4:a 2 xyv. ...... Ans. -~6aV 2 ?/. 

25. Divide 6acx\t/ Q v by Saor?/ 4 ^ ......... Ans, 2e?/. 

26. Divide — 10c 2 arV/ 5 t?by — 2c?/%. ....... Ans. 5ea; 5 ?/. 

27. Divide OGaVy 7 by 12a 5 ?/ 3 . ........ Ans. 5a 2 a?y. 

28. Divide —18a *cW by — 6a + cV. . . . . . . Ans. 3c%V. 

29. Divide — 28ac 2 x B y i v 2 by 14ar 5 ?/ 4 . ..... Ans. — 2c Vy 2 . 

SO. Divido SOacV^// 2 by — 2aex 4 ..... Ans. — locVy. 

Note.'— A" chough the method of operation in eaeh of the following ex- 
amples in the .mine as in the preceding, they may be passed over, until the 
hook is reviewed. 

8 1. Divide (xi-yYhj (x+y). ........ Ans. (x+y). 

82. Divido (a-j-5) 3 by (a-\-b)\ ......... Ans. (a-f 6). 

S3. Divide (V|-&) 4 by (a-4A). ........ .Ans. (a+6) 3 . 

34. Divide G(-ot+ n) B by 2(m+n). ..... . Ans. S(m+nf. 

'85. Divide « a (&-|-o) 3 by a(?;-j-c). ....... Ans. «(6~f-<?)» 

86. Divide 6a 2 6(ar-f //) 3 by 2a%-f?/) 2 . . . . , Ans. Sa(^d-?/j. 

37. Divide (a;4-?/)(a^-6)^by («—&}. . . . Ans. (a+y)(a;— &) 2 . 

88. Divide (a; ?/) 3 (m — s&) 2 ^J ( iX> — I/)"( m — w ) 2 * • • Ans. (x — y). 

Atit. 't' ©• It is evident, that one monomial cannot be divided 
by another, in the following eases. 

1st. When the coefficient of the dividend is not exactly divisible 
by the coefficient of the divisor. 

2d. When the same literal factor has a greater exponent in the 
divisor than in the dividend. 

3d. When the divisor contains one or more literal factors, not 
found in the dividend. 

In each of these cases, the division is to be indicated by writing 
the divisor under the dividend, in the form of a fraction. The 

Review.— 75. When the signs of the dividend and divisor are alike, 
what will ho the sign of the quotient? Why ? When the signs of the divi- 
dend and divisor are unlike, what will he the sign of the quotient? Why ? 
What is the vvJe for dividing one monomial by another ? 
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fraction 'thus found, may often be reduced to lower terms. For 
the method of doing this, see Art. 129. 

Art. ff • It has been shown, in Art. 68, that any product is 
multiplied, by multiplying either of its factors ; hen.ce, conversely, 
any dividend will be divided, by dividing either of Us factors. 

Tims, ^—=2X6=12, by dividing the factor 4. 

Or, ^?=4X3=12, by dividing the factor 6; 

DIVISION OF A POLYNOMIAL BY A MONOMIAL. 

Art. 7&. Since, in multiplying a polynomial by a monomial, 
we multiply each term of the multiplicand by the multiplier; 
therefore, we have the following 

RULE 
FOR DIVIDING. A POLYNOMIAL BY A MONOMIAL, 

Divide each term of the dividend, by the divisor, aecovddng to the 
nde for the division of monomials, 

EXAMPLES. 

1. Divide Qx+12y by 3. ....'....... Ans. 2x+4y. 

% Divide 1 5^206 by 5. . ......... Ans. 3a>- 4b. 

3. Divide 21a+356 by-~7. . ....... Ans. —3a— 56. 

4. Divide 6ax+9ay by 3a. ......... Ans, 2x+3y. 

5. Divide ab+ac by a. ........... . Ans. &-fe. 

6. Divide dbc — acfbjac. ...'........ Ans. b—f. 

7. Divide 12ay~~~8ae by —4a. ....... Ans. — :3y+2c. 

8. Divide Wax— 15a?/ by — 5a. ...... Ans. — 2&+3?/. 

9. Divide 126a: — 18a; 2 by 6x. . ' . . . . . . '. Ans. 26— 3as. 

10, Divide d i b 2 —2ab n x by «5. ....... . Ans. ab—2b 2 %. 

11, Divide 12a 2 oc— 9ae£ 2 -f6ad 2 e by — 3oc. 

Ans. —4a&+3a*-26 a . 

12, Divide 1 5a 6 &*c— 21 aW by 3a 2 6c. . . ■. Ans. 5a 3 d—7d 2 <?. 
13.' Divide 6a 3 6c-h 2a 2 6c 2 — 4aV by 2« 2 c. . . Ans. Sab+bc— 2c 2 . 

Hots. — The following examples may he omitted until the book is reviewed. 

14. Divide 6{a+c)+9(a+x) by 3. . . Ans. 2{a+c)+S{a+x). 

15. Divide 5a(x+y)~Wa 2 (x — y) by 5a. Ans. (%~\-y) — 2a\x—y)* 

16. Divide a*b{c+d)+aV i {e i --d) by ab. Ans. a(c+^+&(c 2 ~<*K 

liETiEW. — 76, In what case is the exact division of one monomial by 
another impossible ? <F8. What is the rule for dividing a polynomial by a 
monomial ? 
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1 7. Divide ac(m~\-n)~~bc(m-{-n) by m-\-n.-. . . . Ans. ac~~bc. 

18. Divide 12(a--&) 3 +6e(a— &) s by 2(«-5). 

Ans. 8(a— 5) +3c(a—&) 2 . 

19. Divide 2a 2 c(a;+y) s +2ac a (a;+y)* by 2ac(a;+y) 2 . 

Ans. «(#+#) +e(#+y) 2 . 

20. Divide (m-j-^)(«-|-?/) 2 -t~(m-j-^)(a; — ?/) 2 by m+ra. 

Ans. { x +yy+(z--yy. 

mwmmm of one polynomial by another. 

Art. TO» To explain the method of dividing one polynomial by 
another, we may regard the dividend as a product, of which the 
divisor and the quotient are the two factors. 'We shall examine 
the method of forming this product, and then, by a reverse opera- 
tion, explain the process of division. 



Multiplication, or formation of a product. 

2a 2 — ah 
a — b 



2a 3 — a?b 
2a?—3d 2 h+aW 



Biyision, or decomposition of a product. 

2d d ~~-3a 2 b- J r aIP\a — b 

2a 8 — 2a?b 2a^ub 

1st. rem. — arb-j-ab? 
— d A b~\-ab 2 

2d. rem. 



If we multiply .2a 2 — db by «— 6, and arrange the terms according 
to the powers of a, we shall find the product to be 2a 3 — 3a 2 d-j-a7A 

In this multiplication we remark, 

1st. Since each term in the multiplicand is multiplied by each 
term in the multiplier, if no reduction takes place in adding the 
several partial products together, the number of terms in the final 
product will be equal to the number produced by multiplying to- 
gether the number of terms in the two factors. Thus, if one fac- 
tor have 3 terms, and the other 2, the number of terms in the 
product will be six. Frequently, however, a reduction takes place, 
by which the number of terms is lessened. Thus, in the above 
example, two terms being added together, there are only 3 terms 
in the produet. 

2d. In every case of multiplication, there are two terms which 
can never be united with any other. These are, first: that term 
which is the product of the two terms in the factors, which contain 
the highest power of the same letter; and second: the term which 
is the product of the two terms in the factors, which contain the 
lowest power of the same letter. 

From the last principle it follows, that if the term containing 
the highest power of any letter in. the dividend, be divided by the 
term containing the highest power of the same letter in the divisor., 
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the result will be the term of the quotient containing the high- 
est power of that letter. Hence, if 2a 3 be -divided by a, the result, 
2a 2 ; will be the term containing the highest power of a, in the 
quotient. 

The dividend expresses the sum of the partial products of the 
divisor, by the different terms of the quotient. If, then, we form 
the product of the divisor by the first term, 2# 2 , of the quotient, 
and subtract it from the dividend, the remainder, — a 2 b-\-ab 2 , will 
be the sum of the other partial products of the divisor, by the 
remaining terms of the quotient. 

Now, since this remainder is produced, by multiplying the divi- 
sor by the remaining terms of the quotient, it follows, as in the 
method of obtaining the first term of the quotient, that if the term 
containing the Mgkesi power of a particular letter in this remain- 
der, be divided by the term containing the highest power of the 
same letter in the divisor, the quotient will be the term containing 
the highest power of that letter in the remaining terms of the 
quotient. 

Hence, if — a 2 b be divided by a, the quotient, — ab, will be an- 
other term of the quotient. Multiplying the divisor by this second 
term, and subtracting, we find the second remainder is ; hence, 
the exact quotient is 2a 2 — ab. Had there been a second remain- 
der, the third term of the quotient would have been obtained from 
it in the same manner as the second term was obtained from the 
first remainder. 

Since each term of the quotient is found, by dividing that term 
of the dividend containing the highest power of a particular letter, 
by the term of the divisor containing the highest power of the same 
letter, it is more convenient to place the terms of the dividend and 
the divisor, so that the exponents of the same letter shall either 
increase regularly, or diminish regularly, from the left to the right. 
This is termed, arranging the dividend and divisor, toiih reference to 
a certain letter,, The letter with reference to which a quantity is 
arranged, is called the letter of arrangement. 

The divisor is placed on the right of the dividend, because it is 
more easily multiplied by the respective terms of the quotient, as 
they are found. 

From the preceding, we derive the 

EfTLlS, 
FOU THE DIVISION' 0* ! ONE POLYNOMIAL BY ANOTHER. 

Arrange the dividend and divisor, with reference to a certain letter ^ 
and place the divisor on the rigid of the dividend. 
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Divide the first term of the dividend by the first term of the divisor, 
the result will be the first term of the quotient Multiply the divisor 
by this term, mid subtract the product from the dividend, 

.Divide the first term of the remainder by the first term of the divi- 
sor, ike result will be the second term of the quotient. Multiply the 
divisor by this term, <md subtract the product from the last re- 
mainder. 

Proceed in the same manner \ and if you obtain for a remainder ', 
the division is said to be exact, 

Ke marks. — -1st, It is not absolutely necessary to arrange the dividend 
and divisor with, reference to a certain letter ; it should always be done, 
however, as a matter of convenience. 

2d. The divisor may be placed on tlio left of the dividend, instead of the 
right, as directed in the rule. When the divisor is a monomial, it is more 
convenient to place it on the left ; but, when it is a polynomial, to place it 
on the right, 

3d. If there are more than two terms in the quotient, it is not necessary 
to bring down any more terms of the remainder, at each successive subtrac- 
tion, than have corresponding terms in the quantity to be subtracted. 

4th. It is a useful exercise for the learner, to perform the same example 
in two different ways. First, by arranging the dividend and divisor, so 
that the powers of the same letter shall dinvinisfh from left to right; and, 
secondly, so that the powers of the same letter shall, increase from left to 
right 

5th, It is evident, that the exact division of one polynomial hy another 
will be impossible, when the first term of the arranged dividend is not 
exactly divisible by the first term of the arranged divisor ; or, when the first 
term of any of the remainders is not divisible try the first term of the 
divisor. 



1. Divide 6a 2 — 13oa?+6a; 2 by 2a- 
6d 2 ~13«H-6aj a |S^ 
6a 2 — 2 ax 



~^x, 
~3x 



3 a — 2x Quotient, 



-4ax+fa? 



2. Divide x*-~~y 2 by &— -y. 
x 2 — y % \x-~~y 

x*—xy x+y Quotient. 
xy—'f 
xy—f 



3. Divide « 3 -f as 3 by a-\~%. 
a 3 +a 2 a? a 2 — ax-{-x 2 Quot. 

' — G^JC+SC 3 

—a 2 $ — ax 2 



-f-aa^+je 3 



m 
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4. Divide 5a 2 £4*5<zas 2 +# 8 +£ 3 "by 4<&c+a 2 -f-£ 2 . 



a 3 +4a 2 aj-j-«# 2 a+# Quotient. 

a 2 x+4aa; 2 +ie 8 



la this example, neither divisor nor dividend being arranged 
with reference to either a or x, we arrange them with, reference to 
a 9 and then proceed to perform the division. 

5. Divide a 2 +a 3 — 5a*+3a 5 by a-—a 2 . 

Division performed, by arranging Division performed, hy arranging 

both quantities according to the as- both quantities according to the de- 
ceiving powers of a. scending powers of «. 

a 2 +& s — 5aH-3« 5 |«— -a 2 , 3« 5 ~5a 4 +a 3 +a 2 |-~« 2 +a 



a 2 — a 3 a-f- 2a 2 — 3 a 3 


3a 5 — 3a* 


— 8<rH~2a 2 +& 


+2a 8 — 5a 4 Quotient. 

«&$' ,-^a 


— 2a 4 +a 8 
— 2a*+2a 8 
— a 3 -f-a 2 
— a 3 -f-a 2 


Quotient. 


— 3a*+3a 5 

— 3aM-3a 5 





The pupil will perceive that the two quotients are the same, but differently 
arranged* 



a 


Divide 


7. 


Divide 


8. 


Divide 


9. 


Divide 


10. 


Divide 


11. 


Divide 


12. 


Divide 


13, 


Divide 


14. 


Divide 


15. 


Divide 



EXAMPLES, 

4a?—8ax+4x i hy 2a-- -2x. ...'.. Ans. 2a~~2x. 

2x 2 +7xy+6tf by x+2y. ...... Ans, 2s+3y. 

2ma;+3waj+10w3i+15w 2 by a;+5%/ . Ans. 2m+3ra. 
x 2 -\~2xy-\-y 2 by £-fi/» ....... . Ans. as+#» 

8a*— 8o* by 2a 2 — 2a 2 . ...... -Ans. 4a 2 +4s 2 . 

ac~\~hc~~~~ad-~~M by a-|-&. ...... Ans. e : — a*. 

x §J ry 3 -\-'5xj/~\~5x 2 7/ by a; 2 +4a^"|-?/ 2 . . .■ Ans, x~\-y. 
a s — 9a 2 +27a— 27.bya— 3. . . . Ans. a 3 — 6a+9. 

4a 4 ~— 5a 2 a; 2 ~j~^' 4 by 2a 2 -— Bax+x*. Ans. 2a 2 +3aa;+a; a . 



-#* by a>-#. 



Ans. a^+sc^+ic^+y 3 . 



Review.—^. In multiplying one polynomial by another, what terms 
in the product cannot be added together ? How is the term of the quotient 
found, which contains the highest power of any particular letter ? Alter 
obtaining the first remainder, how is the second term of the quotient found ? 
What is understood by arranging the dividend and divisor with reference 
to a certain letter? What is the letter of arrangement? Why is the 
divisor placed on the right of the quotient? What is the rule for ih.e 
division of one polynomial by another ? When is the exact division of one 
polynomial hj another impossible? 
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16. Divide a s — ¥ by a 2 +ab-{-b 2 . ......... Ans. &-«-&. 

17. Divide x d — ^-j-Sa^ 2 — 3# 2 y by # — ?/. . . Axis, x 2 — %zy-\~if\ 

18. Divide 4a*—64 by 2*— 4. . ' . . ' Ans. 2a*+4s 8 +&c+16. 

19. Divide a 5 — ^A'+lOaV— lO^V+Saa; 4 — -a: 5 by a 2 — v&ssc+a; 2 . 

Ans, a 3 — 3a 2 aH-3a# 2 ~~-a; 8 . 
■20. Divide 4a 6 — 25aV+20a3 B — 4a; 6 by 2a 3 — 5a£ 2 +2a: 3 . 

Ans. 2a s +5a£ 2 — 2ar*. 

21. Divide ?/ s 4~l by <?/+!- .......... Ans. # 2 — #+1. 

22, Divide 6a*+4a 3 a;— 9aV— Saa^+Ss* by 2<#+2<xc—x\ 

Ans. 3a 2 — ax — 2sc 2 . 

23. Divide 3a^a 2 6 2 +3aV+5& 4 --3 W by a 2 — & 2 . 

Ans. 3a 2 — 55 2 +3e 2 . 

24, Divide a^-3a^+3a^-Y by £ s — 8a;yf 3a;f — # s , 

MISCELLAKEOUS EXERCISES.' 

1 . 3a+5a:— 9c+7tf + 5a— 3a;-Sd—(4a+ 2«— 8c+4d)=what ? 

Ans. 4a — c 5 

2. 6a6-^ca+5a^a&+5ca— 8d^(3a6+.ca— 3d^===what ? 

Ans. 2o&+&&« 

3. a+6—(2a--3&)---(5a+76)----(— 13a+2&)===what? 

Ans. la — 5&. 

4. (a+6)(a+ 6)+ (a— 5) (a— 5)^what? . . . . Ans. 2a 2 -f26 2 . 

5. (as-H) (aj-fjs) — («— #}(# — 2)— what? . ...... Ans. 4-xz, 

6. (« 2 "|-a 4 ^a 6 )(a 2 ^l)™{/6 4 +ft)(a 4 -~-a)^wliat? . . . Ans. 0. 

7. (» i +«¥-f2*)-r(fl 2 - «2+g; 2 )T-(a+^)(«— z)— what? A. az+2 2 z. 
8.- (^l+a^ 8 )^(— l+a»)+(l+a»)(l~-^)==^hat^ A. 2+an. 
9. (a 8 +a a &~-a& *— ^-^(a— 6)— (a— 6)(a— 6)=what? Abb. 4a&. 



CHAPTER II. 

ALGEBEAIC THEOREMS. 

DERIVED EROM MULTIPLICATION AND DIVISION. 

Art, §©•— If we square a+b, that is 5 multiply a-f-6 by itself, 
the product will be a 2 +2a&+& 2 ; thus : a+b 

a-\-b 

a 2 -\-ab 
+db+b 2 



a*+2ab+b 2 
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But a~\-b Is the sum of the quantities, a and b ; hence 
THEOREM I. 

The square of the sum of two quantities, is equal to the square of 
the first, plus twice the product of the first by the second, plus the 
square of the second, 

BXAMPIES. 
Note.- — The instructor should read each of the following examples 
aloud; and require the pupil? hy applying the theorem, to write at once the 
result on a slate, or blackboard. The examples may be enunciated thus : 
What is the square of 2a~-f~5 ? 

L {2+3)*=4:+ 12+9=25. 

2. (2a+&) 2 =4a 2 +4a&+& 2 . 

3. (2x+3yy==4tf+\2xy+9y\ 

4. (ab+cd) 2 ^c^+2abcd J t-c 2 o?, 

5. (x 2 -^xt/) 2 =x 4: -\-2x s 7/^-x 2 y 2 , 

8. (2a 2 +Sa^) 2 ===4a 4: +l2a s x+9a 2 x 2 . 

Art. §1.— If we square a~~~b, that is, multiply a — b by itself, 
the product will "be o? — 2a5+o 2 . Thus : a — b 

a-—b 

a 2 — ab 
—ab+b* 



a 2 ~~-2aH~& 2 
But a — b is the difference of the quantities a and 6 ; hence 

THEOREM II, 
The square of the difference of two quantities, is equal to the 
square of the first, minus twice the product of the first by the second, 
plus the square of the second. 

EXAMPLES. 

(5— 4) 2 =55—40+ 1 6= 1 . 

(2a~~~-bf^4a 2 —4ab-j-b\ 
($x~2y)*==9x i --12xy+4y\ 
(x 2 ^y 2 ) 2 =^~2x 2 y 2 +y i . 
(ax — x' 2 ) 2 =a 2 x 2 '—2ax n '{-x i . 
(5a 3 — 6 a ) 2 =25a*— 1 0a 2 b*+b\ 

Aet. &$•-— If we multiply a+b oy a—b, the product will bo 
a*—b\ Thus: u+b 
a — 5 
& 2 +a& 



2. 
4. 
6. 
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But a+& represents the sum of two quantities, and a — b, their 
difference; hence, 

THEOREM III. 
The product of the sum and difference of two quantities, is equal 
to the difference of their squares. 

EXAMPLES. 

1. (5+3) (5—S) =25-9=1 8=8X2. 

2. (2a~{-b){2a—b)=4.a 2 —b\ 

3. (2x+3y){2x— 3y)=4a 2 — 9# 2 . 

4. (5«+4&) (5a-4&)=25a a — 1 85 2 . 

5. (a 2 +6 a )(a 3 -^ 2 )=a t ~-6*. 

8. (2aw+36») (2am---85?i)=4a 2 m 2 ~~ 9 W. 
'Art. §3U~™ If we divide « 3 by a 5 , since the rule for the exponents 
requires that the exponent of the divisor should be subtracted 

from that of the dividend, we have ——a 8 -^^ 2 . 

or 

But, since the value of a fraction is not altered by dividing both 
terms by the same quantity, (Art. 127), if we divide both numer- 

a 3 ' 1 

ator and denominator by a 8 , we have +T-— . 
J d* a 1 

1 af 

Hence #r 2 =— T> since each equals —=-. 

ar a 

In the same manner by subtracting the exponents 

a m 

— =a m ~' n ; 

a n 

a m 1 
Or, by dividing; both terms by a m , — ==— — ; 

Hence, . . . . . . . . a m -«= . Therefore, 

THEOREM IV, 

The reciprocal of a quantity is equal to the same quantity with the 

, sign of its exponent changed. 

I 
Thus, since— is the reciprocal of a m (Art. 51); 
a 

1 1 

a m =z and ar m =--~ 

ar m a) 71 

Also. . . .j5=afr-»; ¥ =«*"5"«; 

From this we see, that a??# factor may be transferred from one 
term of a fraction to the other \ if at the same ii?ne $ the sign of its 
exponent be changed. 
6 
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Thus * —=zzcih — *:=: = ■ * 

' ' b arh ar l b' 

a?b 2 1>79 97 „ 1 <r~ 2 r|- 



c 2^s v «— 2 6~ 2 c 2 d 3 a™ 2 o~" 2 ° 

Art. §4« — Let it be required to divide a 2 hj a 2 . By the rule 
a? 
for the exponents, (Art, 73), -p=a 2 -" 2 =#° : hut since any quantity 

is contained in itself once. — — 1 . 
w 

Similarly, —=a m ~ m =a° ; but™ =1, therefore a°=l since each. 

Is equal to — -. Hence, 
i a m 

THE OB EM V. 

Any quantity whose exponent is is equal to unity. 

This notation is used, when we wish to preserve the trace of a 
letter, which has disappeared in the operation of division. Thus, 
if it is required to divide mV by mn 2 } the quotient will be 

— l~z^mi 2 ^hi i ^ i ==m 1 n Q ===m f since n°=l. Now, the quotient is- cor- 
mn< 

reetly expressed either by m x n Q t or m, since both have the same 
value. The first form is used, when it is necessary to show that n 
originally entered as a factor into the dividend and divisor. 

Art, §(!« — 1. If we divide o? — b 2 by a — 5, the quotient will be 
a+b: 

2. If we divide a? — 6 3 by a—b, the quotient will be a 2J \-ab~\-b 2 , 

In the same manner, we would find, by trial, that the difference 
of the same powers of two quantities, is always divisible by the 
difference of the quantities. The direct proof of this theorem is 
as follows. 

Let us divide a m —b m by a~~~ b, 

a m —b m \a—b _____ 

a m — a m ~ ! & . 



n m--l) 



>—b w 



»-ij — i -Quotient. 



a — & 
^5(a w "~ 1 — 5 M -~ 1 ) Remainder.. 

In. performing this division, we see that the first term of the 
quotient is a m ~\ and that the first remainder is 5(a m ~* 1 — 5 m ™ 1 )» 

The remainder consists of two factors, 6 and a m ~~ :i — & m ~~ :i « ISTow, 
it is evident, that if the second of these factors is divisible by 
a—b, then will the quantity ' a^—b™ be divisible by a— &. Thus, 
if a — b is contained e times in a*""" 1 — b m ~~ l s the whole quotient of 
a m -— & m > divided by a—b, would be a m ~ l -{-bc. 
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l\jn ( thi \ rt lb 1 * i a ' — ; ""~ L i dn nblo 0^ r — J t f ill i. 

\ dl ( l (/ 3 n 1 ) t^w^Jj! h} d T\ H 1 , I // * i } n, t < o, ih>, 

tame jhh ) f f tiu qti< n't i*> < / /we. 7 6?/ 7 * J? , kh<( <;/ M ? 

ami ihw* Zt ni nit ? //>//* i It'eth** j<^ u t \ iicit ui 7 Uijf 

* the Mine i i r n l a <^ } & dm hu b" tu„ dtjn" u oj hteq f co h t . 

l ? ri wo { ici^ «■ cop, .ih "»ail\ ihdto'—O i>Ji is JJe ow/ o, h < \ 

i ij]lov\ , t u o* 6 J •• aJ o dm b ] e 1 ^ v—u I"imi ^ *ro<: - // 

c 1 !^ i-dde y a -0, it i im loll ru^ th it a 1 Zd i» di\ sd/h ]>* it ; 

\ ] £ ) on, ^ uh'n t In i t II one, v e nuvs e 

THEOREM VI. 
\ The difference of the same powers of two quantities, is always 
divisible by the difference of the quantities. 

The quotients obtained by dividing the difference of the same 
powers of two quantities, by the difference of those quantities, 
follow a simple law. Thus: 

(a 2 —h 2 )~i~{a-~~b)==a-t-b. 

(#*--&*)-*. (a~~-!))=aM~ a 2 b+a¥-+b*. 

The exponent of the first letter decreases by unity, while, that 
of the second increases by unity. 

Art. §H* — Since a m — b m is always divisible by a — 5. if we put 
~—c for d, then a — b will become a-\~c f and, since 5 m will become 
c w , when m is even, as 2, 4, 6, &o., and — c m , when m is odd, as 8 S 
5, 7, &c. ? therefore, a m — b m will become a m —c m t when m is even, 
and a m -\-c m 9 when m is odd, because a m — b m =a m — ( — e m )-^=a m -\-c m ; 
therefore, a m — c m is always divisible by a-\-e, when m is even, and 
& r *+<f* is always divisible by a-\-c when m is odd. These truths 
are expressed in the following theorems. 

THBOKEM VII. 
The difference of Hie even powers of ike same degree of two quan- 
HUes, is always divisible by the sum of ike quantities. 

Tims: (a 2 —5 2 )-f-(a+6)=a— 6. 

(a*— &*)-*- (a+6)=a 8 — a 2 5+ aS 2 — 5 3 . 

( a « — 56) ^ ( a +6)=a?--a*5+a 8 6 2 --a 2 6 s +a&*---5 5 . 

Re view.— 80. To what is the square of the sum of two quantities 
equal ? 81. To what is the square of the difference of two quantities equal ? 
82. To what m the product of the sum and difference of two quantities 
equal? 83. How may the reciprocal of any quantity he expressed ? How 
may any factor he transferred from one term of a fraction to the other? 
In what other form may a m he written ? a~" m ? 84. What is the value of 
any quantity whose exponent is zero ? 
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THEOREM VIII. 
The sum of tlie odd powers of the same degree of two quantities $ 
is always divisible by the sum of the quantities. 
Thus : (a 8 + &)+(a+b)===a*--ab+&. 



.FACTORING. 

FACTORS, AND DIVISORS OF ALGEBRAIC QUANTITIES. 

Art. S7* — A divisor or measure of a quantity, is any quantity 
that divides it without a remainder, or that is exactly contained 
In it. Thus, 2 is a divisor of. 6; and a 2 is a divisor or measure 
of a 2 x. 

Art. §§» — A prime number , is one which has no divisors except 
itself and unity. 

A composite number, is one which has one or more divisors 
besides itself and unity. 

Hence all numbers are either prime or composite ; and every 
composite number is the product of two or more prime numbers. 

The following is a list of the prime numbers under 100: 

1, %■ 8, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 
50, 61, 67, 71, 73, 79, 83, 89, 97. 

The composite numbers are, 4, 6, 8, 9, 10, 12, &c. 

RULE, 
FOE EESOLVINO ANY COMPOSITE NUMBER INTO ITS PRIME FACTORS. 

Divide by any prime number thai will exactly divide it; divide the 
quotient again in the same manner; and so continue to divide, until 
a quotient is obtained, which is a prime number; then, the last quo- 
tient and the several- divisors, will constitute the prime factors of the 
given number. 

Hem abic— -The reason of this rule is evident,, from the nature of prime 
and composite numbers. It will be found most convenient to divide first 
by the smallest prime number that is a factor.— See Hay's Arithmetic, Part 
III., Factoring. 

Re vie w. — 85. By what is the difference of the same powers of two quan- 
tities always divisible ? 86. By what is the difference of the even powers 
of the same degree of two quantities always divisible ? By what is the 
sum of the odd powers of the game degree of two quantities always 
divisible? 
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EXAMPLES. 
1, The composite numbers under 100, that is, 4, 8, 8, &c., 
may be given as examples, Every pupil should learn to give the 
factors of these quantities readily. 

'2. "What are the prime factors of 105? . . . . . Ans. 2, 5, 7. 

3. What are the prime factors of 210? . . . Ans. 2, 3, 5, 7, 

4. Kesolve 4290 into its prime factors. . Ans. 2, 3, 5, 11, 13. 

Art. f£9.-— A prime quantity, in Algebra, is one which is exactly 
divisible only by itself and by unity. Thus, a, b, and 5+c are 
prime quantities; while ab and ab+ae are not prime, 

s Art. 9#» — Two quantities, like two numbers, are said to be 
prime to each oilier, or relatively prime, when no quantity except 
unity will exactly divide them both. Thus, ab and cd are prime 
to each other. 

Art. tl» — A composite number, or a composite quantity, is one 
which is the product of two or more factors, neither of which is 
unity. Thus, ax is a composite quantity, of which the factors are 
a and a:. 

Be mask;. — A monomial may be a composite quantity, as ax; and & 
polynomial may not be a composite quantity, as ct 2 -\-x 2 . 

Art, 0SS« — To separate a monomial into its prime factors. 

BULB. 

. Eesolve the coefficient into Us prime factors ; then these, with the 
literal factors of the monomials, will form the prime factors of Hie 
given quantity. The reason of this rule is self-evident, 

.Find the prime factors of the following nominate: 

1. 15a?bc. ............... Ans. 8X5.«.a.&.c. 

.2. 2labhl ............... Ans. 2X7.a.b.b.d. 

3. Bbabc^x. .............. Ans. 5X7-a>b.c,c.x. 

4. 89a 2 m 2 n. .•...-.-...... Ans. 3Xl3.a«a.m.??i.«. 

Art, ®3e-—To separate a polynomial into its factors, when one 
of them is a monomial and the other a polynomial. 

Be view.- — ST. What is the divisor of a quantity? 88. What is a prime 
number ? What is a composite number ? Name several of the prime num- 
bers, beginning with unity. Name several of the composite numbers, 
beginning with 4. What is the rule for resolving any composite number 
into its prime factors ? 89. What is a prime quantity ? Give an example* 
90. When are two quantities prime to each other ? Give an example. 91. 
What is a composite quantity ? Give an example. 92. What is the rule 
for separating a monomial into its prime factors ? 
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Ut'LK. 

I?>'"ide Ike *,irui fiVuvJi' : f by the (jrtah>l wmo }Pattht'l will exactly 
' 7 i; lot coj h of* ih terms. Thai Put m*mvwial dh'liur will be one jac- 
i or, a, id Pee quoPfnt the olU/\ The reason of this rule is self- 
evident.. 

Separate the following expressions into factors : 

1. x~\-ax. . . , . . . , . . . . . . . . . ■, Ans. #(l+a). 

.2. am-j-ac. , .... s ............ . Ans. a(m-f-e). 

3. bc 2 +bed. t .............. . Ans. &c(c+^)» 

4. 4<e 2 +W- .............. Ans. 2a;(2aH-3#). 

5." 6aic 2 y-|-9&x?/ 2 — 12carfy. . . . . Ans. 3%y(2ax-\-3by—4cx).- 

6. Sosse' 2 — 35«ir 3 ;/4-5a 2 ^ 3 ?/. ...... Ans. ^ax 2 (l— J 7x7j~haxij), 

7. 14A 2 ?/i'~21a 2 a.% 2 — 35ahcy\ . Ans. 7a%?/(2aa:-[-S^?/ — 5##). 

8. 65c%~-I55c 3 —S6 2 e 2 . ........ Ans. She 2 {2x~-DC-~d)}, 

9. «W+fl 2 cV — arcm?* . . ... . . Ans. a 2 em <2 {a~j~e — m). 

Art. H4U — To separate a quantity which is the product of two 

or more polynomials, into its prime motors. 

No general rule can bo given, for this case. When the given quantity 
does not consist of more than three terms, the pupil will generally be able 
to accomplish it, if he is familiar with the theorems in the preceding section. 

1st. Any trinomial can he separated into two binomial factors, 
when the extremes are squares and positive, and the middle term 
is twice the product of the square roots of the extremes. See 
Articles 79 and 80. 

Thus : a*^2ab-\~'b 2 ~(a-{~b) (a-\-b). 
a 2 —2ab+¥==(a~:b)(a—b). 

2d. Any binomial, which is the difference of two squares, can 
be separated into two factors, one of which is the sum, and the 
other the difference of the roots. See Art. 8L 

Thus: a?— 5 2 — {a+b)(a—b). 

3d. When any expression consists of the difference of the 
same powers of two quantities, it can be separated into at least 
two factors, one of which is the difference of the quantities. See 
Art. 84. 

ThnB : a m —b m ={a~b){a n ^' i -i'a m ~ 2 b ..... +a5 m - 2 +6 7n ~- 1 ), 
where a, b, and m, may be any quantities whatever. 

In this case, one of the factors being the difference of the quan- 
tities,- the other will be found by dividing the given expression hj 
this difference. Thus, to find the other factor of a? — 5 3 , divide by 
a—b t the quotient will be found to be aP-l-ab+b 2 ; hence, a? — Ir 
==(«— 5)(aH«6+& 2 ). 



FACT0BI3STG. 



71 



In a similar manner, a 6 —¥=(a — b)(a i +a n b+arb 2 +ab^+¥), 

4th. When any expression consists of the difference of the even 
powers of two quantities, higher than the second degree, it can. 
he separated into at least three factors, one of which is the sum, 
and another the difference of the quantities. See Articles 85 
and 86. 

Thus, a 4 — b 4 is exactly divisible by a+b, according to Article 
8$ ; and, according to Article 85, it is exactly divisible by a — b ; 
hence, it is exactly divisible by both a+b and a— b ; and the other 
factor will be found by dividing by their product, Or, it may be 
separated into factors, according to paragraph 2d, above, thus : 
tt *— &*=(a 2 -f&2) (a 2 — 6 2 )=(a 2 +6») (a+b) {a—b). 

5th. When any expression consists of the sum of the odd pow- 
ers of two quantities, it may be separated into at least two factors, 
one of which is the sum of the. quantities (See Art. 86), The 
other factor will be found, by dividing the given expression by 
this sum. Thus, we know that a*+b% is exactly divisible by a+b, 
and by division, we find the other factor to be a 2 — ab+b 2 ; hence, 
a*+&^(a+b){a*--ab+W). 

Separate the following expressions into their simplest factors. 



1. x*+2xy+f. 

2. 9a 2 +12a&+4& 2 . 

3. 4+12a J +9a 2 . 

4. m*—2mn+n 2 . 

5. a 2 - — 2abx+b i xK 
6% 4x*—20xz+25z* t 

7. x*~~~f. 

8. 9wi 2 — 16n?. 



9. o 2 6 2 — c 2 ^. 

10. a 2 x— -X s . 



n. 

12 



13. ic 8 — 1. 



14. 

15. 
16. 



iw 



-~2ib\ 



3WJERS. 

10. x(a 
11. 



1. {x+y){x+y). 

2. I$a+2b)(2a+2b). 

3. (2+3a;)(2+3a?). 

4. (m~~~ n)(m~~- n). 12. 

5. (q:, — te) (a — te) » 13, 
■6. (2a:— 5s)(2a>— 5s). 14. 

7, {x+y){x—y). 15'. 

8. (3m+4»)(3m— 4rc). 

16. (a?+& s )(a 8 — ^^(a^.+^Ca—- &)(a 2 +«&+& 2 ). 
=(a+&) (a 2 — a&+& 2 ) (a— &) (^H-afc+fc 2 ) . 

^(a.+6){a~-5)(a 2 ^a5+6 2 )(a 2 ~ , r a5+5 2 ), 



•a) (a — x) . 
(x 2 +¥) (x i —b 2 ) = {x 2 +¥) 
(s+5) (<*-&). 
(y+l)(^-y+I). 
(«— lJ^+aJ+l). 
(2«~~-36) (4a 2 +6a&+95 2 ). 
(a+b) {a i ~a*b+a 2 ¥~~a¥ 
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Art. #5* — To separate a quadratic trinomial Into its factors. 

A quadratic trinomial is of the form, x^ax-J-b, in which the 
signs of the second and third terms may he either plus or minus. 
When this operation is practicable, the method of doing it, may 
be learned by observing the relation that exists between two bino- 
mial factors and their product. 

1. (x-j-a)(x~\-b)=x 2 -\~(a^-b)x J r ab. 

2. (x—a) (x—b)^x 2 -~\a+b)x+ab. 

3. (x-\~a)(x — b)=x 2 -^r(a — b)x — ab. 

4. (x — a)(x J r b)^x 2J r (b~~~a)x — ab. 

From the preceding, we see, that when the first term of a quad- 
ratic trinomial is a square, with the coefficient of its second term 
equal to the sum of any two quantities, which, being multiplied 
together will produce the third term, It may be resolved into two 
binomial factors by inspection. 

Decompose each of the following trinomials into two binomial 
factors. 

1. ' x*+5x+6. ............ . Ans. (x+2){x+S 

2. a 2 +7a+l2. ..........'. . Ans. (a+S){a+4 

3. x 2 — 5#~j~£>. ............ Ans, (x — 2)(x — 8' 

4. x 2 —9x+20. ............ Ans. (V- 4)(a;-~5" 

5. x 2 -j~x — 6. .............. Ans. (x-\-B)(x — 2 

6. x 2 —x~~6. ............. Ans. {x—3)(x+2 

7. x*+x-~2. ............. Ans. (x+2){x--Y 

8. a: 2 -~13;r-f-40. ........... Ans. (a; — 8)(a? — 5' 

9. x 2 — 7«— 8. ............ . Ans. {x— 8)(a+l' 

10. x 2 +7x~~ 18. .............. Ans. {x+9){x—2' 

ll.y— a— 30. . . . . . Vi ... . . . . . Ans. (x— 6){x+5 

In the same manner, we may often separate other trinomials 
into factors, by first taking out the monomial factor common to 
each term. 

Thus, 5aaj 2 — 1 dax^4Ga^§a{x 2 ~-2x~~~8)^5a{x-~~~4:) {x+2). 

12. 3a 8 +12a:— 15. ......... . Ans. S(x+ 5)(»— 1). 

13. aV 2 --9^+14a 2 . ........ Ans. a*{x— 7)(s--2). 

14. 20&C 2 — 14a&»— 60a&. ..... Ans. 2a6(a^l0)(a:+3). 

15. 2#-4&*---3(k. ......... Ans. 2a:(a^5)(a4-3). 

Be view. — 03. What is the rule for separating a polynomial into its 
prime factors, when one of them is a monomial, and the other a polyno- 
mial? 94 When can a trinomial be separated into two binomial factors? 
What are the factors of m 2 +2w»-fw 2 ? Of cfi—2cd^-d? ? When can a bi- 
nomial be separated into two binomial factors ? What are the factors of 
x %^f ? Of 9a£— 16& 2 ? What is one of the factors of a 2 — -P ? Of a 8 — 6 s ? 
Of »*_«* ? What are two of the factors of a*— & 4 ? Of a«— 5® ? 
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AitT, HCIo — The principal use of factoring, is to shorten the 
■work, and simplify the results of algebraic operations. -Thus, 
when it is required to multiply and divide "by algebraic express- 
ions, if the multiplier and divisor contain a common factor, it may 
be canceled, or left out in both, without affecting the value of the 
result. Thus, if it is required to multiply any quantity by a 2 — b\ 
and then to divide the product by a+5, the result will he the same 
as to multiply at once by a—b. 

Whenever there is an opportunity of canceling common factors, 
the operations to be performed should be merely indicated, as the 
common factors will then be more easily discovered. The pupil 
will see the application of this principle, by solving the following 
examples. 

■ 1. Multiply a— 5 by x 1 -|-2xy-r^ 2 , and divide the product by x~\-y. 

{a~ b)(x*+2x y+if)^(*t--b)(x+y){x~ r y)_ / rt __ &V/ . L ^ 

x+y ." .»; \-y " ~ { '^ ! ' 

~ax-\-ai/—bx—by, 

2. Multiply #—3 by x 2 — 1, and divide the product by x—l t by 
factoring. -4 us. x 2 — Hx — 3. 

3. Divide £ 3 ~hl by £ (-1, and multiply the quotient by z 2 — 1, by 
factoring. Ans. 3 4 ~-~c 3 - 1 -z— 1 . 

4. Divide Qa"c—¥Zah>-\ 06 2 <" by 2cw—2bc, by factoring. 

Ans. 3 («--?>). 

5. Multiply 6ax+0ay by 4? J ~-9y% and divide ibo product by 
4& 2 ~f 1 2xy~\-9y\ by factorin g A ns. 3a (2x— tly) ft 

6. Multiply a; 2 — 5aH,-G by x 7V; I -12. and divide the quotient 
by x 2 ~~~ §x+9, by factoring. Ans. (a:— 2){x~~~ 4). 

Other examples in which the p-mciple may be applied, will be 
found in the multiplication and J Vision of fractions. 
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Art. 01= •—Any quantity that will exactly divide two or more 
quantities, is called a common divisor, or common measure, of those 
quantities. Thus, 2 is a common divisor of 8 .and 12; and a- is 
a common divisor of ab and a 2 %. 

Bjemabk. — Two quantities may sometimes, have more than one com- 
mon divisor. Thus, 8 and 12 have two common divisors, 2 and 4. 

, Be view.— 94 What is one of the factors of a 5 -\-b s ? What is one of 
the factors of aP-{-y&? 05. "What is 'a quadratic trinomial? 
7 



74 EAT 5 S ALGEB&A, PABT FIBST, 

Akt. S§* — That common divisor of two- quantities, which is the 
greatest, both with- -regard to the coefficients and exponents, is 
called their greatest common divisor, or greatest common measure, 
Thus, the greatest common divisor of 4a 2 xy and WoPtf is 2o?xy« 

Art. ®$«~~- Quantities that have a common divisor, are said to 
he commensurable; and those that have no common divisor, are 
said to he incommensurable. Incommensurable quantities are also 
said to h^ prime to each other, or relatively prime* 

Art. i##«~-~ To find the greatest common divisor of two or more 
monomials. 

1. Let it be required to find the greatest common divisor of the 
two monomials, Gab and l&a*c. 

By separating each quantity into its prime factors, we have 
6ai&=3X3«&, 15a 2 c==3X5ofl»/ 

Here we see, that 8 and a are the only factors common to both 
terms; hence, both the quantities can be exactly divided, either 
by 3 or a, or by their product Sa, and by no other quantity 
whatever; consequently, 3a is their greatest common divisor. 
Hence, the 

BUJLE, 

FOR - FINDING THE GREATEST COMMON DIVISOR OF TWO Oil MORE 

MONOMIALS. 

.Resolve the quantities into their prime factors ; then, the product 
of those factors that are common to each of the terms, will form the 
greatest common divisor. 

Not.k.» — The greatest common divisor of the literal \>i\xus of the quan- 
tities!, may generally be more easily found by inspection, by laVmg each 
letter with the highest power, that u • ommon to all the- quantities 

2. Find the great est conn tf divisor of <Jk 2 .r 3 , 6a 3 x% and lOafa. 
4a 2 x*~~2y\2ai€ ? > Here we see, that 2, a 2 , and x are the only 
Qakc 2 ~-^2X.3a?x 2 factors common to all the quantities 1 ; hence, 
I0a 4 #==2X*>a*a? 2a 2 x is the greatest common divisor. 

Find the greatest common divisor of the following quantities. 

3. 4a 2 ar\ and IG&arl .-...'...,...... Ans. 2ax\ 

4. 9abc* t and 126e%. ............... Ans. 36c 8 . 

5. AcFlfofty*, and ScPx^yK ............ Ans, 4t<$xhj 2 . 

6. 2a 4 f, QatzY? aacl 9a 6 ?/%, ,......., Ans. Sahf. 

7. %axhfz\ I2x¥\ and 24aW. .-..-.... * . Ans. 4arV. 

8. &Aij\ l2aY#, 9ah?if 9 and 24«Ys. . . . . Ans. 3«y. 
Akt. 101*— To find the greatest common divisor of two poly- 
nomials, 

first. Let AD and BB he either two monomials,, or- polynomials, 
of which B is a common divisor ; and let AB he greater than BB, 
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Divide AB by BB ; then, if it gives an exact quotient, BD must 
be the greatest common divisor, ' since no Tziy \T)(Q 
quantity can have a divisor greater than BDQ 

itself, But, if BB is net contained an exact -—•=- — ^r{7, -p 

number of times' in AB, suppose it is con- x ~ ™ J v—-- * 

tained Q times with, a remainder, which may be called II, Then, 
since the remainder is found, by subtracting the product of the 
divisor bj the quotient, from the dividend, we have B==AD — BBQ, 

Dividing both sides by B, we get tr=A — BQ ; But A and BQ are 

each entire quantities; hence ^r, which is equal to their difference, 

must be an entire quantity. Hence, it follows, that any eommon 
divisor of two quantities^ wiM always exactly divide their remainder 
after division. And, since the greatest, common divisor is a com- 
mon divisor, it follows that the greatest common divisor of two 
quantities, will always exactly divide their remainder after division. 

11 ei ark. — In the above article, we have used two axioms, which may 
be now to some pupils, .They are, first: If two equal quantities be divided 
hy the same quantity , their quotients will be equal. And, second : The 
difference of two entire quantities is also an entire quantity. The pupil can 
easily see, that the sum, or difference of two whole numbers must also be 
a whole number; and, that the same is likewise true of two entire quan- 
tities, This, and the next article will both be better understood hj the 
pupil, after he has studied simple equations. 

Art. 10£lo — -Second, Suppose, now, that it is required to find 
the greatest common divisor of two polynomials, A and B, of 
which A is the greater. 

If we divide A by B, and there is no -»x *,q 

remainder, B is, evidently, the greatest |>^ 

common divisor, since it can have no di- t~~;"7A -r» ■* *-» 

■ i ,, ., ,«■ A — B(4===Jt\, 1st Kern, 

visor greater than itself. 

"Dividing A by B, and calling the quo- jawo' 

tient Q, if there is a remainder E, it is g(y 

evidently less than either of the quanti- ^ p'Ty p/ c ? i p 

ties A and B ; and, by the preceding the- ; - » ^ *■ - 

orein, it is also exactly divisible by the A=BQ+R Since the 

greatest common divisor; hence, the great- B™BQ/--f-R/ dividend is 

est common divisor must divide A, B, and equal to Aw 

B, and can not be greater than E. But product of the divisor by 

if li will exactly divide B, it will also ex~ tlie q^^nt, plus the m-< 

actly divide A, since ■ A=BQ+R, and will mamder > 

be the greatest common divisor sought. 
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'Suppose, however, that when we divide H into B, to ascertain 
if it will exactly divide it, we find that the quotient is Q'' ? with a. 
remainder, &'. Now, it has been shown, that whatever exactly 
divides two quantities, will divide their remainder after division ; 
then, since the greatest common divisor of A and, B, has been 
shown to divide B and R, it will also divide their remainder R', 
and can not "be greater than R'. And, if Bf exactly divides II, it 
will also divide B, since B™EQ/-f R' ; and whatever exactly divides 
B and R, will also exactly divide A, since A===BQ+R ; therefore, 
if R' exactly divides R, it will exactly divide both. A and B, and 
will he their greatest common divisor. 

In the same manner, by continuing to divide the last divisor by 
the last remainder, it may always be shown, that the greatest com- 
mon divisor of A and B will exactly divide every new remainder, 
and, of course, can not be greater than either of them. It may, 
also, always be shown, as above, in the case of IV, that any 
remainder, which exactly divides the- preceding divisor, will also 
exactly divide A and B. Then, since the greatest common divisor 
of A and B can not be greater than this remainder, and, as this 
remainder is a common divisor of A and B, it will be" their great- 
est common divisor sought. 

To illustrate the same principle by numbers, let it be required 
to find the greatest common divisor of 14 and 20, 

If we divide 20 by 14, and there is no remain- 14)20(1 
der, 14 is, evidently, the greatest common divisor, 14 
since it can have no divisor greater than itself. 6)14(2 

Dividing 20 by 14, we find the quotient is 1, and 22 

the remainder 6, which is, necessarily, less than ~*>W3 

either of the quantities, 20 and 14; and by the g 

theorem, Article 98, it is exactly divisible hj their — 

greatest common divisor; hence, the greatest common divisor 
must divide 20, 14, and 6, and cannot be greater than 6. Now, 
if 6 will exactly divide 14, it will also exactly divide 20, since 
20=14+6, and will be the greatest common divisor sought. 

But when we divide 6 into 14, to ascertain if it will exactly 
divide it, we find that the quotient is 2, with a remainder, 2 ; then, 

Review.— -95. "When can a quadratic trinomial be separated into bino- 
mial factors ? 96* What is the principal use of factoring ? 97. What is a 
common divisor of two or more quantities ? Give an example. 98, What 
is the greatest .common divisor of two quantities? Give an example. 99, 
When are quantities commensurable ? When are quantities incommen- 
surable? 100, How do you find the greatest common divisor of two or 
more monomials ? 101. Prove that any common divisor of two quantities 
will always exactly divide their remainder, after. division. 
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by the preceding theorem, the greatest common divisor of 14 and 
will also divide 2, and therefore, can not he greater than 2. 
Kow, if 2 will exactly divide 6, it will, also, exactly divide 14, 
since 14=6X^+2; and whatever will exactly divide 6 and 14, 
will also divide 20, But 2 exactly divides 6: hence it is the 
greatest common divisor of 14 and 20. 

Art, f #Sa— When the remainders decrease to unity, or when 
we arrive at a remainder which does not contain the letter of 
arrangement, we conclude that there is no common divisor to the 
quantities, 

Art, 104L — If one of the quantities' contains a factor not found 
in the other, it may he canceled without affecting the common 
divisor (see example 3) ; and if both quantities contain a common 
factor, it may "be set aside as a factor of the common divisor ; and 
we may proceed to find the greatest common divisor of the other 
factors of the* given quantities. This is self-evident. See Ex- 
ample 2. '. 

Art. 105. — We may multiply either quantity, by a factor not 
found in the other, without affecting the greatest common divisor. 

Thus, in the fraction tt-t-> the greatest -common divisor of the 
Sabc 

two terms, is evidently ab. Here, we may cancel the factors 2 

and a? in the numerator, 'or 3 and c in the denominator, without 

affecting the common divisor; for the common divisor of -^--~t-, or 

Sabc 

2abx 
of : — — . is still ab. 
ab ' 

If we multiply the dividend by 4, a motor not found in the divi- 
sor, we have 4— r-> of which the common divisor is still ab. 
Sabc 

In the same manner we may multiply the divisor by an 3?- factor 
not found in the dividend, and the common divisor will still remain 
the same. 

If, however, we multiply the numerator by 3, which is a factor 

of the denominator, the result is ~ nf > 0I> which the greatest com- 
mon divisor is Bab, and not ab as before. Hence, we see, that the 
greatest common divisor will be changed, hj multiplying one of 
the quantities by a factor of the other, 

K e- v 1 e w.— -102. Show, that by dividing the last divisor by the last 
remainder, the greatest common divisor of two polynomials will exactly 
divide both the first and second remainders after division, 
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Art. 1®6*-— In the general demonstration, Art. 101, It has been 
shown, that the greatest common divisor of two quantities, also 
exactly divides each of the successive remainders ; hence, the pre- 
ceding principles apply to the successive remainders that arise, in 
the course of the operations necessary to find the greatest common 
divisor. 

The preceding principles will be illustrated by some examples. 

1 . Find the greatest common divisor of as 3 — -^ and x % — x 2 y 2 . 

Here the second quantity contains x 2 as a factor, but it is not a 
factor of the first ; we may, therefore, cancel it, and the second 
quantity becomes a? 2 — y 2 . Divide the first by it. 

After dividing, we find that y 2 is a factor of the 
remainder, but not of x 2 -~~y' 2 , the dividend; Hence, 
by canceling it, the divisor becomes sc— y j then, di- 
viding by this, we find there is no remainder : there- 
fore x — y is the greatest common divisor. 



ar 5 - 


~-y 3 N 5 *— y* 


rc 3 - 


-xy 2 (x 




xy 2 — ?/ 3 


or, 


{x~~y)y 2 


x 2 - 


-y 2 \ x -~y 


x 2 - 


-xy (x~ry 




xy — y l 




xy — y 2 


Ai* 3 


and x 4r ~—a 2 x 2 . 


x d - 


-a 3 Ix 2 — a? 


3?— 


~~a % x {x 



2, Find the greatest common divisor of x Q -\- 

The factor x 2 is common to both these quantities ; 
it therefore forms part of the greatest common divi- 
sor, and may be taken out and reserved. Doing 

this, the quantities ' become ce^-f-aPx and x 2 -- — « 2 . a A x~\~a* 

The first quantity still contains a common factor, x, or, {x-\~a)di* 

which the latter does not; canceling this, it be- ^2 ^2 |#-j_$ 

comes a$4-aK Then, proceeding as in the first <.&x.arr ~~ uZZ^~ 

example, we find the greatest common divisor is * — • — ' r,— 

<>, i" x — ax — a" 

— ax — a 2 



3. "Find the greatest common divisor of Qa^^-lQatx^Dc^x 2 and 
a%+2&V4~2ax 3 -j~aA 

Here 5a 3 is a factor of the first 
quantity only, and x f of the second 
only. Suppressing these factors, and 
proceeding as in the previous exam- 
ples, we find a~\-x is the greatest 
common divisor. 



Gp-\-2ahi J r 2ax 2 -\-x z |« 2 - 


~2ax~\~x 2 


c^ J r2a l x- J r ax 2 {a 




ax 2 ~f-z? 




or, (a-\-x)x i 




a 2 ~j~2ax J rx 2 \a~\-x 




a 2 -\~ax (a-\-x 




a-x J r x 2 




ax-rx 2 
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4. 'Find the greatest common divisor of 2a 4 — a?ar—~ 6a* and 

I» solving this example, 4& 5 -j-8a 3 # 2 -~ -2a 2 zf~ 3x* \2a 4 ~~~a?x*~~~&x i 
there are two instances in 



4a?~~-2a 3 z 2 ~~-I2a 



which it is necessary . to 

multiply the dividend, in vwx* Za 2 xf > -\~l'2ax i 3s? 

order that the coefficient of or ? (8a?—2a?x-{- I2ax 2 ~—3x z )ar 



2a*~~a?z 2 -~~®z 



the first term may he ex- 
actly divisible by the di- 
visor. See Art. 105. The __ 4 

greatest common divisor Sa^—4^x^2^8^-^A-^12a^'~~S^ 
is found to be 2a 2 ~l~ ZaP. ©-,4 o » , 10 9 <>" — i5 — ^ — ~~~~~™~~~~~ ->...,..„ 

2aV~l 6aV+3<^-~24ai* 

£_ 

8a*x—64a?x*+ 1 2az*~^6^(x 
8a s x~~ 2 aVH-I2ar J - : ~ 3a* 

— 62aV— ■— 93#* 

or,'— 31a 8 (2a 2 +3ar 2 ) 

8a*—2a*x+ 1 2qa; a — 3s 8 j2« 2 +3a 2 - 
8a 3 +12fl^ (4o~*T 

— 2a*# _— -3a; 3 

'— 2a 2 aj — 3& s 

From the preceding demonstrations and examples, we derive the 

FOR FINDING THE GREATEST COMMON DIVISOR OF TWO POLYNOMIALS. 

1st. Divide the greater polynomial by the less, and if there is no 
remainder, the less quantity will be the divisor sought. 

2d. If there is a remainder, divide the first divisor by it, and con- 
tinue to divide the last divisor by the last remainder, until a divisor 
is obtained, which leaves no remainder; this will be the greatest com- 
mon divisor of the two given polynomials. 

Remarks. — 102. Explain the principles used, in finding the greatest 
common divisor, by finding it for the numbers 14 and 20. 103, When do 
we conclude that there is no common divisor to two quantities ? 104. How 
is the common divisor of two quantities affected, by canceling a factor in 
one of them, not found in the other? When both quantities contain a com- 
mon factor, how may it be treated ? 105. How is the greatest common, 
divisor of two quantities affected, hy multiplying either of them, by a factor 
not found in the other ? What is the rule for finding the greatest common 
divisor of two polynomials ? How do yon find the greatest common divisor 
of three or more quantities ? 
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Notes. — 1. When the highest power of the leading letter is the s&me 
in both, it is immaterial which of the quantities is made the-. dividend. 

2. If both quantities contain a common factor, let it he set aside, as form- 
ing a factor of the common divisor, and proceed to find the greatest com- 
mon, divisor of the remaining factors, as in Example 2, 

3. If either quantity contains a factor not found in the other, it may be 
canceled, before commencing the operation, as in Example 3". See Art. 10$. 

4. Whenever it becomes necessary, the dividend may he multiplied by 
any quantity which will render the first term exactly divisible by the divi- 
sor. See Art. 105. 

5. If, in any case, the remainder does not contain the leading letter, that 
is, if it is independent of that letter, there is no common divisor. 

6. To find the greatest common divisor of three or 'more quantities, first 
find the greatest common divisor -of two of them; then, of that divisor and 
one of the other quantities, and so on. The last divisor thus found, will bo 
the greatest common divisor sought. 

7. Since the greatest common divisor of two or more quantities contains 
all the factors common to these quantities, it may he found most easily by 
separating the quantities into factors, where this can be done, lay means of 
the rules in the preceding article. 

Find the greatest common divisor of the following quantities, 

5. 5a 2 -\-&ax and. a 2 — ar. ...., ^ ...... . . . Ans. a-\-x, 

6. x*—a 2 x and & 8 — a 3 . ............... Ans. x — a. 

7. X s — c 2 x and £ 2 ~j~2e«£-f £ 2 - .......... Ans. x-j-c* 

8. « 2 -l-2ic— 3 and aj 2 +5jc+6. . ........ . Ans.aj-f-3. 

■■■'9. Brr-r II ax J r 3x 2 and 6a 2 -\-7ax—Zx 2 .' » , . Ans. 2a-\-2x. 

10. a* — a 4 and « s +aV— ax 2 — a 3 . ........ Ans. a 2 -— xK 

1 L a?~~~ 5aa;-|--4^ 2 and a 3 — aVf 2ax 2 - — 2x\ . . . . . Ans. a — x. 

12, ahP—cPif and x 5j r x^y 2 , ........... Ans. x 2 +y % . 

13. a 5 ~~af and aP~~x u „ . .. . .-...■ . . . ■. . .. . Ans. a-- --«%% 



LtfAST COT*IMO"N MULTIPLE. 

Art. 3'OcU — A mvlthjic of a quantity is thai which contains it 
*\sactl t v. Thus, is a multiple of 2, or of 3; and 21 is a multi- 
ple of % 3, 4, &c; al^o, Sa t? is a multiple of 2n, of 2a\ of 2«7; ? 
$e, ; and 4(a-~~^)// 2 is a multiple of (a— a*), of 2y, of 4// 2 , &e. 

Art. I®8.»-« A quantity that contains two or more quaniiiiGH 
exactly, is a common multiple of them. Thus, T2 Is a common 
multiple of 2 and 3; and (jax is a common multiple of '*, 3, a, 
and £. 
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Art. '!®9» — The least common multiple of two or more quanti- 
ties, Is tlie least quantity that will contain ' them exactly. Thus, 
8 is the least common multiple of 2 and 3 ; and Wxy is the least 
common multiple of 2a? and 5y. 

Ebmark« — Two or in ore quantities can have but one least common 
multiple, while they may tuwe an unlimited number of common multiples. 
Thus, while 6 is the least common multiple of 2 and 3, any multiple of 6 ? 
for instance, 12, 18, 24, &c, will be a common multiple of these numbers. 

Art. I !#* — To find the least common multiple of two or more 
fjuio^n c 

M h^nl ii, l ix o ion i it\ 11 it l t t u i i oil ( \ ] s 
» nli ji( unastk' mepniu 1* a;" 1 tins *Jv) ( * lot ^ 
«uh lonunK h u ^e SO *\;>/5 ml L "*/' lit miuu 
iauh j 7 m 1 t i * ic c I the mi n i i t i -> c I «*0 

Ak a " ^ • i\ ( S iu u \ -\ ii 1 odnn au ih l c r L \ if m 
cut ii i 11 l 1 c | ] mil uttus \i ll it < A i» ntip III , > 0<oi 
t"n tMu I , 1 in o «?</ X»*/> l l > %/ y * l ' ir i )Jl K 

^lCtO 1 ^ I *l I H t i \U)l,b UI ll )iU,kl 01 t 1 * Ul\ i i d 

Uc c , 3 t t I i tl i(i fjii nil \ s'j Hi cuit m m tint u h t 
i oil* i< ^ il i ii ] i lo i m un i 1 ! th } tiff 

th ittan s \h> ^ m\ i u hi p( in qu ju n til < u\ 

v.0iHuix h\o tiiiin ( um1 i autiontiii ut tl 1 h* n 

pi ' UM lu (.* ' l 4 U I U \ J J t > b til it l 1 *.| t )}\{ t 
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pi mo ii a 50 Is okl, tod no oliui 1 ctoi^ h sul I t tu% 

thf I isliQn ii nil I / ^ v ^'/O ^o o'a /*/*'<• > / <// 

t////t t j, i if f a( l ) s < Ji so q i i i ho Of ( i i I e^ oi n i m 
^} } (juk\ i {hi 
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V\ ith this pi ti n i a le, 1 in had the lei t to* n io i 3m hi] k t* oa 
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found. We next see, that b is a factor common to two of the quan- 
tities ; hence, as before, we place it on the left, and cancel it in 
those terms in which it is found. We thus -find, that a, x, b t and 
c, are all the prime factors in the given quantities ; therefore, their 
product, obex, will be the least common multiple of these quanti- 
ties. Hence, the 

BULK, 

FOR FINDING TITK LEAST COMMON MULTIPLE OF TWO 08 .MOKK 

QUANTITIES. 

1st. Arrange the quantities in a 'horizontal line, and divide them 
by an y prime factor that wilt divide two or more of Ikon 'without a 
remainder, and set the quotients, together ivitk the undivided quanti- 
ties, in. a tine beneath. 

2d. Continue dividing as before, unlit no 'prime factor, except 
■unity, will divide two or more of the quantities, without a remainder. 

8d. Multiply the divisors and the quantities in the lad tine together, 
and the product will be ike lead common Multiple required. 

Or, separate tlm given qviinliiics into their prime J actors, and then 
multiply together, mwit of those factors as arc necessary to form a, 
product that will contain all the prime J actors- in each quantity ,* this 
prod net. will l>e the least eohutum multiple required, 

Airr. 'i!'F2* -Since the greatest common divisor of two quan- 
tities contains all the factors common to them, it follows, that /'/ 
we divide the product of two quantities, by Ih^ir greatest common, 
divisor, the quotient will be their least common multiple. 

i>ind the least common multiple in each of the following ex- 
amples. 

L 4^,80%, and6aa?y.\ ......... . ■. Ans, I2a?x 2 y\ 

2. \2u^\ (WK anil 8x7/. .......... /Ins, 2 itrx l y\ 

3. Wik\ 9u% and \2c l uh a . ......... Am. 3tir l u\:\ 

4. ]5, (u^, 9rV, and ]8ca,l . ........ Ans. VA)cx l ,'K 

•5. Qa l x 2 y, and 8uHa- l r x), ....... Ans. 24aid"q(a -.»•). 

0. 4t*\a—x), and 6ax l ({d — x 1 ). . . . . . Ans. I2a 2 x i {(d -.>■'}. 

7. 8x"(x-y). 3<t'A and I2axy\ . . . . Ans. 2^ah:"y l (x-y). 

8. lQaW{x-- //), liV^r-'-.y), and 12{x 2 ~-y : ). A. (jda"z?(z 2 -y-). 

Re vie v.. — 107. WliMt is a multiple of a quantity? Give a a example, 
108. Triia' hi a common multiple of two ormoio quantities ? Give mi ex- 
amp to, 1 09. "What h the loust common multiple of two or more oaantiiios ? 
(Jive en example. How many common mnln'ple* may a, ouarJiiy ?iavo? 
110. When is one quantify not contained exactly m another? Give an ox 
ample. 3J1. When U one auanliiy contained in another e racily? Give 
an example. AVhpt i-3 necessary, ia order thai one quanlily may exactly 
con twin tvo or more < sua lit Hies? 
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CllAPTHB T H 

i'LPCVliUOXS AND FINDULM Vh I 'lUPOh. TUN-. 

Art. 1HS*~--4f a unit, or -whole thing, is divided into any num- 
ber of equal parts, one of the parts, or any number of them, is 
called a fraction. 

Thus, if the line A B be supposed c <l e 

to- represent one foot, and he divided -<* j«s^^.^s^ v >^^,js, ,,.,,,_ 8 

into four equal parts, one of those parts, ay /!/', is called one 

fourth (|~) ; two of them, as Ad, are called two fourths ("f); and 

three of them, as Ae, are called three fourths (J). 

. 1 .. 1 

In the algebraic fraction -, if c=4 and 1 denotes 1 foot, then- 

c c 

a .11 

denotes one fourth of a foot. In the fraction -, if a~3 and - =-■.-. 

c e 4 

of a foot, then- represents three fourths (f ) of a foot. 

Art. 3.14L — Every quantity not expressed under the form of a 
fraction, is called an entire algebraic quantity. Tims, ax-\-b is an 
entire quantity. 

Art. ft .tela — Every quantity composed partly of an entire quan- 
tity and partly of a fraction, is called a mixed quantity. Thus, 

a~\ — , is a mixed quantity. 

Art. 116. — An improper algebraic fraction is one whose nu- 
merator can be divided, by the denominator, either with or without 

a remainder. Thus, —,• and -—!—-, are improper fractions. 

Art. Ill'* — A single expression, as.^, ~, or -, is called a simple 
fraction, It may be either proper or improper. 

Be view. — 111. What is necessary, in order that any quantity may foe 
the least, that shall contain two or more quantities exactly ? What fac- 
tors does the least common multiple of two or more quantities contain ? 
What is the rule for finding the least common multiple of two or more 
quantities? How may the least common multiple of two or more quantities 
he found, by separating them into factors ? 112. If the product of two 
quantities ho divided by their greatest common divisor, what will the quo- 
tient he? 113. What is a fraction? 114. What is an entire algebraic 
quantity ? Give an example. 115. What is a mixed quantity I Give an 
example, 110. What is an improper algebraic fraction ? Give an example. 
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Art, 11 §* — A fraction of a fraction, as ^of ~, or — of T , is 

4 6 no 

called a compouwd fraction. 

Akt. 11@« — When a fraction has a fraction, either in its numera- 
tor, or in its denominator, or in both of them, it is called a complex 

2 °2 a ^ c 

fraction, Tims. ~r> t,— ; — > and , are complex fractions. 

4 i d » m 

" 2 3 ' *"*"« 

Art, 1^# b — Algebraic -fractions are represented in the same 
manner as common fractions in Arithmetic. If he number or 
quantity below the line, is called the denominator, because it de- 
nominates, or shows the number of parts into which the nnit is 
divided ; and the number or quantity above the Hue, is called the 
mmeraior, because it members, or shows how many parts are taken. 

Thus, in the fraction, f, the denominator, 4, shows, that the unit 
(for instance, 1 foot,) is divided into 4 equal parts, and the nume- 
rator, 3, shows, that 3 of these parts aze taken. Again, in the 

fraction :: , the denominator c, shows, that a unit is divided into c 
c 

equal parts, and a shows, that a of these parts are taken. 

The numerator and denominator, are called the terms of a 
fraction. 

Art. 121. — In the preceding definitions of numerator and de- 
nominator, reference is had to a unit only. This is the simplest 
method of considering a fraction; but there is another point of 
view, in which it is proper to examine it. 

If it be required to divide 3. apples equally, between 4 boys, it 
can be effected, by dividing each of the 3 apples into 4 equal 
parts, and then giving to each boy 3 of those parts, expressed by 
f » Now, the parts being equal to each other in size, it will be the 
same, for an individual to receive 3 parts from 1 apple, or 1 part 
from each of the 3 apples ; that is, -f of one apple, is the same as 
| of 3 apples; or, f of 1 unit, is the same as | of 3 units, Thus, 
f may be regarded as expressing inco fifths of one thing, or one 
fifth, of Nothings. 

Kb view.— >117, "What Is a simple fraction? Give an . example. 118. 
What -is a compound fraction? Give an example. 119. What is a complex 
fraction ? Give an example. 120. In Algebraic Fractions, what is the 
quantity below the line called? Why? Above the line? Why? Giya 
an example. What do you understand by ilia terms of a fraction ? 
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So, -—is either the fraction - of one unit taken m times, or it 
n n 

is the nth. of m units. Hence, the numerator may he regarded, as 
showing the number of units to he divided ; and the denominator, 
as showing the divisor, or what pari is taken from each. 

Note to T e a chebs . — Although, it is important that the pupil should 
bo perfectly familiar with the principles contained in the following proposi- 
tions, the demonstrations may he omitted, especially by the younger class 
of pupils, until the book is reviewed. 

PROPOSITION I. 
Art. JtSISIe — If we multiply the numerator of a fraction, without 
f elia/nging the denominator, the value of the fraction is increased as 
many times as there are units in the multiplier. 

If we multiply the numerator of the fraction § by 3, without 
changing the denominator, we get ,|. Tims ; 
2X3 _6 
7 ^7 

Now, § and -f have the same denominator, and, therefore ex- 
press parts of the same size ; but the second fraction, -f, has three 
times as large a numerator as the first, § ; it therefore expresses 
three times as many of those equal parts as the first, and is, con- 
sequently, three times as large. And the same may be shown of 
any fraction whatever. 

PROPOSITION II, 

Art. JL22>*—If we divide the numerator of a fraction, without 
changing the denominator, ike value of the fraction is diminished, 
as many firms as there cere units in the divisor. 

If we take the fraction |, and divide the numerator by 2, with- 
out changing the denominator, we get §. Thus : 
4—2^2 
5 "~~5 

Now, | and § have the same denominator, and, therefore, ex- 
press parts of the same size ; but the numerator of the second 
fraction, |-, is only one half as large as the numerator of the first, 
-f ; it therefore expresses only one half as many of those equal 
parts as the first, and is, consequently, only one half as large. 
And the same may be shown of other fractions. 

Eeview.-t- 121. In what two different points of view may every fraction 
be regarded? Give examples, 122. How is the value of a fraction affected 
by miiltiplymg the numerator only ? How is this proposition proved ? 123. 
How is the value of a fraction affected hy dividing the numerator only ? 
How is this proposition proved ? 
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PROPOSITION J8: 
Art. S^4o- If we multiply the denomiuul-rr tf a, fraclir>% >citk 
out changing the numerator, the value of flit j rwiJoa is diminished 
as many time* w? there are units in the midU\)lh)\ 

If wo take I ho Fraction \, and multiply the denominator by 2, 
without changing the numerator, wo get ^\ Thus; 
o o 

Now, each of the fractions, f and §, have the same numerator, 
and, therefore, express the same number of parts ; but, in the 
second, the parts are only one half the size of those in the first ; 
consequently, the whole value of the second fraction, is only one 
half that of the first. And the same may be shown of any frac- 
tion whatever. 

PROPOSITION IT, 
Art. $!^«% ~>f w< ddride the denominator tf a fna tiu.K without 
changing the numercio<\ the value of the J'lao'ion is inoeosul as 
many tunes as there are unds Id the divisor. 

IT we lake the traction 2, and divide the denominator by o, 

without (duiuging the numerator, Ave get 5. Thus; 

2 _*3 " 

Now, each of the fractions, |- and § , have the same numerator, 
and, therefore, express the same number of parts; but, in the 
second, the parts are three times the size of those of the first ; 
consequently, the whole value of the second fraction is three times 
that of the first. And the same may he shown of other fractions. 

PROPOSITION Y- 

Art. %.%$&•— Multiplying both terms of a fraction, by the same 
number or quantity, changes the form of the fraction, but docs not 
alter its value. 

Tf we multiply the numerator of a fraction by any number, its 
value (by Pro]), I.) is increased, as many times as there are units 
in the multiplier; and, if we multiply the denominator, the value 
(by Prop. III.) is decreased, as many times as there are units in 
the multiplier. Hence, if both terms of a fraction are multiplied 
by the same number, the increase from multiplying the numerator, 

It k vi ii w. — 124. now is the value of a fraction affected by multiplying 
only fcho denominator ? How is this proposition proved ? 125. How is ih$ 
value of a fraction affected by dividing the denominator only? How is this 
proposition proved ? 120. How its the- value of a fraction affected by mul- 
tiplying both terms by the same quantity? Why? 
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is equal to the decrease from multiplying the denominator ; con- 
sequently, the value remains unchanged. 

PBOPOSI'I'IOiSi ¥1, 
Art, 127* — Dividing both terms of a fraction by the same num- 
ber or quantity, changes the form of the fraction, but does not alter 
its value. 

If we divide the -numerator of a fraction by any number, its 
value (by Prop, II.) is decreased, as many times as there are units 
in the divisor ; and if we divide the denominator, the value (by 
Prop. IV.) is increased, as many times as there are units in the 
divisor, Hence, if both terms of a fraction are divided by the 
same number, the decrease from dividing the numerator is equal 
to the increase from dividing the denominator ; consequently, the 
value remains unchanged. 



CASE I* 
?.UTfOX TO ITS 



liOWT.ST TERMS. 



\u". 1*i~? 8 - :3inco ilr* \alue of a fraction is not changed by 
dhidmg both terms b\ the same quantity (^ee \rt. 127), we have 
the following 

Divide both terms by ilieir greatest common divisor. 
Or, Resolve the numerator and denominator into their prime fac- 
tors, and then cancel those factors common to both terms, 

B e m A r k . — The last rule will he found most convenient, when one or 
both terms are monomials. 



L Reduce 



4-ab 2 
&bx' z 



to its lowest terms, 
4_a& 2 J2c^2b__2ab % 



liedtice the following fractions to their lowest terms. 



3. 
4. 
5. 



4A* 
~6a* ' * 
6a?x 2 

Sax^ * 

6a 4 x 2 
&a 2 xif 

dxh/z 5 



. Ans. 4 

. All! 

An So 
. Ans. 



2x 2 

3a'-. 

Sa 

S *4x 

$cfx 

4?/ * 

Bx 

V 



6. 

■7. 
8. 
9. 



12x % fz 4 

""~W 2 ?~ 

8a?b 



I2ab 2 +4abc 
2a?ex 2 -\~2acx 

I0ac 2 x 
5ct 2 b+5ab' 2 
-r&abd 



Ans, 
Ans. ? 
Axis. 



"IT " 

2a 



5abc 



: —— t , . Ans. 



ax-\~ 1 
a+b 

6+3" 



Betiew.' — 127. How is the value of a fraction affected "by dividing both 
terms "by the same quantity ? Why? 128. How do yon reduce a fraction 
to its lowest terms ? 
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10. 
11. 
12. 



ij6x 2 y 



2<&x*y—4 : Qxif ' 

12aV — ISac 2 ' 
12x 2 y—~l8xy 2 



. Ans. v 
Ans, 
Ans. 



3as — 5?/ e 

1 
2ac-^3? 
2a>— 3?/ 



la-cv+i^y 2 " 4 " * * * * ' ° fi * * ~™ 33,4-2/ 

Note. — In the preceding examples, the greatest common divisor in each 
is a monomial ; in those which follow, it is a polynomial j but, by separating 
the quantities into factors, or by the rule (Art. 106,) the greatest common 
divisor is readily found. 



13. 

14, 
15. 
16. 
17. 

18. 



3a 3 ~--3a6 2 



5ab-\~5b 2 



Tliis is equal to 



3a(a*—b 2 )__3a(a+b) (a— 5)_ 3a{a—b) 



5b(a+b) 5b(a+b) 

2s?—24z+ 9 3 

'4£-32z+12' A ' I1S, 4* 



66 



&<?/■ 



o/ — ST 
??. 2 -~~ 2n+l 

14a 2 — -7a6 
lOac — 5oe* 
iel — xy 2 
xt~~~y r 



ims, 
Ans. 
Ans. 
Ans, 



a — x 

n-—l 

n-\- 1 " 

la 

5e* 



a^-t-sr 



19. 

20. 
fl. 
22. 
23. 



x 2 — ?/ 2 
a; 2 — 2^+?/ 2 ' 

a: 3 — ax 2 
x 2 — 2ax-{-d z * 
2x 2 —6x 
x % — x' — 6 * 
a 2 -f2a;--15 
r^-i-S^+lo* 



1 



a''--6 2 



Ans. — 



-y 



Ans. - 



x—y 

x 2 



Ans. 
Ans. 



x — a 

2x % 

x+2' 

x — 3 



Art. lS@»~Exercises in Division (See Art. 76,) in which the 
quotient is a fraction, and capable of being reduced to lower terms. 

1. Dhide 5x l y by 3xy\ . . , . » . . ■ . . . . 

2. Divide 15a 2 o 2 c by 25a 3 5e. . . . % . * . . . 

3. Divide 25abc by 5ac 2 . .....'..... 

4. Divide am?i 2 by dhrihi. .........A 

In a similar manner, when one polynomial can not he exactly divided by 
another, the division may be indicated, and the result reduced to its most 
simple form. 



xins. 
Ans. 


3 y 
36 


An^ 


56 




c 


Ans. 


n 
am 



5. Divide 25<&e 2 by box 2 — oaxy, . , . . ■ 

6. Divide 3m 2 +3ft 2 by ISrhP+lbn 2 . . . ■. 

7. Divide x*y 2 ~\-x 2 y d by ax l y-\~axy 2 » , . . 



Ans, ~ . 

a;—?/ 

1 



. Ans, 



Ans. 



5* 
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8. Divide 4a+4b by 2d i ~~~2b\ ........ Ads. -^-. 

J Or~~b 

9.' Divide n s —2n* by n 2 ~~4n+4. ........ Ans. ~~^, 

10. Bhide x 2 ^2x~-S hj x 2 ~\~5x-\~6. «»*«*. . Ans. ^— ^. 

CASE II. 
TO REDUCE A FRACTION TO AN ENTIRE OR MIXED QUANTITY. 

Art. IS®. — Since the numerator of tlie fraction may be re- 
garded as a dividend, and the denominator as a divisor, this is 
merely a case of division. Hence, the 

EULE. 

Divide i'he numerator by the denominator, for the entire pari, and? 
if there be a remainder, place it over the denominator for the frac- 
tional part 

■Hots.-— The fractional part should he reduced to its lowest terms. 

L Reduce — — ,- — - to a mixed quantity. 

2ax+W , ¥ . 

' — =3aH — . Ans. 

x x 

Reduce the following fractions to entire or mixed quantities. 

a 

. ' cd — d 2 

E. - g -. .......... 

. a*-\-x 2 
a— as* 

' 2a 2 x— : x' i 

5. . . . . . • . - . . . 

a 



0. 

■9. 

10. 



a-\-x 
^ax-^x^-a 2 

2a~~~x 
<z 2 — 2ase 

a—x 
« s ~j~a> 3 — £ 4 
a~\-~x 

i.t&X oyJ 

4x^^—~4xA~-V 



» • 


. . * Ans, 5+-» 
a 


• . 


. . . . Ans. c—d. 


• o 


P Ans. a4~x~\ — - — « 
a~~~x 


. • 


. . Ans. 2a%~~» ~. 


• . 


Ans. *&-— a?4 — — -. 


. • 


. Ans. 2a?— -~— - . 
2a — x 


•. . 


, ass 

. . Ans, a— •. 

& — a? 


Ans. 


X 4 


a~f-x 


. . 


. . Ans. 3+-t-~~, • 
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cas m in, 

TO REDUCE A MIXED QUANTITY TO THE FORM OF A FRACTION 

Art. 1SI.—1. In 2| how many thirds? 
In 1 unit there are 3 thirds ; hence, in 2 units, there are twice 
as many, that is, 6 ; then, 6 thirds plus 1 third, are equal to 7 

thirds; that is, 2-§ are equal to -|. In the same manner, «+~ is 

, , ac . b 1 . . . , , ac J r b 

equal to — - i~~, which is equal to — - — . 

Hence, the 

RULE, 
FOR REDUCING A MIXED QUANTITY TO THE FORM OF A FRACTION, 

Multiply the entire part by the denominator of the fraction ; then 
add the numerator iviih its proper sign to the product, and place the 
result over the denominator* 

Eem abk." — Cages II. and III., are the reverse of, and mutually prove 
each other. 

Before proceeding further, it is important for the learner to 
consider 

THE SIGNS OF FRACTIONS. 
Art. ISSo-- • It has been already stated (See Art. 121,) that in 
every fraction the numerator is a dividend, the denominator a 
divisor, and the value of the fraction the quotient. The signs pre- 
fixed to the terms of a fraction, affect only those terms ; and the 
sign placed before a fraction, affects its whole value. Thus, in the 

a 2 £2 

fraction. — : — -— , the sign of a 2 ; the first term of the numerator, 
x+y' 

is plus; of the second, b 2 , minus; while the sign of each term of 

the denominator, is plus. But the sign of the fraction, taken as 

a "whole, is 'minus. 

By the rule for the signs in Division, Art. 75, we have 

~~~^~— ~!~5 ; or, changing the signs of both terms, — ^-=-(-&. 
-\~a a ° to —a 

- — oh 
But, if we change the sign of the numerator, we have -j-f-===. — 5. 

■~\~cib 
And, if we change the sign, of the denominator, we have -~— :r±-~&, 

Hence, the signs of both terms of a fraction may be changed, 
without altering Us value, or changing its sign ; but, if the sign of 
cither term of a fraction be changed, and not that of the other, the 
sign of the fraction will be changed. 
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From this, it also follows, that the signs of either term of a frac- 
tion may be changed, without altering' its value, if the sign of the 
fraction be changed at the same time. 

GZ-—Z 2 ax — x 2 x 2 — ax 



Thus 



— c c 



. ., a—x , a—x , x — a 

And, . . . a r™— a-} 7=0,-1 — 5 — . 

o — 

EXAMPLES. 

1. Eeduce 3a~f— — to a fractional form. 

x 

~ Sax _ Sax , ax — a Sax-4-ax- — a 4ax—-a . 

3a= and l__ = . == . Ans, 

X X X X X 

a 5 

2. Eeduce 4«—- ?r — to a fractional form. 

3e 

a _y&w, . VZac a — b I2ac—(a—h) I2ac — a-\-b . 

4^_____ and -^ ^ — — — ^— — :— ^- . Ans. 

oc <3c t>c 6c Sc 

Eemaes, — In solving this example, the learner should observe, that 
a — b 

— : j g £ jj e subtracted from 4a. We reduce 4a to a Quantity whose de- 

nominator Is 3c ; then make the subtraction, and write the result over the 
common denominator, 3c, 

Reduce the following quantities to improper fractions. 

K , a~~b ' ' . 10c#-f<2— 5 

Wcx—aA-h 



4. 5<?— V— . , . . . . . . . . . - . . . . Ans. • 



'Zx 



n , e — cl . 3xh/-\~c- 

Sx-i — — . . . . . , . . . . . . . . . Ans. • " 



xy xy 

o. ox — - — . . . . . . . . . . . . . . . Ans. = . 

*ox bx 

„ f So-?/ 2 . 39f4~2a 

J % py 

J x-ty x-ry 

q r- ■ "» { *"~? A -to 2 !z? 

Heyxew. — 130, How do you reduce a fraction to an entire or mixed 
quantity? 131. How do you reduce a mixed quantity to the form of a 
fraction? 132. What do the signs prefixed to the terms of a fraction 
affect? What does the sign placed before the whole fraction, afreet? What 
effect, does it have upon, the value of a fraction, or upon its sign, to change 
the signs of both terms ? To change the sign or signs of one term, and not 
of the other? To change the sign of the fraction, and one of its lavms ? 
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4y , 4?/-—l Oar — 5z 

10. ^-~ 5. ............ . Axis. -ii~_— _. 

„„ 3+5c „ . 5c— 45 

11. — o "• ............... Ans. — s— . 

8 . o 

12. 3« 2 # ; ............ Ans. . 

x 

13. a-f&'+~ — l: -. ........... 

a — x 

14. ,&-*£=£. .......... 



16. a — aH — - L - : . 

17. a< 3 ~~a 2 a?~f^ 2 — as 3 — 



#*4-#* 



a~$~x 



• • Ans. . 

a— a; 


. • . 


Ans. - . 

X 


A 


2x* 


. Ans. 


aP-^x 2 * 
2a 2 — 5 
■&-{--# 


K Ans. 


2ar l - 

0-4-32* 



CASE IV; 

TO EEBUCE REACTIONS OF DIFFERENT DENOMINATORS TO EQUIVALENT 

FRACTIONS, HAVING A COMMON DENOMINATOR. 

Art. 1S8U — 1. Reduce T and - to a common denominator. 
o a 

If we multiply both terms of the first fraction, -, by d, the de- 
nominator of the second, we shall have t^^tttt^t^I and, "if we 

multiply both terms of the second fraction, -, by 6, the denomina- 
te 

tor of the first we shall have ~^™-TC77™r-;* 

d dXb od 

In this solution we observe ; jirst, the values of the fractions 

are not changed, since, in each fraction, both terms are multiplied 

by the same quantity ; and, second, the denominators in each 

must be the same, since they consist of the product of the same 

quantities. 

2. Reduce -— , ~, and-, to a common denominator. 

m n r 

Here, we are at liberty to multiply both terms of each fraction, 
by the same quantity, since this (See Art. 126) -will not change 
its value. Mow, if we multiply both terms of each fraction, by 
the denominators of the other two fractions, the new denomina- 
tors in each will be the same, since, in each case, they will consist 
of the product of the same factors, that is, of all the denominators. 
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Thus, ....... i a'Xn'Xr anr 

mX'^X?' ?^w* 
byCyriXr _Jbmr 

cX.mX?i cm?i 

ry^mXfi mnr 

It is evident, that the value of each fraction is not changed, and 
that they have the same denominators. Hence, the 

RULE, 
JOR REDUCING FRACTIONS TO A COMMON DENOMINATOR. 

Multiply both terms of each fraction by the product of aB the 
denominators, except its oum. 

' Remark.— Since each denominator of the new fractions, will consist 
of the product of all the denominators of the given fractions, it is unnec- 
essary to perform the same multiplication more than once. 

EXAMPLES. 
Beduee the following fractions., in each example, to others, 
having a common denominator, 

rt "a c , 1 A 2ad 2bc bcl 

■3. T , -z, and ~. .......... Ans, ^—^ ^j-z, and ^r- 

b d 2 2bd Md 2bd 

A x , %-\~a k ex , xy+ay 

4. ~, and.— ~~~ .- ........... Ans. — , and — — --. 

y c cy cy 

c 2 3a , x~y A 85 9a6 , 12<c— 12y 

5 -S' 4'^ 6 ; ••••• A ^l2^T25' and "~T25^ 

rt 2a; 8a? , A ICtes ®xy 15ayz 

6. k-» ^™3 and a. ...... . Ans. -^ — , ^-p — , ana r=~? — , 

3?/ 5s lo#3 lot/2 loys 

7. -, -~, and ~. ......... . Ans. — -, — , and ----. 

oj y % xyz xyz xyz 

1 f! d -^i- Ans 3ffi + 8g ^+2a^g ^ nd 6af+Gs* 

^ a:~hy , %—V a x 2 +2xy+y 2 x 2 ~~~2xy+y 2 

9, ~- L S and -~r^, . * . . Ans. — i-^— -£- and — ^-^^ 

#— f x+y ■x"-~y i ar—jr 

35 „ „ , « 31 d Je 

10. a, — , <?, and 5. ........ Ans. — ,—-,-;-, and *■--„ 

C C G C C 

Ebyie "w.-— 333. How do you reduce fractions of different denominators 
to equivalent fractions having the same denominator ? Why is the value 
of each fraction not changed by this process ? Why does this process' give 
to each fraction the game denominator f 
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a 
3m' 


— , and : — . 



ahnA-e^n 3 m 3 — 3m?i 2 , 3« 2 m 
Ans. ^ — n-T-a » -—-_-_-_—. — and ; 



3 am 2 -j- 3 ftflMi' 3 am 2 -j- 3 amrC 3 am 2 -j- 3 am» " 
Art. IS J:. — It frequently happens, that the denominators of 
the fractions to be reduced, contain one or more common factors. 
In such cases, the preceding rule does not give the least common 
denominator. From the preceding Article we see, that the com- 
mon denominator is a multiple of all the denominators; and, that 
each numerator is multiplied by a quantity which is equal to the 
quotient obtained, by dividing this multiple by its denominator. 
Thus, in the second example, nr, mr 9 and mn, the quantities by 
which each numerator is respectively multiplied, may be regarded 
as the quotients obtained, by dividing mnr successively, by m, n, 
and r. Now, if we obtain the least common multiple of the de- 
nominators, by the rule, Case III., and then divide it by each 
denominator respectively, and multiply the quotients by the nu- 
merators respectively, we shall obtain a new class of fractions, 
equivalent to the former, and having for a common denominator, 
the least common multiple of the given denominators. It is easily 
seen, that both terms of each fraction are multiplied by the same 
quantity, and hence, that the resulting fractions are equivalent to 
the given ones. 

n-yy aj iv* 

1. Reduce -r-, -,— , and — r„ to equivalent fractions, having the 
h be , eel l ° 

least common denominator. 

The least common multiple of the denominators is easily found 
to be bed ; dividing this by b, the denominator of the first fraction, 

the quotient is cd ; then multiplying both terms of ~.~ by cd t the 

-, . ■ med 

result is ............... . -7— t* 

bed 

Then bcd~r"bc=d, and ■=—. -.-— . . . . . ~— ^ 

bc><d bca 

Also, bcd^cd=b, and -~ x -—- . . . . . ~~. 

edXb bed 

The process of multiplying the denominators by the quotients 
may be omitted, as the product in each case will be equal to the 
least common multiple. Hence, the 

BULB, 

FOE .REDUCING FRACTIONS OF DIFFERENT DENOMINATORS, TO EQUIVA- 
LENT FRACTIONS, HAYING THE LEAST COMMON DENOMINATOR, 

1st, Find the least common multiple of all the denominator ■<•? ; 
this wiU be the common denominator. 
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2d, Divide the least common multiple, by the first of ike given 
denominators, and multiply the quotient by the first of the given 
numerators; the product will be the first of the required numerators. 

3d. Proceed, in a similar manner, to find each of the other 
numerators. 

Note.- — Each fraction should be in its lowest terms, before commencing 
the operation. 

Reduce the following fractions, in each, example, to equivalent 
fractions, having the least common denominator. 

~ 2a 3% , 5y . 4acl \8~bx hey 

■ We'^^m* •/•••• Ans - ma md: and mod: 

m n r a' - ° 2 °d m cwrM 1 ab % r 

0» * Ty"~"» and «t* « » » » Allb. ■ ,, 9 , .. 9 TV* an CI 75T~7 s 

ac 6%' era ab l c l d ao-e^d ab-cd 

4, ~- L£ i — H and -t— - . . . Ans. V"? > -~r-— K and —5 — ~. 
# — ?/ ai-r^ ar — ?r ar — y x~ — y l x* — if 

Other exercises will be found in the addition of fractions. 

Note. — The two following Articles depend on the same principle as the 
two preceding, and are, therefore, introduced here. They will both be 
found of frequent use, particularly in completing the square, in the solution 
of equations of the second degree. 

Art. 1S«£. — To reduce an entire quantify to the form of a frac- 
tion having a given denominator. 

1. Let it be required to reduce a to a fraction having b for its 
denominator. 

Since any quantity may "be reduced to the form of a fraction, 

by writing 1 "beneath it, a is the same as ~ ; if we multiply both 

terms by "6, which will not change its value (See Art. 128), we 

have ^=— - for the required fraction. Hence, the 
16 



K>B REDUCING AN ENTIRE QUANTITY TO THE FORM OF A PRACTION 
HAVING A GIVEN DENOMINATOR. 

Multiply the entire quantity by the given denominator, and write 
the product over it, 

EXAMPLES. 

4x 
2. Reduce % to a fraction, whose denominator is 4. Ans* ~y^ 

3» lieduee m to a fraction, whose denominator is 9a 2 , 

Ans. 9 ^ 
9d> 

Est ie tv. -—134 How do you reduce fractions of different denominators 

to equivalent fractions, having the least common denominator ? 
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4. Reduce 3c+5 to a fraction whose denominator is I Be 2 . 

48cS L 80c 2 

5. Reduce a~b to a fraction, whose denominator is a 2 — 2ab-\-VK 

a 3 — 3a 2 6 +3«6 2 — & 8 _(a— &) 8 

a 2 — 2«5+o* ~~(«-~6) 2 * 

Art. 1S€« — To convert a fraction to an equivalent one, having 

a denominator equal to some multiple of the denominator of the 

given fraction. 

1. Reduce T to a fraction, whose denominator is 5c. 

b 
It is evident, that the terms must be multiplied "by the same 
quantity, so as not to change the value of the fraction. It is then 
required to find, what the denominator, b, must be multiplied by, 
that the product shall become be ; but, it is evident, this multi- 
ple will be found, by dividing be by b } which gives the quotient, c. 

Then, multiplying both terms of the fraction - by c, the result is 

y— , which is equal to the given fraction -, and has, for its denom- 
inator be. Hence, the 

MVhK 9 

FOE CONVERTING A FRACTION TO AH EQUIVALENT ONE, HAVING A 
GIVEN DENOMINATOR. 

Divide iJie given denominator by the denominator of the given 
fraction, and multiply both terms by the quotient 

Eemab k.— This rule is perfectly general, but it is never applied, except 
where the required denominator is a multiple of the given one. In other 
cases, -it would produce a complex fraction. Thus, if it is required to con- 
vert I into an equivalent fraction, whose denominator is 5, the numerator 
of the new fraction would he 2&. 

3 

2 . Convert -? to an equivalent fraction, having the denomina- 

12 
tor 16. Ans, =-7;. 

.16 

3. Convert « to an equivalent fraction, having the denomina 
tor. 9. Ans. -rr, 

4. Convert - to an equivalent fraction, having the denomina 

-> * C a <^bc 

tor a l e\ Ans, -^ . 

AT 

B>32YXE"w, — 134. If each fraction is not in its lowest terms, before com- 
mencing the operation, what is to he done? 135. How do you .xe&uce an 
entire .quantity to the form of a fraction having a given denominator f 
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5. Convert ~-~ — — to an equivalent fraction, having the denomi- 

n&tor ??r — Mnm~\~nK Ans. — -—-~ ; — ;> , 

nr~~~%mn~f-n~ 

(k Convert ~~-r— to an equivalent fraction, having the denomi- 

* V,'. \* +C A <*(*+*) 

nator a"(£H--cK Ans. —577™; — v> 

v case x.** a*(b+cy 

ADDITION AND SUBTRACTION OF FRACTIONS. 

Aht. Iflf« — 1. Let it be required to find the sum of f andf. 
Here, both parts being of the same kind, that is, fifths, we may 
add them together, and the sum is 6 fifths, (■§). 

2. Let it be required to find the sum of— and -—-. 

m m 

Here, the parts being of the same kind, that is, mths, we may, 
as in the first case, add the numerators, and write the result over 
the common denominator. 

? ' ' * ' * ' ' ' m ' m m 

Ct> C 

3. Again, let it be required to find the sum of — and -. 

m n 

Here, the parts not being of the same kind, that is, the denom- 
inators being different, we can not add the numerators together, 
and call them by the same name. We may, however, reduce them 
to a common denominator, and then add them together, 

a cm c cm . _ an , cm an-j-cm 

Thus,—— ; -=-—. And = — — . 

m mn n mn mn mn mn 

Hence, the 

MULE 
FOR THE ADDITION OF FRACTIONS, 

Reduce the fractions y if necessary, to a common denominator ; 
add the numerators together, and place their sum over the common 
denominator. 

Art,- 1*1 §* — It is obvious, that the same principles would apply, 
if it were required to find the difference between two fractions ; 
that is, if their denominators were the same, the numerators might 
be subtracted; hut, if their denominators were different, it would 
be necessary to reduce them to the same denominator, before per- 
forming the subtraction, Hence, the 

FOR THE SUBTRACTION OF FRACTIONS, 

. Reduce Hie fractions, if necessary, to a common denominator / 
then subtract the numerator of Hie fraction to he subtracted from the 
numerator of the other? mid place the remainder over the common 
denominator. 
9 



Ans. a, 
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EXAMPLES IN A® BIT IOW OF FRACTIONS. 

a a , a 
2' 3' and 6' 

IS T X i X 

5. Add ~, ■?, and ^ together. «»«*«»*«>,* Ans, y-jy 

6. Add -, y, and -together. ...... Ans. — = . 

& be doc 

^ k it ^ V i « A A t * 6a>-j-4?/430 

/. Add ~, i~, and ^ together. . . . . . . Ans. — "~T^T~- — . 

. rt . A T1 Sx 4.x ,5a? ^ A 143a; ,23a; 

So Add -~r- ? -=-, and -rr together. . „ Ans. ~5^— ^+7»n* 

9, Add -?™^ and -^— together. *....... Ans. x. 

11 2a 

10, Add — ~t and 7 together. ........ Ans. 



11. Add — ^— and — - — together. . . , , , . . Ans. 



x-\-y x—y ° .x^—y 

-«« a 1^ 5-|-rc S—aa? _ 5 , ,- , 15a4-%-j-9 

12. Add -A-, , and ^ together. . . Ans. ^-^ . 

y ay da Say 

13. Add — r- ? —r-v and together. .•.-.. Ans. 0. 

ab be ac ■ ■ 

14. Add T-r—t -=r—t an $ tt— together. . ■ . . . Ans. ^ . 

i-f-x l~rx l+x ° 1 — a; 

When entire quantities and fractions are to be added together, 
they ma}? be connected by the sign of addition, or the entire quan- 
tities and the fractions may be reduced to a common denominator, 
and the addition then performed. 

15. Add 2x, 3j»+-f-, and #-f™ together. « . Ans. 6as4-~rr-- 

1 6. Add 5a; J — ^— and 4a;— ^ — together. 

Ans, vx-\ t> - « 

lose 

17.. Add 34-—, 5 — ^— 1. and 74— — together, 
ac a; « 

aaj 

„ „ s « _ «4& « — , ~ ,. IT , 4a 2 

18i Add 7, — rr? and 2 together. , . . . . . . Ans. -7, — r „. 

a—b a+b a/~~~h 2 

BiTiitr. — 136. How do you convert a fraction to an equivalent one, 
having a given' denominator ? Explain the operation by an example. 1.37. 
'When fractions have- the same denominator, how do you add them together? 
When fractions have different denominators, how do you add them together ? 
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KS \wOi ( !',. ' V GL SITB ACTION OF FRACTIONS. 

1. From- take ^.. .......•.'..••« Ans. p. 

„ „ * & L1 2» • A x 

2. From -g- take -^-. . . . . * ............ Axis, y-^ 

3. from — ~— take -^— . ............. Ans. h 

. „-, /4l(tX * >t)(&C€ A J. A Ctet/ 

4. from ~~~~~ take -~k~. . . . . . : . . . . . . . . . . * Ans. |r~ 

- ^ B. JT 5-- , Sx--10a 

5* .From ~r~ take --—-....■........ Ans. — -- * 

4# 2a; 4aar 

n _ 3<s A . 4* . 9a 3 — 16aj»' 

6. From -r- take ~-. .......... . Ans. -—y^ » 

4a? 3a 12ose 

7. From — L ~- take —A .......... . Ans.-y- -~ y . 

x—y x~\~y x 2 —f 

_ a?+ax , . a 2 — ax. h 2ax 2J r 2a 2 y 

8. From take — r ~ . . ...... Ans, 3—2"" 

9. From — p — take -^ — . ......... Ans, —3^ — • 

10. From hx+j take 2a~-— . • . . Ans. 3s+ ^±2=^. 

11. From 7 - take -~— , , , . . B . , ; . . . , Ans.- 



a— 



, rt ._. , „ , , 1 , 1 . a 2 &-fao 2 ~~ a~~~ 6 

12. From a-f-5 take ~~f T . . . . . . . . . Ans, T — - — . 

a b ab 

13. From — L^take— ~^- .....*. Ans. ----- — 2 -~.. 

a;--?/ #-j-y #— ir 

14. From-- -„ take 7-™^ ......... Ans 



l—a a 1+a 2 * ••••••••• -■ ■ i_^4- 

- e ^ 2(a a +& 2 ) A , a— & A «+& 

15. From -A-—..-, take ---r-r. ......... Ans. -. 

a 1 — ¥ a-\-b a — 

16. From --Tr- take -r~ — n« «*»«»«*» « Ans. 1 —p-s» 

sc+1 x 2 — aH-1 l+ar* 

, 1 ■■ , 2 ■' , ^--2^-f 8 

17.. From aH~- — r take — ~ r , . . . . . ■ . : . Ans. --.-— ^ — . 

x — 1 a;-j-l 3s — 1 

18. From 2a-~2x+~ : ^~- take at—Sx-r- — ~. A. a+ 2x+ — --. 

a x ax 

19. From a-\-x+-^—$ take a—x-] — -. — . . Ans. 2x-\ — ^~— 7t . 

x i —^y i x+y x"~~y 

H'eyisw.— 138. If two fractions kay0 the same denominator, how do 
you find their difference ? When two fractions have different denominators^ 
how do you find their difference ? 
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CASE VI; 
SO MULTIPLY ONE FRACTIONAL QUANTITY BY ANOTHER. 

Art, XISSK—To multiply a fraction by an entire quantity, or 
an entire quantity by a fraction. 

It is evident, from Prop, L, Art. 122, that in multiplying the 

immoral or of a fraction by an entire quantity, the fraction is 

increased as many times as there are units in the multiplier, 

mi « , * . ." . 2rt -,,-,• ,. . m>Q> 

IIkh, - fakon twice, is -=-; ana taken m times, is -7-. 
b b 

h%\m, when I wo (quantities? are to "be multiplied together, 
either miry be made the multiplier (Art. 67); to multiply 4 by f * 

U the kiuio as to multiply \ by 4. Or, to multiply m by ~, is the 

ft 
*amo ah to muljU-Iy ," hy m. Hence, the 

" c 

I0E SHE -MULTIPLICATION OF A FRACTION BY AN ENTIRE QUANTITY, 
OR. OF AN ENTIRE QUANTITY BY A FRACTION, 

MiMvply the numerator by ike entire quantity $ and write the pro- 
duct over the' denominator. 

Since (See Art. 125,) dividing the denominator of a fraction 
increases the value of the fraction, as many times as there are 
units in the divisor, it is evident, that any fraction will be multi- 
plied by an entire quantity, if the denominator of the fraction be 
divided by the entire quantity, Thus, in multiplying § by 2, we 
may divide the denominator by 2, and the result will be f , which 
is the same as to multiply by 2, and reduce the resulting fraction 
io its lowest terms. Hence, in multiplying a fraction and cm entire 
quantity together? %ve should always divide Hie denominator of 'ike frac- 
tion by the entire quantity, token it can be done without a remainder. 

Kb mark. — The expression, "What is two thirds of 6 ? w has the same 
moaning, as " What is the product of 8 multiplied by f ? if The reason of 
the rule for the multiplication of an entire quantity by a fraction, may bo 

shown otherwise, thus : one third of a is '■- $ two thirds is twice as much as 

one third, that is, two thirds of a is _iL Also, — of .a is —« and the — part 
} } g ■ •' n n ' n l 

trm 

of a is — . 
n 

Beyie w'.-~-130. How do you multiply a fraction by an entire quantity, 
or an entire quantity hj a fraction ? When the denominator of ih& frac- 
tion is a multiple of the entire quantity, what is the shortest method of 
finding their product? 
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EXAMPLES. 

1 . Multiply ^-' by ad, .............. Ans. ^r— » 

2. Multiply — — by a^. ........ . Ana. — -^ — --. 

3. Multiply ^ii by 6— c. ......... Ans. ^=-~. 

4. Multiply y~ by 5y. ........... . Ans. ~ . 

5. Multiply a— 25 by «— r~;. ....... Ans. — ^ — ; . 

■ „ ■»*.,,., ? 7 , t 3c— a . 3a 2 c— 35 2 c— a 3 +«5 2 

6. Multiply a? — 5" by —^ — . . . Ans. ^~ — : . 

7. Multiply YZT' bj «+c ........ Ans, rz"" - ° 

8. Multiply -^f p by a-~-5. ........ Ans, — p--. 

9. Multiply -—^--^-^ by a&. ....... Ans. ^-^—.ir 

1 J a l b J a 

10. Multiply -jg-^^ ** ^ • • - AnB-g^j^-. 

11. Multiply g^j- by s»+y». . . . . . Ans. g^gy. 

12. Multiply Tr ^^—r by 2(*-5). . . . Ans. J^rf . 

13. Multiply -ft— ^ g 7w !"■—— by 5(a~~&)(c+t2). Ans. — -~ L --^'. 

1 J 5(a— 6)(c 2 — -d 2 ) J v JK c—a 

14. Multiply - by e. .......... Ans. — =a, or i 

Hence ? we see, that if a fraction is multiplied by a quantity 
equal to its denominator, the product will be equal to the numerator, 

15. Multiply -J-p-3 by c~{-cl ............ Ans. a—b> 

16. Multiply^ — -■=-- bv 2#+5y. ....... Ans. m 2 — ?i 2 . 

Akt. 14#0 — To multiply a fraction by a fraction. 

1. Let it be required to find the product of § multiplied by ■§. 

Since | is the same as 2 multiplied by •§, it is required to mul- 
tiply f- by 2, and take -| of the product Now, f multiplied by 2, 
is equal to f , and | of f , is equal to -f% .(since, to take -|- is to 
divide .by 3, and any fraction is divided, by multiplying its denom- 
inator, by Art. 124.) Hence, the product of J and f is 1%. 
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la the same manner, if it we^e required to multiply - by —■ ; 
since — =mX : , we would multiply ~'hy m 9 and take.- of the 

7b fb if 71' 

, , „,, a. , ma _ 1 _ ma ma TT 

product. Urns, -X«i=' > and - of = . Hence, the 

r c en c no 

RULE, 
FOE THE MULTIPLICATION OF A FRACTION BY A FRACTION. 

Multiply the numerators together, for a new numerator; and the 
denominators together, for a new denominator. 

II e M ARis. — 1st. If either of the factors is a mixed quantity, it is 
best to reduce it to an improper fraction, before commencing the operation, 

2d. The expression, " What is one third of ono fourth/-' has the same 
meaning as "What is the product of |- multiplied by |. M Also, the expres- 
sion, " What is two thirds of three fourths/' has the same meaning as 
" What is the product of | multiplied by §." 

3d. When the numerators and denominators have common factors, it is 
best to indicate the multiplication, and then cancel the factors common to 
both terms, after which, the remaining terms may be multiplied together. 

,, ha >.#+&__ 5a(a- J r h) 5 

Also, -^x-^^^^ 

EXAMPLES. 
L Multiply -j- by -g. . . . . . . . . . . o . Ans. -g^-. 

2. Multiply g by g. .............. Ans. §J 

■3. Multiply -^- by ™. . . . . . . , . . . . . . Ans. -^. 

4. Multiply *g by g. ............. Abs.|. 



"5. Multiply — ^-~^1 by -^--™;. ....:...... Ans, ($x. 



3-(a+a?) ,_ 4x 

a~\~x" 

p %f .- . . %x+3 . IQx • 4xH-6x 

o. Multiply- — ^ — by-fy-, a » .„■„•.. , Ans. — ^ * 



B 33 v 1 e w. ■ — 14:0. How do you multiply one fraction by another ? Explain 
the reason of the rule, hj analyzing an example* When one of the factors 
is a mixed quantity, what ought to be done ? What is the meaning of the 
expression, u What is one third of one fourth ? " How may the work bo 
shortened, when the numerator and denominator have common factors? 
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7. Multiply -^=^ by -^-. ........ . Ans, ?fcl>. 

8. Multiply ~f|^ by ^^ .......... Ans. 1. 

9. Multiply ~ by — — . '.......-.. Ans, — ,->-— y^. 

i ^ a-— 6 J a-j-6 a 2 —b* 

10. Multiply ^=^ by -3^-75. ........ Ans. 



ar a 2 — or ar(a-f-a') 

11. Multiply.— V—, - — sr-, and ■ > together, . . . Ans.-. 

1 J -a-j-x x u a — a? x 

^>2J_y2 aj2 ^,2 

12. Multiply -7—-, —j~~? an $ & together. . Ans, a{x 2J ry 2 }. 

(l . jj 2 

■13. -Multiply — fj-, — 5 — ,-2» and a+b together. . . .. Ans. 1. 

14. Multiply 3 ^ by ^.. ...... Ans.-^Jt^. 

1 " x l — y l " x-\-y x u ~f-2xy-\-y 

15. Multiply ■•--— by — ^7^-. ....... Ans. — —- -. 

16. Multiply^ bv— ~r~. -. Ans. -^-—j-'. 

CASE VII. 
TO I M VIDE ONE FRACTIONAL QUANTITY BY ANOTHER. 

A.t*t. 1K11* To divide a fraction by an entire quantity. 
i 1 Ua*; been shown, in Art 123 and Art. 124 5 that a fraction is 
db idod l>\ an entire quantity, b}^ dividing its numerator, or multi- 



is %. 



p"h«n» Us denominator. Thus, f divided by 2, or 3$ of •§, 

duH'oa bv o, or \ of , , is T . divided by m, or — 01 

" b b n ** m 

?7if< , f 



b 
VIC 

n ' v 
Or, h> multiplying 1he denominator: § divided by 2, is equal to 
-j*0, since the inuiiber of parts in the numerator is the same, but 
< nly half as brge ns before, /$ being the half of .-§> Hence, the 

RULE, 

FOE DIVIDING A FRACTION BY AN ENTIRE QUANTITY. 

Divide the numerator by the divisor, if it can be done witlumi a 
remainder; if not, multiply ike denominator by the entire quantity ? 
and write the numerator over the result. 

Note.— -If the numerator of the fraction and the entire quantity, con- 
tain ■ common factors, it is best to indicate the operation, and cancel the 
common factors; tne result found thus will bo in its lowest terms, 
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The preceding rule may be derived in another manner, thus : 
To diyide a number by 2, is to take -| of it, or to multiply it by | ; 
to diyide by 3, is to take 4 of it, or to multiply it by -|. In the 

same manner, to divide a quantity by m, is to take -— of it, or to 

J 
multiply it by -^-. Hence, to divide a fraction by an entire quan- 

iity, we write the divisor in the form of a fraction (thus, m=^~)j 
and invert it, and then proceed as in mtdtvplication of fractions. 



EXAMPLES o 

_ -^ . . _ Ba T b . A 2a 
1. .Divide -s — by oab. . ............ Ans. $=-. 

In J In 

■2, Divide -57^ by 5a?c. ............ Ans. ^-^ 

liba " 11 bd 

n —. . , 14ae 8 m 2 , ^ .2c 2 

rf. -Divide — =-= by iacm*. . . . . . . . . . Ans.tr- — . 

IIa# J llxy 

4. Divide A^r-^- by 5W, . . . . . . . . . Ans. -^ — r>. 

ioac* " loac* 

r w . -, & 2 4-a& , . a-f-& 

5. Divide 7rrj}~ hy «.•••••••••« • Ans. ~" 



3-j-2x J "' ■'*3+2a;" 

6. Divide — ■= — by c4-d, . . , . . . . . * . . . Ans. ~ 8 

7. Divide — L^_y i-ji. w £^« ....*.... Ans. -— -^. 

c-j-d . J c-\-d 

a ' . . , a 3 -—5 3 t 7 ' a & 2 -f~«&+& 2 

0. Divide gr 7 , - by a — o. ........ Ans, — ^rrro — - 

9, Divide by 3«~f5. . . . . , Ans. . 

c — g e—g 

10. Divide ?!t^±^ by 4^+2^-3. . . . . Ans. ^=L 

"■11. Divide ^ by 5. . ............. Ans* ^-. 

3 3 

12. Divide —r^ — - by bd. ......... Ans. nrrrr~r-r7» 

ab-f-cd J abxl~t~bcd" 

13. Divide — ~— by aA-b. »......«.. Ans. -i~^~L 

a—o ' a*—b A 

B>iv/f< w.~~M1, How do yon divide a fraction by an entire quantity? 
Explain tlio reason of tho rule, fey analyzing an example. How may tho 
'..I'- Of ,d*i):*ovjated t when the namcratord of the fraction and tlio eniiro 
' ' .; »i lin common factors? 
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14 . iWe^by.y .... A^—±^ 

l^Drndep^bya^y Am.^ 

2a;-f% J ^ 4a? 2 — % J 

18. Divide -~j-~~~~m?i by a ~~~ 7 °° '• ....... Ans. 



a*-{-a~x-r3r 



17. Divide -.-pA — - ; — - by #+#. . . . . - . . . Ans, A~~z. 

18. Divide t— ------ by a 2 +#£+sc 2 . . . Ans. 

19. Divide — r- — by «•-!-&;. .......... Ans. . 

o-f-c "V \ 6+c 

2U, Diviae r^ by 3a*6. ....... Ans. ~ — --;. 

a~\-o v a*b-\-ab z 

. m 2 ~w 2 ' ~, m-f-w 

21. Divide — — — bv am — an. ........ Ans, 



5-f-<? J ......... ~ ... . a ^_j_^ c " 

or* t>* ■ i « s -f-6 3 , 7 , , 9 * « 2 — «54-6 ; - 

22. Divide ^TTTi- »v «5-f y - ........ Ans. -^r— ~ — . 

23. Divide A^— by a; 2 — a*?/. .......... Ans. -'J-L^. 

r\,l rx< « -. ^ £*'' -, *> v , -,<> * & & 

24. Divide by a*4-ao~i-b\ ......;. Ans. . 

Art. 14§L — To divide an integral or fractional quantity by a 
fraction. 

1. How often is f contained in 4, or what is the' quotient of 4 
divided by f ? 

4 is equal to y=VS and 2 thirds (§), is contained in 12 thirds 
{*■%), as often as 2 is contained in 12, that is, 6 times. 

2. How often is — contained in at 

n 

a is equal to ^= — , and ■ — is contained m — as often as m is 
1 i n n n 

contained in na, that is — times. Or, -- is contained in a, wa 

tunes: hence, mX-» or — is contained — as many times, that is, 
' n n m 

na ,. 
— times. 
m 

3. How often is | contained in f ? 

Here, |=x 8 3» and l==A> and 8 twelfths (j%) is contained in 
twelfths (y^), as often as 8 is contained in 9, that is, §-~Ig times, 
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4. How often is —~ contained in - ? 
n c 

Reducing these. fractions to a common denominator, — ==— , and 

n no 

a na me . . ' -, . ^& rt " . , . , . 

~= — - now, ■ — is contained in — as often as me is contained in. 
e nc fie no 

na, that is, — times. This is the same result as that produced -by 
me 

multiplying - by — inverted, that is ~X — — — . 

An examination of each of these examples, will show that the 
process consists in reducing the quantities to a common denomina- 
tor, and then dividing the numerator of the dividend, by the nume- 
rator of the divisor. But, as the common denominator of the 
fraction Is not used In performing the division, the result will be 
the same as if we Invert the divisor, and proceed as In multiplica- 
tion. Hence, the 

EIILE, 
TOP, DIVIDING AN INTEGRAL OR FRACTIONAL QUANTITY -BY A FRACTION. 

Reduce both dividend and divisor to the form of a fraction; then 
invert the terms of the divisor, and multiply the numerators together 
for a, new numerator, and the denominators together for a new 
denominator. 

Note. — After inverting the divisor, the work maybe abbreviated, by 
canceling all the factors common to both terms of the result. 



EXAMPLES. 

1 . Divide 4 by ~. . . ♦ . . . ' . . . . ■ . . . 

o 

3 

2. Divide 4 by -. . . . . . . . . . * . . 

J a 

1 
8. Divide a by -^ ............ 

2ab 

4, Divide a¥ by -^—-. ........<.... 

. 5c 

5. Divide cP—V* by ^-----A ........ Ans, 

f*. Divide rj by ^. ............ 

il re y n: w , ~ - 1 12. How do yon divide an integral or fractional quantity 
]<;, * i«vr»tion? Hxplam tho reason of this rule, hj analyzing an example. 
*', V an*' 1 how, eaa llio work be abbreviated? 



. Ans. 


12 

a ' 


. Ans, 


4a 
IP 


. Ans. 


, 4a, 


Ans. 


56c 
' 2" 


2a(a- 


-6) 


2 


3 


. Ans. 


2a 

8c ° 
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4: .Divide — by ~. ........ ~ ..... . Ans. -^-. 

o *rx* --. ft2 & ■* &b * a 

o. Divide dv — -. «....»«»..,,,«» Ans. ~~. 

cd " d ' c 

9. Divide -^-- by -7^-. ........... .. Ans. ?£--. 

, ,,« tv •? &*a? i 4a; . 9a 

10. Divide ~^- by tt- «*«.<.*<>««* * * » Ans, -r^. 

o J 3 10 

^ .j ^. . _ Ba 2 x , 3a,x 2 . 2a 

11. Divide —]sr~ by ~^~r- . ....«•...•«. Ans. — . 

V J 14 x 

16## 4a? 

12. Divide — f- 1 by ^. ........... , Ans, 12a, 

5 J 15 

6^4-4 80-1-2 8v ■ 

13. Divide — ^ 2 by -------- . ............ Ans. --p. 

1 5 J 4 t v 5 

14. Divide —= — by— 1 -—. ......... . Ans. -^ — '. 

5 J a. a 

^2__4 * O «JLO 

15. Divide — -p— by —&—. ...*....-... Ans. — «--. 

l 6 . DiTi de^^±^by^. ....... Ans. ^=^. 

a6 c»(? a 

-I** rv" . -t m?—n 2 , m-j-w . 

17. Divide — ~ — by — ™~. ....... Ans. 2?rc-~-2rc. 

18. Divide —5-^-T by — -1-. ....... Ans. -Trrr-TT* 

a 2 — 1 ' a— 1 a*-i-2a-\-l 

10 iv -i 4«-fl2 1 3«+9 , 85 

19. Divide ■ — ;v— by -tt^~* .......... Ans. --.--. 

on tv • i 22+8. 10s+15 . a?-,y 

20. Divide -——---by — 5 — *-* ......... Ans.—-—. 

^+2/ a ' — # *> 

/£ h /y2 7^2 

21. Divide — -7 by -,, .' 7 .~nr. ......... Ans. 1; 

a-\-o a^-r-zao-r-lr 

ao iv -7 3 (a 2 — as 2 ) , 2(a-f-aA A 3(a 2 ~-2oa;+« 2 ) 

22. Divide -~^— — *. by — — —-. .... Ans. — — tt7~ j — * 

X €(f X &sX 

2se 3 x 2x 

23. Divide —^-~-s by — V~» ....... Aug. -5 — — — ~ 

cr-f^ a+as a" 4 — a&4~«:" 

Art. I43U — To reduce a com pies fraction to a simple one. 
This may be regarded as a ease of division, in which the divi- 
dend and the divisor are either fractions or mixed quantities.' 

Thus, — , is the same as to divide 2-h by 3*-. 

a-{ — 7 

c it 

Also, — 7, is the same as to divide a+~ by m-f-7 . 

m+- 
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ac-\~b t mr J -n ae-\-b. . r acr^-br 



/ , 5 \ / , n \ ac-\-b mr J -n ae-\-b. , 
\ c 1 \ r / c r e ' 



In the same manner, let the following examples be solved* 
a 

1. Reduce — to a simple fraction. .......'.. Ans. -— 

c bo 

2 . , „ ,. 4 21 



2a* 



2. Reduce — - to a simple fraction. . . .■ . . . . . Ans. 

a 

3 

r 

3. Reduce --- to a simple fraction, ....... Ans. . 

n l mn 

4. Reduce — to a simple fraction. .......'. Ans, — . 



5. Reduce — — to a sinrole fraction. . . . . . Ans. - :: — '-« 

m cm 

6. Reduce ~~— to a simple fraction. . . . . . Ans. — ~t-T* 

A complex fraction may also he reduced to a simple one, hy 
multiplying both terms hy the least common multiple of the denom- 
inators of the fractional parts of each term. Thus, we may 

44 
reduce -~ to a simple fraction, by multiplying both terms hy 6, 

the least common multiple of 2 and 8 ; the result Is f f . In some 
cases this is a shorter method, than by division. Either method 
may be used. 

Art. M-41« — Resolution of fractions into series. 

An infinite series consists 1 of an unlimited number of terms, 
which observe the same law. 

The law of a series is a relation existing between its terms, so 
that when, some of them are known, the succeeding terms may be 
easily derived. 

Be view.— -143. How do you reduce a complex fraction to a simple one, 
by division ? How, by multiplication ? 
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Thus, in the infinite series, l—ax-{-a?x 2 — a 3 o? 3 H-a%*, -&e., any 
term may "be found, by multiplying the preceding term by — ax. 

Any proper algebraic fraction, whose denominator is a polyno- 
mial, can, hj division, he resolved into an. infinite series; for, the 
numerator is a dividend, and the denominator a divisor, so related 
to each other, that the process of division never can terminate, 
and the quotient will, therefore, be an infinite series. After a few 
of the terms of the quotient are found, the law of the series will, 
in general, he easily seen, so that the succeeding terms may he 
found without continuing the division. 

EXAMPLES. 

1 

1 . Convert the fraction ~ into an infinite series, 

i — x 

1 1 1 — a? 

| x \j rX j r ^j r ^j^~ ^ t The law of this series evidently 

"Tr^ is, that each term is equal to the 

jl. x x z preceding term, multiplied by +#. 

<y- 2 — :rP 



-fa 8 

~ I 

From this, it appears, that the fraction -^ — ~, is equal to the infi- 
nite series, l+x-j-x^aP+x^-j-, & c - 

In a similar manner, let each of the following fractions he 
resolved into an infinite series, hj division, 

I 
2. — ——l-^^+a^-a^+as*— , -&c, to infinity, 

I -f-x 

a—x a or a 6 

4. l^==l+2x+2x*+2x*+, &c. 

I — x 

5, JzS^i^. 2x+ %*?— %*?+ > &o. 
i-f-aj 

x+1 x X* X* 

E e v i b w.-~ 144. What is an infinite series ? What is the law of a. series ? 
Give an example. Why can any proper algebraic fraction, whose denom- 
inator is a polynomial, be resolved into an infinite series, by division. ? 
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CHAPTER IV. 

EQUATIONS OF THE FIRST BE6REE. 

DEFINITIONS AM© ELEMENTARY PRINCIPLES. 

AiiT. I4e§»~- -The most useful part of Algebra, is that which 
relates to the solution of problems. This is performed by means 
of equations. 

An equation is an Algebraic expression, stating the equality 
"between two quantities. 

Thus, se— 3=4, is an equation, stating, that if 3 be subtracted 
from x, the remainder will be equal to 4. 

Art. 14.41* — Every question is composed of two parts, separated 
from each other by the sign of equality. The quantity on the left 
of the sign of equality, is called the first member, or side of the 
equation. The quantity on the right, is called the second member, 
or side. The members or quantities are each composed of one or 
more terms. 

Art. 14f •— There are generally two classes of quantities in an 
equation, the hnown and the unknown. The known quantities are 
represented either by numbers, or the first letters of the alphabet, 
as a, &j c, &c; and the unknown quantities by the last letters of 
the alphabet, as x, y, z, &c. 

■Art. Jf/I§» — Equations are divided into degrees, called -first, 
second, third, and so on. The degree of an equation, depends on 
the highest power of the unknown quantity which it contains. 

An equation which contains no power of the unknown quantity 
higher than the first? is called an equation of the first degree. 

Thus, 2a?~j~5=9, and #aH-&==:c, are equations of the first degree. 
Equations of the first degree are usually called Simple Equations. 

An equation in which the highest power of the unknown quan- 
tity is of the second degree, that is, a square, is called an equation 
of the second degree, or a quadratic equation* 

Be view.— M5. What is an equation? Give an example. 146. Of how 
many parts is every equation composed? How are they separated? What 
is the quantity on the' left of the sign of equality called ? On the right ? Of 
what is each member composed ? 147. How many classes of quantities are 
therein an equation? How are the known quantities represented? How 
are the unknown quantities represented ? 148. How are equations divided ? 
On what does the degree of an equation depend ? What is an equation of 
the first degree? Oive an example. What are equations of the first degree 
usually called ? What is an equation of the second degree ? Give an exam- 
ple. What are equations of the second degree usually called, 
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Thus, 4ar — 7=29, and aa; ? +6a£=<?, are equations of the second 
degree. 

In a similar manner, we have equations of the iMrd degree, 
fourth degree, '&c. j the degree of the equation being always the 
same as the highest power of the unknown quantity which it 
contains. 

When any equation contains more than one unknown quantity, 
its degree is equal to the greatest sum of the exponents of the 
unknown quantities in any of its terms. 

Thus, Qttj-\-aX"\-by=c, is an equation of the second degree, 
x l y-\-x' +csc-=a, is an equation of the third degree. 

Art. 140* — An identical equation, is one in which the two mem- 
bers are identical ; or, one in which one of the members is the 
result of the operations indicated in the other. 

Thus, 2x~~- l==2aj— 1, 5x+3z=8x, and (a:+2) (oc — 2)=ac 2 — 4, 
are identical equations. 

Equations are also distinguished as numerical and literal* A 
numerical equation is one in which all the known quantities are 
expressed "by numbers. 

Thus, x 2 -\-2x=3x+7, is a numerical equation. 

A literal equation is one in which the known quantities are rep., 
resented by letters, or by letters and numbers, 

Thus, a-x — b~cx-\-d 9 and ax 2 -\~bx=2x — 5, are literal equations. 

Art. &«$#• — Every equation is to be regarded as the statement, 
in algebraic language, of a particular question, 

Thus, #—-3=4, may be regarded as the statement of the follow- 
ing question : To find a number, from which, if 3 be subtracted, 
the remainder will be equal to 4, 

If we add 3 to each member, we shall have #-—3+8=4+3, or 
a?=7. 

An equation is said to be verified, when the value of the unknown 
quantity being substituted for it, the two members are rendered 
equal to each other. 

Thus, in the equation as— 3=4, if 7, the value of a?, be substi- 
tuted instead of it, we have 7 — 3=4, or, 4=4. 

To solve an equation, is to find ilievcdueofiheunkno'wnqucmiiiy? 
or, to find a number, which being substituted for the unknown 
quantity, will render the two members identical. 

EEYIJBW.—148. When. an equation contains .more than one unknown 
quantity, to what is its degree equal ? <3ive an example. 149. What is an 
identical equation ? Give examples. What is a numerical equation ? Give 
an' example. What is a literal equation ? Give an example. 150. How is 
every equation to he regarded ? Give an example. When is an equation 
said to be verified ? What do yon understand, by solving an equation ? 
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Art. !HIL — The value of tlie unknown quantity in any .equa- 
tion, is called the root of that equation, 

SIMP&E EQUATIONS, CONTAINING BUT- ONE UNKNOWN 
QUANTITY. 

Art. SUS* — The operations that we employ, to find the value 
of the unknown quantity in any equation,, are founded on this 
evident principle: If we perform exactly the same operation .on two 
equal quantities, the results will he equal. This principle, or axiom, 
may be otherwise stated, as follows : 

1 . If, to two equal quantities, the same quantity be added, the stems 
will be equal. 

2. If from two equal quantities, the same quantity be subtracted, 
the remainders will be equal. 

3. If two equal quantities be multiplied by the same quantify, the 
products ivitt be equal. 

4. If two equal quantities be divided by the same quantity, the 
quotients will be equal. 

5. If two equal quantities be raised to the same power, the results 
will be equal, 

6. If the same root of two equal quantities be extracted, the results 
will be equal. 

RemAsk. — An axiom is a self-evident truth. The preceding axioms 
are the foundation of a large portion of the reasoning in mathematics. 

Art. !ISS® — There are two operations of frequent use in the 
solution of equations. These are, first, to clear an equation of frac- 
tions; and, second, to transpose the terms, in order to find tlie value 
of the unknown quantity. These are named in the order in which 
they are generally used, in the solution of an equation ; we shall, 
however, first consider the subject of 

TRANSPOSITION. 

Suppose we have the equation 2x — 3=a;+5. 

Since, 'by the preceding principle, the equality will not be 
affected, by adding the same quantity to both members ; or, by 
subtracting the same quantity from both members ; if we add 3 
to each member, we have 2as-~ 3+3=je+5+3. 

If we subtract 'a; from each member, we have 

■ Review. — 151. What is the root of an equation? 152. Upon- what 
principle are the operations founded, that are used in solving an equation? 
What axe the axioms which this principle embraces ? 153, What two opera- 
tions are frequently used, in the solution of equations ? 
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But, —3+3 cancel 'each, other; so, also, do x — x; omitting 
these, we have 2x — #=5+3. 

Now, the resti.lt is the same as if we had removed the terms ~~~8 
and +&, to the opposite members of the equation, and, at the same 
time, changed their signs, 

Again, take the equation ax-\-b=o — dx. 

If we subtract h from each side, and add dx to each side, we 
have ax-^dz^c — b. 

But, this result is also the same as if we had removed the terms 
+& and — dx to the opposite members of the equation, and, at the 
same time, changed their signs. Hence, 

Any quantity may be transposed from one side of an equation to 
ike other , if I at the same time, its sign be changed. 

TQ eiiflS AM EQUATION OF FB ACTIONS. 

Art. !*$&.-—L Let it be required to clear the following equa- 
tion of fractions. ^ 

Since the first term is divided by 2, if we multiply it )jj 2, the 
divisor will be removed ; but if we multiply the first term by % 
•we must multiply all the other terms by 2, in order to -preserve the 
equality of the members. Multiplying both sides by 2, we have 

*+~==10. 

Again, since the second term is divided hj 3, if we multiply it 
hj 3, the divisor will be removed; but, if we multiply the second 
term by 3, we must multiply all the terms by 3, in order to pre- 
serve the equality of the members. Multiplying both sides by 3, 
we have 3#+2a;=30. 

Instead of multiplying first by 2, and: then by 3, it is plain that 
we might have multiplied at once, by 2X3, that is, by the product 
of the denominators, 

2. Again, let it be required to clear the following equation, of 
fractions, 

ab bo 
Since the first term is divided by ah, if we multiply it by ab, the 
divisor will be removed ; 'but, if we multiply the first term by ab, 
we must multiply all the other terms hj ab ? in order to preserve 
the equality of the members. 

Be vxew.-~~154. How may a quantity be transposed from one member of 
aoa equation to the other? Explain the principle of transposition by an 
example. 

10 
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Again, since the second term is divided by be, if we multiply it 
by be, the divisor 'will be removed; but, if we multiply the second 
term by be, we must multiply all the other terms by 5c, in order to 
preserve the equality of the members. Hence, if we multiply all 
the terms on both sides, hj abXfic, the equation will be cleared of 
fractions. 

Instead, however, of -multiplying every term by aVX.bc, it is evi- 
dent, that if each term be multiplied by such a quantity as will 
contain the denominators without a remainder, that all the denomi- 
nators will be removed, This quantity is, evidently, iha least com- 
mon multiple of the denominators, which, in this case, Is abc; 
then, multiplying both sides of the equation by abc, wo have 
cx-\-ax=abcd. IXenue, the 

RULE, 
2TOE CLEARING AN EQUATION 03? FRACTIONS. 

Find the least common multiple of all the denominators, and iwwlr 
ivply each term of the equation by it. 
Clear the following equations of fractions, 

.--.,... Ans. 3ff+2s=30. 

. . . . • . Ans. 4x~~ J Bx^=§4:. 

. .. Ans, 20a+15a+I2:£==6O. 

...... Ans. 6x+3x--4x==l0. 

. \ . Ans. 10a--6aH-3z~21. 

.'.-.. Ans. 3ar— 24==2a?+30. 

. . Ans. 15aj— 20=18+14a?. 

4. Ans. 10a?-~ < 10— 12=18— 3ic— 120. 

Axis. 14a— 21+4a^l4a^--42+10. 

. . Ans. 6»— 3aj+9=30— 2a>~8. 

. . . • Ans. 2x'[ a£'~~ l 6(fc^2ab. 

. .Ans. 48 -1 8ax~~9Aa. \)x- -27. 

Hjsvx e w« - ■134 ilow do you clear an cation of fraction * ? Explain 
the principle by tin example. 



1. 


2 , 3"~°- * ' * ' 


2. 


X X q 




3~1T"~* # v ' - 


3. 


3 ! 4'5 J 






x x x 5 


4. 


4 H ~8~~~tfT2* ° * 




x xx 7 


5. 


S"""5~ r T0"~"10" " 


0. 


% - 4~\i f-8. . . 




2 3 j 




fyjc f> 3 , 7x 


7. 






8~~~£5 4 r 12' '" 


8. 


w 4 2 G - a; . 
3"" ~ 5"" 10" 


9. 


~"~4 T~"~~2~ ! 1 


10. 


*- 3 r a+4 
® *"2""° 3 " 


1L 


x , x 5 . 




^_._ % . . 




4 2« 3 


12, 


a>~~3" j 3^4° * ' 



14* 
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13. *tIjJt« 

x—~& a — o 
Ans, ax — bx-\-a — b-\-3x—cx — 9-{-3c=a?x — abx — 3a 2 -{-3ab. 

14. • — rri — ^-=-5—-^* ...... Arts. ax—bx+ax-{-bx=-c* 

a-j-b a—b a l —b* 

15. T ~-\— T -\-^-==h. ...... Ans. adf+bcf-\-bde^bdfhx, 

bx ax Jx 

SOLUTION OP EQtUATIOXS OP THE FIRST BEGBBE, ^OOTMBfLW 
Cia.Y ONE BMWOWX QUA&TITY. 

Airr. !&&<>- -The unknown quantity in an equation may bo com- 
bined with the known quantities, either by Addition, Subtraction, 
Multiplication, or Division; or, "by two or more of these different 
methods. 

1. Let it 'be required to find the value of x, in the equation 

s+3=5, 
where the unknown quantity is connected by addition. 
By subtracting 3 from each side, we have $c==5 — 3=2, 

2. Let it be required to find the value of x, in the equation 

£-3=5, 
where the unknown quantity is connected "by subtraction. 
By adding 3 to each side, we have a?==5-}~3— 8. 

3. Let it be required to find the value of x 9 in the eq nation 

'3#=15, 
where the unknown quantity is connected by multiplication. 

15 
By dividing each side by 3, we have a:— -?r =«>• 

4. Let it be required to find the value of a?, in the equation 

where the unknown quantity is connected by division. 

By multiplying each side by 3, we have #=2X3=6. 

From the solution of these examples, we see, that when the 
unknown quantity is connected by addition, it is to be separated, by 
subtraction* When it is connected by subtraction, it is to be $eparo> 
ted by addition. When it is connected by multiplication, it is to be 
separated by division. And? when it is connected by division, it is 
to be separated by multiplication* 

5. Find the value of a?,, in the equation 

3a>~3=*+5. 
By. transposing the terms -—3. and a?, we have 
3«— as==5-f, 
reducing,. 2#— 8, 
dividing by % a?=f =4. 
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Let this value of x be substituted instead of x, in the original 
equation, and, if it is the true value, it will render the two mem- 
bers equal to each other. 

Original equation, . . . . Sx — 3=&+5. 

Substituting 4 in the place of x, it becomes 

3X4-^3=4+5, or 9=9. 

The operation of substituting the value of the unknown quan- 
tity instead of itself, in the original equation, to see if it will ren- 
der the two members equal to each other, is called verification* 

The preceding equation may be solved thus: 

■Sac — 3=a+5.- By adding -3 to each member, we have 

Sx — 8 +3— a+ 5+3 . By subtracting x from each member, 
we have 3%~~x- L 3-\-3===& — #+5+3. 

But — 3+3 cancel' each other; so, also, do -x and —x; omitting 
these, and then reducing, we have 2as=8. 

Dividing each member by 2, £e=f — 4. 

Eema b k. — The pupil will perceive that the two methods of solution are 
the same in principle, In the first, we use transposition, to remove the 
known quantity from the left member to the right, and the unknown quan- 
tity from the right member to the left. In the second, the same thing is 
done, by adding equals to each member, and subtracting equals from each 
member — -this being the principle on which transposition is founded. It is 
recommended to the teacher, to use the latter method until the. principle is 
well understood by the pupil, after which the first method may be used 
exclusively. 

x—2 a+2 

6. Find the value of x in the equation x -~— =4+--=+ 

o «> 

Multiplying both sides by 15, the least common multiple of the 
denominators, we hare 15#— (5x — i0)===80+3#+6. 
or, 1 5s— 5?+ 1 =60+3ar+6. 
hj transposition, 15a?-— 5a? — 3#.==60+6 ■ — 10. 
reducing, 7&— 56. 
dividing, x=8. 

7. Find the value of x in the equation-™ — cl~---~~~\~c, 

multiplying both sides by 'ah, ax — abd=bx ~\~ahc, 

transposing, ax — 6a? =abc -\-dbd. ' .: .' . 

separating into factors, (a — b)x.=zab(c-\-d). 

■ v . v t , 7 x ab(c-f-d) 

dividing; by {a— o), $=— ^ T ~~» 

Re vie w. — 155. What are the methods hy which the unknown quantity 
in an equation may be combined with known quantities ? Give examples. 
When the unknown quantity is connected by addition, how can it be sepa- 
rated ? When, by subtraction ? By multiplication ? By division ? What 
is verification ? 
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"Erom the preceding examples and illustrations, we derive the 

RULE, 
3?0R THE .SOLUTION OF AN EQUATION OF THE FIRST -DEGREE. 

1. If necessary, clear the equation of fractions ; perform all the 
operations indicated; and transpose all the terms containing the 
unknown quantity to one side, and the known quantities to the other. 

2. Reduce each member to its simplest form? and divide both sides 
by ike coefficient of the unhiotvn quantity. 



EXAMPLES FOB PRACTICE. 

Hot E« — Let the pupil verify the value of the unknown quantity in each 
example. 



■3s— 5=2a;-f7. ............. Ans. #==12. 

Sx — 8=16 — 5x\ .......:.,.»... .Ans. ac=3. 

5#—7==8aH~15 ............ Ans. #=11. 

Sx— 25=— x— -9. .........'..... Ans. x=4. 

15— 2a;=6aj-~25. . ■ . ■ . .......... Ans. #=5. 

5(#+l)+6(#+2)=9(aH-3). ......... Ans. #=5. 

4(5a~3)~64(3-^c)— 3(12a— 4)=96. . . . Ans. #=6, 

10(a;+5.)+8(a;+4)=5(a:-fl3)+121. . . . . Ans. s=8. 



9. :~2=5— S. ..'.'..'...'..... Ans. #=10. 
2 o 

I0.-5— ?+7==4-$+l(H. .......... Ans.o=:12. 

2 4 8 b 

11. k+~+??=1'8. .....'.......* Ans.ar-=8. 

2 4: 

12. ^+|— ?=14.'. .'...-. .' . . . . . . Ans. #=21, 

2 3 4 

13. ^+^?-?=2i. ............. Ans. #=2. 

14. ^^2=1-^. ......... ' . . Ans.<c=2. 

4 o ■ _ 

'■15, ?£^_^i04-?zl. ......... Abs.j»=14. 

2 o o 

16. _J _ =w _ a __.. . ....... Abs.*=7. 

17; —j -^v— =2a;-— — 77~. ....... ..Ans. #=2. 

4 2 3 

Ebtiisw.— 155. What is the rule for the solution of an equation of the 
first degree, containing one unknown quantity? 
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18. *a>~x+18^(4:x+l). ........ Ans.s=20. 

19. ~-^ i -=l- ....„....*...... Ans. #=1. 

sc-f-4 

■20. 2^— ~V7T-=^H — r^~« ««*»«»*«, • Ans.aj—ijL 
10 Id f> 

4 o 4 4 

22, —V— e-^-o s « • • • • o • • • • Ans. £=13. 

4 & ' 2 ■ 

23. 5z£4-6-^===2=5+3. • . . . . • . . Ans.<c=ll. 

4 J 5 2 

0/l „ 2s+H 4a:~~6 7—8* ' 

d II 7 



25. 5+Z -51=^5+12^. ........ Ans.^ 

■ o ■ 7 o 

* • 2(s~l)_7«~4 a?--l 
S" 1 " .5 ""* 15 60 



0/ , a? , 2(#-— 1) 7a-— 4 «— 1 A o 



27. 4%~-b===2%-~-d. ............ Ans. 3?=--^. 

a — c 
29. ax—bx^cl — ex. ..■..,,,..,•' Ans, #=■ 



30* «# — bx=c4~dx--—e. . .... ^ ... • Ans. #-- 



31. 7+ 9a — 5a£=6#4-5a#. . . . * . . . . Ans, %=; 



e — e 

a — b — d* 

9a+7 



5^+11" 
32. b{a-~-bx)-{-c{ax-~c)~bc. ....',. Ans, &=.- 



22. (a+b)(b-^)+{a~b){a+x)===^. . . * Ans.x^ 



¥ — ae 

2b' ' 



nA zg x abc 

a o &~j-A 

oe , a& - . 1 * ab — 1 
do. ■ — ~~~oe~j — . .*............ Ans. #= — = — . 

x X DC 

36L -~+~"f~ =1, ,■..■.■..«„.... Ana. %=za4-b+c. 

xxx 

«> w a? , a? , . aMc-j--el) 

<3/. --t~c=== T ~-a. , ............. Ans. £&==— ~ — r~-'. 
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■ x . x . x 7 A 'abed 






a; a? 



39. -7— t=— tt+1* .......'•... Ans. <T= 



ft — 6" a+6 * " * 26 

40. -+t— ==1^ • .......... AnS. £= — r~5 7 . 

a b c ac-\-bc~-ao 

41. ^+^+^==2. . . . . . . . . Ans. a^J(a&+ac+5e)» 

*V ft^ fcV 

.,. a, 5 d! A » ace 

42. —i ~==0. . . . . . . , . . 8 . . . Ans.#=~ 



re . c 6 " " cd — be 

43. x ~~~ a «— '^^ ........... Ans.a^~~^U 

6 a a° * " a— 6* 

44. it?==l+!. .*.......«... Ans.3= s X 



45. ?L-=db+b+-. ............. Ans.aP=?=i." 

a; as b 

, ri a—b a4~b . Sac — &? 

46, =-^-. ........... Ans. <£= — tfvr—- 

&*— - c x-f-'Ze &o 



£|UESTIOT'§ PB,0»TOMG SIMPLE EQUATIONS, CONTAINING 
ONJLY ONE MEIOWI *&UAWTITY. 

Art, 1«S0. — The solution of a problem, by Algebra, consists of 
two distinct parts. - 

1st. To express the conditions oj "the problem m Algebraic lan- 
guage; thai is, to form the equation* 

2d. To solve the equation; that is, to find the value of the unknown 
quantity. 

With pupils, the most difficult part of the operation of solving 
a question, is to form the equation, by the solution of which the 
value of the unknown quantity is to be found. Sometimes, the 
statement of the question furnishes the equation directly ; and, 
sometimes, it is necessary, from the conditions given, to deduce 
others, from which to form the equation. When the conditions 
furnish the equation, directly, they are called explicit conditions. 
When the conditions are deduced from those given in the question, 
they are called implied conditions. 

It is impossible to give a precise rule, by means of 'which every 
question may be readily stated in the form of an equation. The 
first point, is,. to understand fully the nature of the question, so as 
to be able to prove whether any proposed answer is correct 

Esview.—- 156. Of what two parts does the solution of a problem by 
Algebra,- consist? What are explicit conditions? What are implied 
conditions ? 
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After this, the equation, by the solution of which the value of 
the unknown quantity is to be found, may generally he formed by 
the following 

BULB. 

Denote the required quantity, by one of the final letters of the 
alphabet ; then, by means of signs, indicate the same operations thai 
it would be necessary to make on the answer, to verify it. 

It e m A xi K s,-~- 1st. In solving a- question, it is necessary to understand 
the principles of the science which it involves, at least so far as they relate 
to the question under consideration. Thus, when a problem, embraces the 
consideration of Ratio or Proportion, in order to solve it, the pupil must be 
familiar with these subjects. In the following examples, the learner is sup- 
posed to be acquainted with Ratio and Proportion, as fax as they are taught 
in Arithmetic, (See Ratio and Proportion, Ray's Arithmetic, Part III.) 

2d. The operations concerned in the solution of an equation, involve the 
removal of coefficients, the removal of denominators, and the transposition 
of quantities. The first six of the following examples, and also those from 
the 16th to the 44th inclusive, are arranged with reference to these operations. 

EXAMPLES. 
L There are two numbers, the second of which is three times 
the first, and their sum is 48 ; what are the numbers ? 
Let ae= the first number. 
•Then, by the first condition, 3as= the second. 
And, by the second condition, as+3ie=48. 
Beducmg, 4#=48. 

Dividing, by 4, ss=12, the smaller number. 
Then, Sx=S6, the larger number. 
Proof or verification. 12+36=48.- 

2, A father said to his son, " The difference of our ages is 48 
years, and 1 am 5 times as old as you." What were their ages? 

Let a?= the son's age. 

Then 5a;= the father's age. 

And 5x~~~ #=48, 

Beducing, 4#=48. 

Dividing, #=12, the son's age. 

Then 5a?=60, the father's age. 

Verification. 60 — 12=48, the difference of their ages, 

3. What number is that, to which, if its third part be added/ 
the sum will be 16? 

Let a?= the required number. 

.Ee view.-— 156. By what general rale, may the equation of a. problem- 
be 'found? 
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Then the third part of it will be represented by ~* 

And, by the conditions of the question, we have the equation 

,,+|=16. 

Multiplying it by 3, to clear it of fractions, 3a5+#==48* 
Reducing, 4o=48. 
.Dividing., *c— 12. 

Verification. 12+ ^=1 2+4=1 6 ; which shows that the value 
found'- is correct, since it satisfies the conditions of the question. 

JSTote.-— The pupil should verify the answer in every example. 

4. What number is that, which being increased by its half, and 
then diminished by its two thirds, the remainder will be equal 
to 105. 

Let x= the number. 

Then the one half will be represented by ^, and the two thirds 

x 2x 
And, by the eurestion a+-^ — ^=105. 

Multiplying by 6, 6a;+3a--4<£=630. 
Beducing, 5#=630, 
Dividing, ie==126. Ans. 

When the numbers contained in a solution, are large, it is some- 
times better to indicate the multiplication, than to perform it. 
The preceding solution may be given thus : 

&c= 105X6 
a= 2.1X6=126. 

5. It is required to divide a line 25 inches long, into two parts, 
so that the greater shall be 3 "inches longer than the less. 

Let #= the length of the smaller part 
Then 8+3= the greater part. 
And by the question, #+#+3=25. 
Beducing, ##+3=25. 
Transposing .3, 2#=25-— 3=22. 
Dividing, #=11, the smaller part. 
>.And- £+3=14, the greater part. 

6. - It is required to divide 68 dollars between A 5 B, and C, so that 

B shall have 5 dollars more than A, and 7 dollars more than B. 
11 
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Let jb== A's share. 

Then £+5= B's share. 

And a?~f~12= J s share. Then, Iby the terms of the question? 
we have j»+(H-5)+(«-fl2)=68. 

Reducing, 3#-f- 17=68. 

Transposing, 3a?=68— 1 7=5 1 „ 

Dividing, £=17, A/s share. 
a;+5 =22, B's share. 
#+12=29, Cs share. 

7, What number is that, which "being added to its third part, 
the sum will be equal to its half added to 10. 

Let x represent the number. 

Then, the number, with its third part, is represented by #+« ; 

x ' ' * " 

and its half, added to 10, is expressed by ^+10. By the eondi- 

^ x x 

tions of the question, these are equal; that is, #+^=~+10. 

Multiplying by 6, €b+2#=3#+60. 

Kedueing and transposing, 8x — 3#=60. 

&c=60. 

Dividing, #=12. 

Verification, 12+ 1 ~/= 1 g 3 +10* Or 18=18, according to the 
conditions. 

Hereafter, we shall, in general, omit the terms, transposing? 
dividing, &c» ? as the various steps of the solution will be evident 
by inspection. 

8.' A cistern was found to be one third full of water, and after 
emptying into it 17 barrels more, it was found to be half full; 
what number of barrels will it contain when full ? 

Let #= the number of barrels the cistern will contain. 

Then g+17=J. 

2aH-iG2=3a 

102=* 

Or, by first transposing 2x and 102, we have — #=— - 102 ; and 
multiplying both sides by —1, we have #=102. 

The unknown quantity, when Its value Is found, is generally 
made to stand on the left side of the sign of equality; it is not 
material, howeyer, which side it occupies, since, by transposition, 
it can be readily removed to the other. In effecting the transpo- 
sition of 102=#, so as to bring the % on the left side, we have 
made it to consist of two steps ; it. is, however, generally made in 
one ; the transposition, and multiplying by -— 1, being both made 
in. one line at the same time. 
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Note.-— Multiplying by — 1 is the same as changing all the signs of 
both members of the equation. 

9 6 A cistern is supplied with water, by two pipes ; the less alone 
can fill it in 40 minutes, and the greater in 30 minutes ; in what 
time will they fill it, both running at once ? 

Let &== the number of min. in which both together can fill it. 

■ 1 

Then -== the part which both can fill in 1 minute. 

Since the less can fill it in 40 minutes, it fills •$■$ of it in 1 min- 
ute. Since the greater can fill it in 30 minutes, it fills ^ of it in 
1 minute. Hence, the part of the cistern which both can fill in 

11 1 

1 minute, is represented by 3n+on» and also, by -. 

Ill 
Hence, *^+i>n==-. 

Multiply both sides by 120a, and we have 3as+4a;=120. 

7s=120. 

a^*°=174min. 

10. A laborer, A, can perform a piece of work in 5 days, B can 
do the same in 6 days, and C in 8 days ; in what time can the 
three together perform the same work ? 

Let &™ the number of days in which all three can do it. 

Then -== the part which all can do in 1 day. 

If A can do it in 5 days, he does I of it in 1 day. 
If B " "6 " " £ " 

.If " " 3 "■ " i " 
Hence, the part of the work done by A, B ? and C in 1 day, is 

111 1 ■ 

represented by F+p+g? and also, by ~. 

1,1.11. 

Henoe 'g+B + 8 == i- 
Or, 24H~2Ob+15s==120. 
59*=120 

«== W==^ days. 

.11. How many pounds of sugar at 5 cents, and at 9 cents per 
pound, must be mixed, to make a box of 100 pounds, at 6 cents 
per pound. 

Let &~ the number of pounds at 5 cents. 

Then 100— •#= the number of .pounds at 9 cents. 

Also, 5as== the value of the former. 

And 9(100— «)= the value of the latter. 

And 600— the value of the mixture. 
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But the value of the two kinds must be equal to the value of 
the mixture. 
Therefore, -53+9(100— 3)=600. 
6ar+900— 9jb=600 

~-~43=— 300 

3=75, the number of pounds at 5 cents. 
100—3=25, " " " " 9 cents. 

12, A laborer was engaged for 30 days. For each day that he 
worked, he received 25 cents and his boarding; and, for each day 
that he was idle, he paid 20 cents for his hoarding, At the expi- 
ration, of the time, he received 3 dollars; how many days did he 
work, and how many days was he idle? 

Let x= the number of days he worked. 
Then 30 — x= the number of days he was idle. 
Also 25#= wages due for work. 

And '20(SQ-—x)— the amount to be deducted for boarding. 
Therefore, 25a— 20(30— 3)=300 
25b—600+20;b =300 
453=900 

3—20= the number of days he worked. 
30 — 3=10= the number of days he was idle, 
Proof. 25X20=500 cents, = wages, 

20X10—200 cents, = boarding. 

300 cents, = the remainder. 
In solving this example, we reduce the 3 dollars to cents, in 
order that the quantities on both sides of the equation may be of 
the same denomination, For, as we can only add or subtract num- 
bers of the same denomination, it is evident, that we can only 
compare quantities of the same name. Hence, all the quantities, 
in both members of an equation, must be of the same denomination* 

13. A hare is 50 leaps before a greyhound, and takes 4 leaps 
to the greyhound's 3 ; but 2 of the greyhound's leaps are equal to 
3 of the hare's ; how many leaps must the greyhound take, to 
catch the hare ? 

X*et 3 be the number of leaps taken by the hound. Then, since 
the hare takes 4 leaps while the hound takes 3, the number of 
leaps taken by the hare, after the starting of the hound., will be 

43 

-H- ; and the whole number of leaps taken by the hare, will be 

' o 

43 

-*r+50, which is equal, in. extent, to the 3 leaps run by the hound, 

How, if the length of the leaps taken by each were equal*, we 

43 V 

might put x equal to -q-+50j but, by the question, 2. leaps of the 
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hound are equal Jm 3 of the hare's,- that is, I leap of the hound Is 
equal to f leaps of the hare ; hence, x leaps of the hound are 

equal to ~ : leaps of the hare ; and we have the equation 

OX ~&X ~ ~ 

2 = 3+50. 

9o=ac+300 

£=300, leaps taken hj the greyhound. 

14. The hour and minute hands of a watch are exactly together 
"between 8 and 9 o'clock; required the time. 

Let the number of minutes more than 40, he denoted by x; that 
is, let %= the minutes from VIII to the point of coincidence, P ; 
then, the hour hand moves from VIII to the point P, while the 
minute hand moves from XII to the same point ; or, the former 
moves over x minutes, while the latter moves over 40+# minutes; 
but the minute hand moves 12 times as fast as the hour hand. 
Therefore, 12a?=40+a; 
lla;=40 

x=jj minutes =3 minutes, 38^r seconds. 

Hence, the required time is 43 minutes, S8jj seconds after 8 
o'clock. 

15. A person spent one fourth of his money, and then received 
5 dollars. He next spent one half of what he then had, and found 
that he had only 7 dollars remaining; what sum had he at first? 

Let '&=' ih% number of dollars he had at first. Then, after 

spending one fourth of that, and receiving 5 dollars, he had 

a? ~ . . . . '■ Sx 

&— -T+&J which being reduced, is equal to -~x--j~5. 



Therefore, .~j-.+5 — 





3# , v Sx-' 5 w 


or, 


_ +0 ____ =7; 




Sx Sx 5 


or, 


■4— a=~+2>- 


or, 


6a;— 3s=16+20; 



kjX , „ \ iSX 

> or s I 



He now spent the half of this sum, or | j -~r+5 ) ^-zr+k. 



3x=36 

3?= 12. Ans. 
10. Divide 42 cents between A and B, giving to 3B twice as 
many us to A. Ans. A 14, B 28, 

17, Divide the number 48 into three parts, so that the second 
may be twice, and the third three times the first, 

Ans. 8, 16, and 24. 
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18. Divide the number 60. into 3 parts, 'so that the second may 
"be three times the first, and the third double the second, 

Ans, 6, 18, and 86. 

19. A bo j bought an equal number of apples, lemons, and 
oranges, for 56 cents ; for the apples he gave 1 cent a piece, for 
the lemons 2 cents a piece, and for the oranges 5 cents a piece ; 
how many of each did he purchase ? Ans. 7* 

20. A boy bought 5 apples and 3 lemons, for 22 cents ; he gave 
as much for 1 lemon as for 2 apples ; what did he give for each ? 

Ans. 2 cents for an apple, and 4 cents for a lemon, 

21. The age of A is double that of B, the age of B is twice that 
of 0, and the sum of all their ages is 98 years ; what is the age 
of each ? Ans. A 56 years, B 28 years, and 14 years. 

22. Four boysj A, B, C, and D, have, between them, 44 cents ; 
of which A has a certain number, B has three times as many as 
A, C as many as A and one third as many as B, and D as many 
as B and C together ; how many has each ? 

Ans. A 4, B 12, C 8, and D 20. 

23. A man has 4 children, the sum of whose ages is- 48 years, 
and the common difference of their ages is equal to twice that of 
the youngest; required their ages. Ans. 3, 9, 15, and 21 years. 

24. Divide the number 55 into two parts, in proportion to each 
other as 2 to 3. 

Let 2&= one part ; then 3os= the other, since 2x is to 3& as 2 
is to 3. 2os+3;c=55 

5as=55 
#=11 

3*=33 } Ans - 
Or thus: Let %= one part; then 55 — #— the other. 
By the question, x : 55 — x : : 2 ; 3. Then, since, in every pro- 
portion, the product of the means is equal to the product of the 
extremes, we have 3as=2(55 — #)=110 — 2x 
.5a=110 
#=22, and 55— sc=33, as before. 

Sx 
Or thus : Let #== one part, then -^= the other. 

And #+-^=55. 

'■2*+3a:=110, from which a^22, and -g-^ 33 * 

The first method avoids fractions, and is. of such frequent appli- 
cation, that we may give this general direction : 
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When two or more unknown quantities in any problem, are to each 
other in a given ratio, it is best to assume each of them a multiple of 
some other unknown quantity so thai ikey shall have io each oilier 
the given ratio, 

25. The sum of two numbers is 60, and the less is to the greater 
as 5 to 7 ; what are the numbers ? Ans. 25 and 35. 

26. Divide the number 60 into 3 parts, which shall be in pro- 
portion to each other as 2, 3, and 5. Ans. 12, 18, and 30. 

27. Divide the number- 92 into 4 parts, in proportion to each 
other as the numbers 3, 5, 7, and 8. Ans. 12, 20, 28, and 32. 

28. Divide the number 60 into 3 such parts, that -| of the first, 
J- of the second, and |- of the third, shall all be equal to each other. 

Ans. 12, 18, and 30. 
This question is most conveniently solved, by putting 2x t 3ic, 
and 5a; for the parts, since the J, -J, and -| of these are respec- 
tively equal to each other. 



29. What number is that whose half, third, and fourth part are 
together equal to §5 ? Ans. 60. 

30. What number is that, |- of which is greater than -| by 4? 

Ans. 70. 

31. The age of B is two and four fifth times the age of A, and 
the sum of their ages is 76 years; what is the age of each? 

Ans. A 20, B 56 years. 

32. Divide 88 dollars between A, B, and C, giving to B | , and 
to C | as much as to A. Ans. A $42, B $28, and C $1 8. 

S3. Divide 440 dollars between three persons, A, B, and 0, so 
that the share of A may be § that of B, and the share of B .f that 
of C. Ans.'A's share $90, B's $150, and C's $200. 

34. Four towns are situated in the order of the letters A, 1>, t\ 
1). The distance from A to D is 120 miles; the distance from A 
to B is to the distance from B to C as 3 to 5 ; and one third of the 
distance from A to B, added to the distance from B to C, is three 
times the distance from to D; how far are the towns apart? 

Ans. A to B, 36 miles ; B to C, 60 miles ; to D, 24 miles, 

35. A merchant having engaged in trade with a certain capital, 
lost I of it the 1st year; the 2d year he gained a sum equal to § 
of what remained at the close of the 1st year ; the 3d year he lost 
4 of what he had at the close of the 2d year, when he was worth 
$1236. What was his original capital ? Ans. $1545. 

36. The rent of a house this year, is greater, hj 5 per cent., 
than it was last year ; this year the rent is 168 dollars ; what was 
it last year? * Ans. $160. 
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37. Divide the rmmbor 82 into 2 pari?, so thai the greater shall 
exceed the ies* by G. An**. 13 and 10. 

38. At an election, Hie number of votes given Cor two candi- 
dates, was 256: the successful candidate had a majority of 50 
votes ; how many voles hud each ? Ans. ]53 and 103* 

30, Divide 1520 dollars between three persons, A, B, C, so that 
B may receive 100 dollars more than A, and 270 dollars more 
than B ; what is the share of each ? 

Ans, A $350, U ^450, and € $720. 

40. A company of 00 persons consists of men, women, and 
children; the men are 4 more than the women, and the children 
are 10 more ihan both men and women; what is the number of 
each? Aus. 18 women, 22 men, and 50 children. 

41. After cutting un a certain quantity of cloth from a piece 
containing 45 yards, it was found that there remained 9 yards 
lees than had been cut off; how many yards had been cut off? 

Ans. 27. 

42. What number is that, which, being multiplied by 7, gives 
a product as much greater than 20, as the number ifc-elf is less 
than 20? ^ ' Ans. 5, 

43. A person dying, left an estate of 0500 dollars, to be divided 
between his widow, 2 sens, and 3 daughters, so that each son 
shall receive twice as much as a daughter, and the "widow 500 
dollars less than all her children together; required the bhare ol 
the widow, and of each son and daughter. 

Ans. Widow $3000, each son $1000, arid each daughter ^5€(l 



44. Two men set out at the same time, one from London, and 
the oiler from Edinburgh; one goes 20, and the other 30 miles n 
day ; in how many clays will they meet, the distance being 400 
miles? Ans. S day;-. 

45. Two persons, A and 15, depart from the same place, to go 
in the same direction; i> travels at the rate v? 2, and A at the 
rate of 5 miles an hour, but "3 lias (ho start of A 10 hours; in 
how many hours will A ov'ertako B? Ans, J 5, 

40. What number i.* that, of which one half ixral one third of 
it diminished by 44, is equal io one fifth of it diminished by G? 

Ans, 60. 
47. A person being asked the time of day, replied, "If, to Vug 
time past noon, there be added its I, l, and % iho sum will be 
equal to J of the time to midnight: required the hour. 

Ans. 50 min. P. M. 
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48. Dhide the number 120 into I wo such pans, tliat the smaller 
may be contained iu lUo g; eater 1^ limes. Ann. 48 and 72, 

40. "I have a certain number in my mind," said A to J?; "if 
I multiply it by 7, add 8 to the product, divide tlii«j by 2, and en b- 
tract <i- from the ouotleni, the remainder is 15. v What m Iho 
number? Am*, 5. 

50. What iiinuber Is that, which, if ;>ou multiply it by 5, faib- 
traeu 24 from the product, divide the remainder by (>, and add 13 
to the ([uotlcat. will {\Wo iho number itself'? Any f;4. 

51. Two no sons, A and ih engaged in trade, the capita 1 of B 
bein<>; ^ that of A ; B gained, and A lost, 100 dollars : alter w }nv\\, 
if '] of what A. had lei'i, be subtracted from -what B now ha^, the 
remainder will be 134 dollars; with, what capital did each com- 
mence? Ans. A (pfclj, B |,52b 

52. A man ha\in^ bpeut 3 dollars more than 5 of Iim money, 
had 7 dollars more than -J of it left ; how many dollar had be id, 

iirbt? ' a n*. $;•... 

53. Two mem A and lb have the t^amo annual income : A sa\< i ; 
-J of hb, i»u ly snends 25 dolhvrs per annum more than A, and « I 
the end of 5 yceis IhuU ho aa*> saved 200 dullars ; what m tl n* 
annual income of caoh. ! An?\ f-fi'^y. 

54. In the romp<<shioo <>f a quantity of <ran powder, ;; of i ! ie 
whole, plus a) po\md% wos i iUe : .?, of the whole, plr^ I poimd, 
way Milphuv; and ] <.f the whoh\ minus 1"/ pounds, wis ( he i"< oam 
how many pv/nmdo of mmnrwdor were there ? d ns. 5bio. 

55. A person boa* In a chabo, horse, and harno-^, for 2 b> i\o- 
lais: the Ih>t;o co^t U tinier as much as the harness, and the <dud^e 
cost 10 dolhr-s les> than 2;> times a>s much as both horse and har- 
ness;, whal v,a\> die cos-t oj ouch? 

An*>. Harney Qlb, hm^o ^54, chaise pli'Kb 

50. What two eumhers a ,j e as 3 to 4, to eich of which, if \ bo 

added, the sums vail bo to each oilier as 5 in 0/ Ana. li and 6h 

57. Y/hae two numbers arc ib 2 to 5, from each of which, if 2 

be subtracted, the remainders will be to each other as 3 to 0? 

Ans. 20 and 50. 

50. The a^es of two brothers are now 25 and 30 vcuis, s-o thai 

their a<ms are as 5 to G; in how many year& will their u t ac^ be as 

8 to 9? ' Ar.!.. i;>. 

How many years since their ages were as I to 2? A. 20 \rs. 

59. A or tern ban 3 pipes to fill it; by the firsl, it cii.i be ailed 

in 1« homta. by the second, hi 3jj hours, and by the third, in 5 

hours ; in what time can it be filled, by all three running at once? 

Ans, 48 min. 
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60. Find the time in which -A, B, and C together, can perform 
a piece of work, which requires 7, 6, and 9 days respectively, 
when done singly, Ans. 2-§§ days. 

61. From a certain sum I took one third part, and put in its 
stead 50 dollars; next, from this sum I took the tenth part, and 
put in its stead 37 dollars ; I then counted the money, and found 
I had 100 dollars; what was the original sum? Ans. $80. 

62. A teacher spent § of his yearly salary for board and lodging, 
| of the remainder for clothes, and |- of what remained, for books, 
and still saved 120 dollars per annum; what was his salary? 

Ans, $875. 

63. A laborer was engaged for a year, at 80 dollars and a suit 
of clothes; after he had served 7 months, he left, and received for 
his wages, the clothes and 35 dollars; what was the value of the 
suit of clothes? Ans. $28. 

64. A man and his wife can drink a cask of wine in 6 days, 
and the man alone can drink it in 10 days ; how many days will 
it last the woman ? Ans. 15. 

65. A steamboat, that can run 15 miles per hour with the cur- 
rent, and 10 miles per hour against it, requires 25 hours to go 
from Cincinnati to Louisville, and return ; what is the distance 
"between those cities ? Ans. 150 miles. 

66. A and B engaged in a speculation ; A with 240 dollars, 
and B with 96 dollars ; A lost twice as much as B, and, upon set- 
tling their accounts, it appeared, that A had 3 times as much 
remaining as B ; what did each- lose ? Ans, A $96, and B $48. 

67. In a mixture of wine and water, <§ the whole, plus 25 gal- 
lons, was wine, and -§ of the whole, minus 5 gallons, was water ; 
required the quantity of each in the mixture. 

Ans. 85 galls, of wine, and 85 galls, of water. 

68. It is required to divide the number 91 into 2 such parts, 
that the greater, being divided by their difference, the quotient 
will be 7. Ans. 49 and 42. 

69. It is required to divide the number 72 into 4 such parts, 
that if the first be increased by 2, the second diminished by 2, the 
third multiplied by 2, and the fourth divided by 2, the sum, the 
difference, the product, and the quotient shall all be equal. 

Ans. 14, 18, 8, and 82. 
Let the four parts bo represented by x — 2, aj-j-2, -Jo;, and 2x. 

70. A merchant having cut 1 9 yards from each of 8 equal pieces 
of silk, and 17 from another of the same length, found, that the 
remnants taken together, measured 142 yards; what was the 
length of each piece ? Abb, 54 yds, 
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71. Suppose, that for every 10 sheep a farmer keeps, lie should 
plow an acre of land, and allow 1 acre of pasture for every 4 
sheep ; how many sheep can the person keep, who farms 161 
acres ? Ans, 460, 

72. It Is required to divide the number 34 into 2 such parts, 
that if 18 be subtracted from the greater, and the less be sub- 
tracted from 18, the first remainder shall be to the second as 2 
to 3, Ans. 22 and 12. 

73. A person was desirous of giving 3 cents a piece to some 
beggars, but found that he had not money enough in his pocket 
by 8 cents ; he therefore gave each of them 2 cents, and then had 
3 cents remaining ; required the number of beggars. Ans. 1 1 . 

74. A father distributed a number of apples among his chil- 
dren, as follows i to the first he gave |- the whole number, less 8 ; 
to the second •% the remainder, diminished by 8 ; and in the same 
manner, with the third and fourth ; after which, he had 20 apples 
remaining for the fifth ; how many apples did he distribute ? 

Ans. 80. 

75. A could reap a field in 20 days, but If B assisted him for 6 
days, he could reap It in 16 days; in how many clays could B 
reap it alone ? Ans. 30 days. 

76. There are two numbers in the proportion of -| to -g, which, 
being increased respectively, by 6 and 5, are in the proportion of 
| to -i ; required the numbers. Ans. 30 and 40, 

77. When the price of a bushel of barley wanted but 3 cents 
to be to the price of a bushel of oats as 8 to 5, nine bushels of 
oats were received as an equivalent for 4 bushels of barley and 
00 ceai * ' j\ money : what was the price of a bushel of each ? 

Ans. Oats 30 cts., and barley 45 cts.' 

78. four places are situated in the order of the 4 letters, A, B, 
0, and D ; the distance from A to D is 34 miles ; the distance 
from A to B is to the distance from C to D, as 2 to 3 ; and J the 
distance from A to B, added to -J the distance from C to I), is 3 
times the distance from B to C. liequired the respective distances. 

Ans. A to B 12, B to C 4, and C to D 18 miles. 

79. The ingredients of a loaf of bread are rice, flour, and water, 
and the weight of the whole is 15 pounds; the weight of the rice 
increased by 5 pounds, is § the weight of the flour ; and the 
weight of the water is |- the weight of the flour and rice together; 
what is the weight of each? 

Ans, Rice 2ft>, flour 10|f> ? and water 2$fb. 
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SIMFliE EQUATIONS' CONTAINING TWO UIIIOWI QUANTITIES, 

Art. iHf • — In order to find the value of any unknown quantity, 
it is evident, that we must obtain a single equation containing it, 
and known terms, Hence, when we have two or more equations, 
containing two or more unknown quantities, we must obtain from 
them a single -equation containing only one unknown quantity. 
The method of doing this, is termed elimination-, which may he 
briefly defined thus : Elimination is the process of deducing from 
two or more equations, containing two or more unknown quantities, 
a less number of equations containing one less unknown quantity, 

There are three methods of elimination. 

1st Elimination hj substitution. 

2d. Elimination by -comparison. 

3d. Elimination by addition and subtraction, 

ELIMINATION B¥ SUBSTITUTION. 

Art. 1IS§I» — Elimination by substitution, consists in finding the 
value of one of the unknown quantities in one of the equations, in 
terms of the other unknown quantity and known terms, and sub- 
stituting this, instead of the quantity, in the other equation. 

To explain this, suppose we have the following equations, in 
which it is required to find the value of x and y* 

Iotb. — The figures in the parentheses, are intended to number the 
equations for reference. 

jt4-2?/=17 (1.) 
2aH-3y=28 .(2.) 
By transposing 2y in the equation ( 1 ) , we have a?===l 7 — 2y, Sub- 
stitute g this value of x> instead of x in equation (2), we have 
2(17-%)+3y=28- 
or, 3±-4y+3y=28 
or, —-^=28—34 

and 3.=17-23F=17-12=5. 
Hence, when we have two equations, containing two unknown 
quantities, we have the following 

3?0Ii ELIMINATION BY SUBSTITUTION/ 

Find cm expression for the vakie of one of the unknown quan- 
tities in either equation, and substitute this value in place of the same 
unknown quantity in the other equation; there will thus he formed a 
new equation? containing only one unknown quantity. 
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Note. — In finding an expression for the value of one of the unknown 
quantities, let that be taken which is the least involved. 

Find the values of the unknown quantities in each of the fol- 
lowing equations. 



1. 


s+5y=38. 


Ans. a?=3. 


6. x—y= 10, 


Ans. 


&=25. 


2. 


3x+4y=37 
2a;+4 : y===22. 


jr=7. 

Ans. as—5. 






^=15. 


3. 


5x+7p=4e. 

3aH- 5^—57. 


y=3. 
Ans. jc— 4. 


/" 5 4~~ X * 


Ans. 


a=20. 




5a;+3y=47 : : 


2/=9. 


5a? — %= 10, 




y=^30. 


4. 


■4«-~3y=26. 
3«-4y=16. 


Ans. #=8. 
y=2; 


8 ^„_^ :0 


Ans, 


<B=21. 


5. 


2b-^==-~4. 


Ans. a;— 16. 


2 « , % 9 e 

o"TT — ^* 




#™16. 






y=12. 


3 4 








ELIMINATION .IT 


If COMPAE1SON 


„ 





Art. 150.— Elimination by comparison, consists in finding the 
value of the same unknown quantity in two different equations, 
and then placing these values equal to each other. 

To illustrate this method, we will take the same equations which 
were used to explain elimination by substitution. 
s+2y=17 (L) 
\.2a!+3y=28 (2.) 
By transposing % in equation (1), we have se=17 — %y, 
By transposing 3y in equation (2), and dividing by 2> we have 
^2 8~-% 
*"~~ 2 
Placing these values of x equal to each other, 



28—331 
2 ~ 



=17-% 



or, 28— 3y==34— 4y 

or, y~-\j, 
The value of x may be found In a similar manner, by first rind- 
ing the values of ;/, and placing them equal to each other, "But, 
after having fuuod the value of one of the unknown quantities, 
the value of tlio other may be found most readily by sub&iituiion, 
as in the preceding article. Thus, #=-17 — 2//^=17--l2--5. 

U jbvj nvr". — 15V. What is necessary in order to iind the raluo of any 
unknown quantity ? When we have two equations, containing two unknown 
quantities, what is necessary, in order Lo find (he vahjo of one of thorn? 
"What is* elimination? How many method's of elimination are there? lo$. 
In wha/L does elimination by substitution consist? What is tho rule for 
elimination by substitution? 150. In what duon elimination by compari- 
son eantht? 
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Hence, when we have two equations, containing two unknown 
quantities, we have the following 

1ULE ? 
FOR ELIMINATION BY COMPARISON. 

Find an expression for the value of the same unknown quantity in 
each of the given equations, and place these values equal to each 
other; there will thus be formed a new equation, containing only one 
unknoiim quantity. 

Find the value of each of the unknown quantities in the follow- 
ing equations, by the preceding rule. 



1. a?+3y=16. 

&+5#=22. 

2. 3aH-5y=29. 
3jfr-5#=19. 

3. §x—2y=4t. 
2x — y=l. 



4. 






3" 



•=-1. 



x _y , 

9 "~~8 



AllS. £C=7. 

Ans. x=&. 

Ans. jc— 2. 
=-3. 

Ans. #—6, 

Ans. jf=36. 
y=S4. 



6. 



"4 



Ans. 



3 n 2 

?L|- lf—14. 

5^2 



-12. 



y=8. 



9" 



*7? £?. 



y+f-27 8 
9 7 



4?/ 



Ans. jc=45. 



5T=10. 



Ans. je=21. 



2^=35. 



Ans. aj=20. 



■Z^—404--. 

3 } 5 



10. 



3<C- 

3^5y_2s+4 

2 ~~" 7" 

«— 2y_g+y 

" 4""""™ 3 e 



6- 



3^=12. 



Ans. se=12. 



^=G 



ELIMIW ATIOW BY ADDITION ABB SUBTRACTION. 
Art. 160«— Elimination by addition and subtraction, consists 
in multiplying or dividing two equations, so. as to. render the coef- 
ficient of one of the unknown quantities, the same in both; and 
then, by adding or subtracting, to cause the term containing it to 
disappear, 

To explain this method, we will take the same equations used 
to illustrate elimination by substitution and comparison. 
«+2y=lT. (1.) 
2x+2y^28 (2.) 



SIMPLE EQUATIONS.' 135 

If we multiply equation (1) by 2, so as to make the coefficient 
of x the same as in the second equation, we have 
2x+4y=34: (a.) 
2a?-f-3y=28, equation (2) brought down, 

Since the coefficient- of x has the same sign in these equations, 
if we subtract, the terms containing x will cancel each other, and 
the resulting equation will contain only y f the value of which may 
then readily be found. After this, by substituting the value of y t 
as before, the value of x is easily obtained. 

To illustrate the method of eliminating, when the coefficients of 
the unknown quantity to be eliminated, have contrary signs in the 
two equations, suppose we have the following, in which it is 
required to eliminate y. 

3x~~5y=6 (1.) 
4ar+3y=37 (2«) 
It is obvious, that if we multiply equation (I) by 3 and (2) by 
5 ? that the coefficients of y will be the same. Thus* 
9x— 15y= 18 
20s+15 y=185 
adding, 29a — 203 
x = 7. 
Substituting this value of % in equation (2), we have 

28+%-3 : 7 
%- 9 
y= 3 
From this we see ? that after making the coefficients of the quan- 
tity to be eliminated, the same in both equations, if the signs are 
alike, we must subtract; but if they are unlike, we must acM them* 
Hence, when we have two equations, containing two unknown 
quantities, we have the following 

RULE, 
JOR ELIMINATION BY ADDITION AND SUBTRACTION. 

Multiply, or divide the equations, if necessary > .so thai one of the 
unknown quantities will have the same coefficient in both. Then take 
the difference, or the sum of the equations, according as the signs of 
the equal. terms are alike or unlike^ and the resulting equation will 
contain only one unknoion quantity. 

B e m A b K .—When the coefficients of the unknown quantities to be elim- 
inated are prime to each other, they may be equalized, by multiplying each 

Be vi b w.— -159. What is the rule for elimination by comparison ? 180. In 
what does elimination by addition and subtraction consist ? What is -the 
nil© for elimination by addition and subtraction ? 
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equation. "by the coefficient of the unknown quantity in the' other. When 
the coefficients are not prime, find their least common multiple,, and multiply 
each equation hj the quotient obtained by 'dividing the least common mul- 
tiple by the coefficient of the unknown quantity to be eliminated in the 
other equation. 

If the equations have fractional coefficients, they ought to be cleared 
before applying the rule, 

Tmd the value of the unknown quantities in each, of the follow- 
ing equations, by the preceding rule* 

1. 3a;+2?/— 21. Ans. #—5. 



2. Sx— 2^=7. Ans. &-~5. 
5y-— 2#==10. ?/=4. 

3. 2$c— y=3. Ans. %t=4. 
3#+2#=22. y=5. : 

4. S<k+%^I0 Ans. z=f5. 



2<c— 3#=4. 

5 2 

2 " r 10 s 



^ 



5 H ~3"-" J * 
6. £-1=3. 



Ads. a=20. 

Ans. ar=12. 
jp=9. 

Ans. #=4. 
. . 2^=6. 



aUKSTIONS FliOMJCMG EQUATIONS.. COMTA1MIMS TWO 
UMELWOWN CEUAMTITIES. 

Art, Ml* — The questions contained in Art. 156, were all capa- 
ble of being solved bj using one unknown quantity; although, 
several of the examples contained two, and in some cases more, 
unknown- quantities. In those questions, however, there was such 
a connection existing between the several quantities, that it was 
easy to express each, one in terms of the -other. But it frequently 
happens, that in. a problem containing two unknown quantities, 
there may be no direct relation existing between them, by means 
of which either of them may be found in terms of the other. In 
such a case, it becomes necessary to use a separate symbol for 
each, unknown quantity, and then to find the equations containing 
these symbols, on the same principle as where there was but one 
unknown quantity; that is, in brief, regard the 'symbols as ike an- 
swer to the question, and then proceed in Hie same manner as it would 
be necessary to do , to prove the answer. After the equations are 
obtained, the values of the unknown quantities may be found, by 
either of the three different modes of elimination. 

We shall first give two examples, which can be solved by using 
either one or two unknown quantities. 
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In general, no more symbols should be used, than are really 
necessary ; unless, by using them, the solution is rendered more 
simple. 

1 . Given, the sum of two numbers equal to 25, and their differ- 
ence equal to 9, to find the numbers. 

Solution, by using one unknown quantity. 
Let #= the less number ; then #+9— the greater. 
And #+3?+9=25. 
2fc=16 
#=8, the less number; and #+9=17, the greater. 
Solution, by using two unknown quantities. 
Let x= the greater, and y= the less. 
Then aH-y=25 (1.) 
And x— y= 9 (2.) • 

2x=84, by adding the two equations together. 

#=17, the greater number. 
2yz=z 16, by subtracting equation (2) from equation (1). 
yz= 8, the less number. 

2. The sum of two numbers is 44, and they are to each other 
as 5 to 8 ; required the numbers. 

Solution, by using one unknown quantity. 
Let 5£= the less number ; then 6x= the greater. 
And '5x+6x==44. 
llas=44 
#=4 

5#=20, the less number. 
(yx=24 f the greater number. 
Solution, by using two unknown, quantities. 
Let as= the less number, and y- - the greater. 
Thena;+2P=44 (1.) 
And x : y : i 5 : 6 
or,- 8$—% (2.) by multiplying means and extremes. 
{x»-f-6#=264 (8.) by multiplying equation (1) hj 6. 
6i/= ^264— 5y, by subtracting equation (2) from (3), 
lly*=264 

#=24 and a?==44— #==20. 
Several of the following questions may also be solved hj using 
only one unknown quantity. 

8. There is a certain number consisting of two places of figures ; 
the sum of the figures is equal to 6, and, if from the double of the 

Be view. — 161. la solving questions, when does it. become necessary to 
use a separate symbol for each unknown quantity? How are the equations 
formed, from which the values of the unknown quantities are to be obtained ? 
12 
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number 8 be subtracted, the remainder is a number whose digits are 
those of the former in an inverted order ; required the number ? 

In solving questions of this kind, the pupil must be reminded, 
that any number consisting of two places of figures, is equal to 10 
times the figure in the ten's place, plus the figure in the unit's 
place. Thus j 23 is equal to 10X2+3* In & similar manner, 825 
is equal to 100X3+10X2+5. 

Let #= the digit in the place of tens* and y= that in the place 
of units. 

Then lQ#+#= the number. 

And 10y+a:= the number, with the digits inverted. 
Theax+y=6 (1.) 
And 2{10x+y)—6=l0y+x (2.) 
or, 20x+2y—G=10y+x. 
19x=8y+6 
8#= — 8?/+48 ? from equation (1), by multiplying by 8, 
and transposing. 

27#=54, by adding. 
<s=2 

y= 6—2=4. Ans. 24. 
4. What two numbers are those, to which if 5 be added, the 
sums will be to each other as 5 to 6 ; but, if 5 be subtracted from 
each, the remainders will be to each other as 3 to 4 ? 

By the conditions of the question, we have the following pro- 
portions : 05+5 : y+5 : : 5 : 
<b— 5:y— 5::3:4. 
Since, in every proportion, the product of the means is equal to 
the product of the extremes, we have the two equations 

6(x+5)=5(y+5) 
■4(*-5)=3(ir-5) 

From these equations, the values of x and y are readily found to 
be .20 and 25. 

B eh ark. — Instead of saying, that the two sums will be to each other 
as 5 to 6, it will be the same to say, that the quotient of the second divided 
hj the first, is equal to f , since 8 divided by 5, expresses the ratio of 5 to 0, 
Shis would give the following equations ; 

y+5 8 ^ y— ~5 4 

x-\~b 5 x — 5 3 

which may he readily obtained from those given above. 

Note.-— In 'solving the following questions, after finding the equations, 
the values of the unknown' quantities may he found by either of the three 
methods of elimination. 
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5. A grocer sold to one person 5 pounds of coffee and 3 pounds 
of sugar 3 for 19 cents; and to another, at 'the same prices, 3 
pounds of coffee and 5 pounds of sugar, for 73 cents ; -what was 
the price -of a pound of each ? Ans. Coffee 11 ets., sugar 8 ets. 

6. A farrier sold to one person 9 horses and 7 cows, for 300 
dollars ; and to another, at the same prices, 6 horses and 13 cows, 
for the same sum ; what was the price of each ? 

Ans. Horses $24, and cows $12 each, 

7. A vintner sold at one time, 20 dozen of port wine and 30 of 
sherry, and for the whole received 120 dollars ; and, at another, 
30 dozen of port and 25 of sherry, at the same prices as before, 
for 140 dollars; what was the price of a dozen of each sort 1 of 
wine ? Ans. Port $3, and sherry $2 per doz. 

8. It is required to find two numbers, such that | of the first 
and | of the second shall be 22, and | of the first and J of the 
second shall be 12. Ans. 24 and 30. 

9. If the greater of two numbers be added to | of the less, the sum 
will be 37 ; but if the less be diminished by |: of the greater, the 
difference will be 20 ; what are the numbers ? Ans. 28 and 27. 

10. What two numbers are those, such that |- of the first dimin- 
ished by | of the second, shall be 5, and \ of the first diminished 
by -| of the second, shall be 2? Ans. 20 and 15. 

1 1. A farmer has 2 horses, and a saddle worth 25 dollars ; now, 
if the saddle be put on the first horse, his value will be double 
that of the second; but, if the saddle be put on the second horse, 
his value will be three times that of the first. Required the value 
of each hor^ie. Ans. First $15, second $20. 

12. A and B are in trade together with different sums ; if 50 
dollars be added to A ? s property, and 20 dollars taken from B ; s, 
they will have the same sum ; and if A ? s property was 3 times, 
and B's 5 times as great as each really is, they would together 
have 2350 dollars; how much has each? Ans. A $250, B $320. 

13. A has two vessels containing wine, and finds, that § of the 
first contains 98 gallons less than f of the second; and that f of 
the second contains as much as |- of the first ; how much does each 
vessel hold? Ans. 720 and -5 12 galls. 

14. There is a number consisting of two digits, which, divided 
by their sum, gives a quotient, 7 ; but if the digits be written in 
an inverse order, and the number so arising, be divided by their 
sum increased by 4, the quotient will be 3. Required the number. 

Ans. 84. 

1-5. If we add 8 to the numerator of a certain fraction , its value 

becomes 2 ; and if we subtract 5 from the denominator, its value 

becomes 8 ; required the fraction, Ans. f .■ 



140 BATS ALGEBRA, PART FIRST, 

16. If to the ages of A and B 18 be added, the result will be 
double the age of A ; but, if from their difference 6 be subtracted, 
the result will be the age of B ; required their ages. 

Axis." A 30, B 12 yrs« 

17. There are two numbers whose sum is 37, and if 3 times 
the less be subtracted from 4 times the greater, and the difference 
divided by 6, the quotient will be 6 ; what are the numbers ? 

Ans. 16 and 21. 

18. It is required to find a fraction, such that if 3 be subtracted 
from the numerator and denominator, the value will be | ; and if 5 
be added to the numerator and denominator, the value will be |. 

Ans. y§. 

19. A father gave Ms two sons, A and B, together 2400 dollars, 
to engage in trade ; at the close of. the year, A has lost 7} of his 
capital, while B, having gained a sum equal to 7 | of his capital, 
finds that his money is just equal to that of his brother; what was 
the sum given by the father to each? Ans. A $1500, B $900. 

20. If from the greater of two numbers 1 be subtracted, the 
remainder will be equal to 4 times the less ; but, if to the less 3 
be added, the sum will be -| of the greater ; required the numbers. 

Ans. 8 and 33. 

21. A said to B, " Give me 100 dollars, and then I shall have 
as much as you," B said to A, " Give me 100 dollars, and then I 
shall have twice as much as you/-' How many dollars had each ? 

Ans/ A $500, B $700. 

22. If the greater of two numbers be multiplied by 5, and the 
less by 7, the sum of their products is 198 ; but if the greater be 
divided by 5, and the less by 7, the sum of their quotients is 6; 
what are the numbers? Ans. 20 and 14. 

23. Seven years ago the age of A was just three times that of 
B ; and seven years hence, A's age will be just double that of B; 
what are their ages? Ans. A ? s 49, B's 21 yrs. 

24. There is a certain number consisting of two places of figures, 
which being divided by the sum of its digits, the quotient is 4 S 
and if 27 be added' to it, the digits will be inverted ; required the 
number. Ans. 38. 

25. A grocer has two. kinds of sugar, of such quality that one 
pound of each are together worth 20 cents; but if 3 pounds of 
the firsts and 5 pounds of the second kind be mixed, a pound of 
the mixture will be worth 1 1 cents ; what is the value of a pound 
of each sort ? Ans, 6 cts., and 14 cts. 

28. A boy lays out 84 cents for lemons and oranges, giving 3 
cents a piece for the lemons, and 5 cents a piece for the oranges; 
he afterward sold ^ of the lemons and | of the oranges, for 40 
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cents, and by so doing cleared 8 cents on what lie sold ■; what 
number of each did he purchase ? 

Ans. 8 lemons and 12 oranges. 

27. A person spends 80 cents for peaches and apples, buying 
his peaches at 4, and his apples at 5 for a cent; he afterward 
sells |- of his peaches, and | of his apples, at the same rate he 
bought them, for 13 cents ; how many of each did he buy? 

Ans. 72 peaches and 60 apples, 

28. A owes 500 dollars, and B owes 600 dollars, but neither has 
sufficient money to pay his debts, A said to B, " Lend me |- of 
your money, and I shall have enough to discharge my debts." 
B said to A, " Lend me \ of your money, and I can pay mine/' 
How much money has each? Ans. A $400, B $500. 

■29. A merchant bought two pieces of cloth, for 236 dollars, the 
first piece at 4, and the second at 7 dollars per yard ; bat the cloth 
getting damaged, he sold f of the first piece, and f- of the second, 
for 160 dollars, by which he lost 8 dollars on what he sold; what 
was the number of yards in each piece? 

Ans. 24 yards in the first, and 20 -yards- in the second, 

30. A son said to his father, u How old are we ? " The father 
replied, " Six years ago my age was 3| times yours, but 3 years 
hence, my age will be only 2| times yours." Eequired the age 
of each. Ans. Father's age 36, son's 15 yrs. 

31. A person has two horses, and two saddles, one of which cost 
50, and the other 2 dollars. If he places the best saddle upon the 
first horse, and the other on the second, then the latter is worth 8 
dollars less than the former ; but if he puts the worst saddle upon 
the first, and the best upon the second horse, then the value of the 
latter is to that of the former as 15 to 4. Required the value of 
each horse. Ans. First $30, second $70, 

32. A farmer haying mixed a certain number of bushels of oats 
and rye, found, that if he had mixed 6 bushels more of each, he 
would have mixed 7 bushels of oats for every 6 of rye ; but if he 
had mixed 6 bushels less of each, he would have put in 6 bushels 
of oats for every 5 of rye. How many bushels of each did he 
mix ? Ans. Oats 78, rye M bu. 

33. A person having laid out a rectangular yard, observed, that 
if each side had been 4 yards longer, the length would have been 
to the breadth, as 5 to 4 ; but, if each had been 4 yards shorter, 
the length would have been to the breadth, as 4 to 3 ; required the 
length of (he sides. Ans, Length, 36, breadth 28 yards,, 

34. A farmer rents a farm for 245 dollars per annum ; the. tilla- 
ble land being valued at 2 dollars an acre, and the pasture at 1 
dollar and 40 cents an acre; now the number of acres tillable, is 
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to the excess of the tillable above the pasture, as 14 to 9 ; how 
many were there of each ? A. Tillable 98, pasture 85 acres. 

35. Two shepherds, A and B, are intrusted with the charge of 
two flocks of sheep ; at the end of the first year, it is found, that 
A's iloek has increased 10, and B's diminished 20, when their 
numbers are to each other, as 4 to 3 ; during the second year, A ? s 
flock loses 20, and B's gains 10, when their numbers are to each 
other as 6 to 7, Required the number in each flock at first. 

Ans, A's had 70, and B ? s 80 sheep. 

38. After drawing 15 gallons from each of 2 casks of wine, the 
quantity remaining in the first, is § of that in the second ; after 
drawing 25 gallons more from each, the quantity left in the first, 
is only half that in the second. Required the number of gallons 
in each before the first drawing. Ans. 65 and 90 galls. 

87, There is a fraction, such that if 1 be added to the numera- 
tor, and the numerator to the denominator, its value will be -| ; 
but if the denominator be increased by unity, and the numerator 
by the denominator, its value will be f ; find it. Ans. yV 

38. Find two numbers in the ratio of 5 to 7, to which two other 
required numbers, in the ratio of 3 to 5, being respectively added, 
the sums shall be in the ratio of 9 to 13, and the difference of their 
Bums equal to 16. Ans. 30 and 42, 8 and 10. 

Let the first two numbers be represented by 5a,* and Ix, and the 
other two by % and 5y. 

39. A farmer, with 28 bushels of barley, worth 28 cents per 
bushel, would mix rye at 36 cents, and wheat at 48 cents per 
bushel, so that the whole mixture may consist of 1 00 bushels, and 
be worth 40 cents a bushel ; how many bushels of rye, and how 
many of wheat must be mixed with the barley? 

Ans. Rye 20, and wheat 52 bu. 

40. Two loaded wagons were weighed, and their weights were 
found to be in the ratio of 4 to 5 ; part of their loads, which were 
in the ratio of 6 to 7, being taken out, their weights were then 
found to be in the ratio of .2 to 3., and the sum of their weights 
was then 10 tons; what were their weights at first? 

Ans. 16 and 20 tons, 

41. A person had two casks and a certain quantity of wine in 
each ; in order to have the same quantity in each cask, he poured 
as much out of the first cask into the second as it already con- 
tained ; he next poured as much out of the second, into the first, 
as it then contained ; and lastly, he poured out as much from the 
first into the second, as there was remaining in It ; after this, he 
had 16 gallons in each cask; how many gallons did each contain 
at first? Ans. First 22. and second 10 gjalte. 
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S1MFI.® EQUATIONS, CONTMNING TUBES ®K MORE BSENOWW 

aUAWTlTlES. 

Art. 16S.—- Equations involving .three, or more unknown quan- 
tities may be solved, by either of the three methods of elimination 
explained in the preceding Article, as we shall now proceed to 
show, by solving an example by each of these methods. 

Suppose we have the three following equations, in which it is 
required to find the values of x,<y, and z* 
x+2y+ 2=20 (1.) 
2x+ y+2z='31 (2.) 
Zx+4y+2z=44: (3.) 
Solution by substitution, 
From equation (1), %=20—2y—z. 
Substituting this in equation (2), we have 

2(20-%~~3) +sH-3s===31 . 
or, 40— 4y— 22+^+32=3 1. 
3y-2=9 .(4.) 
Substituting the same value of x in equation (3), we have 
3(20— 2y~-z) +4y+22=44„ 
or, 60— 6y— 3»+4y+2a==44, 
2y+2=18 (5.) 
3y-*=9 (4.) 
Here the values of y and % are readily found by the rule, Art. 
158, to be 5 and 6 ; then substituting these values in equation (1), 
we find j&=4. 

Solution by comparison. 

From equation (1), #=20— 2y— z 

« « (3)^44-^ 

Comparing the first and second values of x, we have 

20 ^ 2r ^tf=^ 

or, 40— 4^22=3 1—#— 32 
or,3y— 2=9 .(4.) 

Comparing the first and third values of x f we have 

~ rt ' 44— 4v— 22 

20— 2y—z= — ™y ' 

or, 60— 6y~3«=44— 4^— 22 

2^+2=16 (5.) 
From equations (4) and (5), the values of y and % and then x, 
may be found by? the rule, Art. 159. 
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Solution by addition and subtraction. 

Multiplying equation (1) "by 2, to render the coefficient of a; the 
same as in equation (2), we have 

2x+4y+2s=40 
equation (2) is 2a?+ ?/+3£=3 1 
by subtracting, % — £= 9 (4.) 
Next, multiplying equation (I) by 3,- to render the coefficient of 
x the same as in equation (3), we have 

3aH-6y+3z==60 
equation (8) is 3s+4y+2g=44 
by subtracting, 2#+ #=16 (5.) 
3 ; y— g= 9 (4.) 
by adding, by = 25 

Then 10+£=18 5 and s=6. 
And s+ 1 0+6=20, and «=4. 

Remark.— The methods of elimination by substitution and compari- 
son, when there are more than two unknown quantities, are merely an 
extension of the rules already presented, in Articles 158 and 159; there- 
fore, it is unnecessary to repeat them here. When the number of unknown 
quantities is three or more, and particularly when each of the unknown 
quantities is found in all the equations, the method of elimination by addi- 
tion and subtraction is generally preferred ; we shall, therefore, illustrate it 
by another example. 

Let it be required to find the value of each of the unknown 
quantities in the following equations. 

t?+2H-33H-4z=30 (1.) 
2v+3x+ y+ £=1S (2.) 
3t?+ £+2^+33=23 (3.) 
4»+2»-y+ 142=61 (4.) 
Let us first eliminate v : this may be done by making the coeffi- 
cient of v, in one of the equations, the same as in the other three, 
and then subtracting. 

2H-4&+ 6^+82=60; hy multiplying equation (1) by 2. 

g_g+ fo+y+ 3==35 (2.) 

ar+5#+7#=45 (5.), by subtracting. 

3t'+6a^+%+I2;s=90 7 by multiplying equation (1) by 3. 
3y+a;+2y+3g= 23 (3.) 

§&+??/+ 9g=87 (6..), hj subtracting, 
4»+8a;+12y+162=120, by multiplying equation (1) by 4. 
jv+fjat— y+14g== 61 (4.) 

6#+13#+2js== 59 (7,), by subtracting. 
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Collecting into one place, the new equations (5), (6)* and (7), 
we find, that the number of unknown quantities* as well as the 
number of equations, is one less. 

x~r&v J r7z=45 (5.) 
5x+7y+9z=67 (6.) 
6x+13y+2z=&9 (7.) 
The next step is to eliminate #, by making the coefficient of x 9 
in one of the equations, the same as in each of the others, and 
then subtracting, 

5a;4-25y4-3 52=225, by multiplying equation (5) by 5. 
5z+7tj+9z= 67 
18H-26s=158 (8.) 
8^+30?/4-423=27G J by multiplying equation (5) by 8» 
6a+13y+2g= 59 

17y4-40z=211 (9.) 
Bringing together equations (8) and (9), we find, that the num- 
ber of equations, as well as of unknown quantities, is now two 
less. 18^+262=158 (8.) 

17y4-402=211 {9.) 
306^4-4422=2686, by multiplying equation (8) by 17. 
3(%4-72Qg=379 8, by multiplying equation (9) by 18. 
2782=1112 

2= 4 
Substituting the value of z 9 in equation (9), we get 
17^4-160=211 

17?/=: 51 

Substituting the values of y and z 9 in equation (5) ? we get 
34-154-28=45 

And lastly, substituting the .values of x, y> and % in equation 
(1), we get «?4-4+94-l6=30 

or, v==l. 
From the preceding example, we derive the 

GENERAL B1JLE, 
FOE ELIMINATION BY ADDITION AND SUBTRACTION. 

1st. Combine any one of the equations with each of the others, so 
as to eliminate the. same unknown quantity; there will thus arise a 
new class of equations, containing one less unknown quantity* 

2d, Combine any one of these new equations with each of the others, 
so as to eliminate another unknown quantity ; there will thus arise 
{mother class of equations? containing two- less unknown qumiiius* 
13 
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3d. Continue this series of operations until a single equation is 
obtained? containing but one unknown quantity, from which Us value 
may he easily found,; iJien, by going back, cmd substituting this value 
in the derided equations, the values of the other unknown quantities 
wiay be readily j 'bund. 

U b m A b &, — -Wliex-i the number of unknown quantities in each equation, 
is less than the whole number of unknown quantities involved, the method 
of "substitution will generally be found the shortest. By solving several of 
the following examples, by each of the three different methods, the pupil 
will be able to appreciate their relative. excellence in different cases. 



EXAMPLES, 

TO Bl SOLVEB BY EITHER OF THE DIFFERENT METHODS OF 

ELIMINATION. 

1. #+#=50. ") ............. 

£+2=28, j" ..'...........■ 



2. 3<c+5#= -76. 1 ........... 

'4<e+62=lG8. \ ......... 

5«+7#=106J ........... 

3. #+#+2=26. 
£+#-—•2= — 6, . 

X — #+2=12. J 

4. cu+|=10O; #+®=10.0; 2+J=100. 

<o & 4 



5. 2s— #+2=9. 1 
a— 2#+32=14. r 
3a+4#—22=7. J 

6, 2a>~~8#+52=15. 
3ar+2#— 2=8. 

— «+5#+22=.21. 



af^+^ 

8 ' 4 3 



Axis. &=ieL 
. , . #=32. 

,- . . 2=10.. 

Ans. a=d2. 

. . . #=8. 

. . . 2=10. 

. Ans. #=3. 
. . . .#=7. 

. . . 2=16. 
( Ans, a;=04= 
^=72. 

2=84,. 
Ans. x=3. 



. Ans. s=2. 

. . . #=3. 

Ans. a=I2. 

. . . #=30, 
. . . 2=42. 
. Ans.- £==6* 

; , . #=4. 
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more $mkngv;n av.mwiwms. 

Art. 1CIS. — When a question contains -/7i7*«e or 11101*0 unknown 
quantities, equations involving thorn, can be found on the same 
principle as in questions containing one or two unknown quanti- 
ties, (See Articles 150 and 161. ) The values of the unknown 
quantities may thou be found by either of the three methods of 
elimination. 

Beiasic, — The method of elimination to be preferred, will depend on 
the manner in which the unknown quantities axe combined, and must bo 
left to the judgment of the piipiL When such a relation exists between the 
different unknown quantities, that one or more of them can be expressed 
directly in terms of another, it should be done, as this generally renders the 
solution more simple. 

I. A person has 3 ingots, composed of 8 different metals in dif- 
ferent proportions ; a pound of the first contains 7 ounces of sil- 
ver, 3 of copper, and 6 of tin ; a pound of the second consists of 
12 ounces of silver, 3 of copper, and 1 of tin ; and a pound of 
the third, of 4 -ounces of silver, 7 of copper, and 5 of tin. How 
much of each of the ingots must he taken, to form another ingot 
of 1 pound weight, consisting of ■ 8 ounces of silver, 3 1 of copper, 
and 4| of tin? "" 

Let x x y, &, he the number of ounces to he taken of the 3 ingots 
respectively. 

Then, since 16 ounces of the first contain 7 ounces of silver, 
1 ounce will contain j$ of an ounce of silver ; and hence, x ounces 

7x 
will contain T ~ ounces of silver. 

J.O 

12?/ 
In the same manner, y ounces of the second will contain '-~~f 

If> 

4z 
ounces of silver; and z ounces of the third will contain tt> ounces 

of silver. But, "by the question, the .number of ounces of silver 
in a pound of the new ingot, is to he 8, hence 
7x , 12// 4z 

Or, by clearing it of fractions, 

7x-{-12y+4z==I28:(l.) 

Ke view.— 182. What is the general rule for elimination by addition 
and subtraction ? When is the method of elimination by substitution to be 
preferred to this ? 163, Upon what principle are equations formed, when 
a question contains three or more unknown quantities ? When should we 
use a hm number of symbols than there' are unknown quantities ? 
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Reasoning in a similar manner with reference to the copper and 
the tin, we have the two following equations : 
3x+3y+7z=60 (2.) 
6a+ jH-5«=68 (3.) 
The coefficient of y "being the -simplest, will be most easily elim- 
inated. 

If we multiply the second equation by 4, and take the first equa- 
tion from the product, the result is 

5a+24s=112 (4.) 
If we multiply the third equation by 3, and take the second 
from the product, the result is 

X&M-8s=444 (5.) 
If we multiply the last equation by 3, and take the preceding 
equation from it, the result is 

4G»=320 

Substituting this value of x in equation (5), we have 
120+8»=144 

And substituting these values of x and z, in equation (3), 
48+^+15=68 
y=5. 
Hence, the new ingot will contain 8 ounces of the first, 5 of the 
second, and 3 of the third. 

2. The sums of three numbers, taken two and two, are 27, 32, 
and 35; required the numbers. Ans. 12, 15, and 20. 

3. The sum of three numbers is 59 ; J the difference of the 
first and second is 5, and |- the difference of the first and third is 
% required the numbers. Ans. 29, 19, and 11, 

4. There are three numbers, such that the .first, with 4- the sec- 
ond, is equal to 14 ; the second, with -| part of the third, is equal 
to 18; and the third, with -| part of. the first, is equal to 20; 
required the numbers. Ans. 8, 12, and 18. 

5. A person bought three silver watches ; the price of the first, 
with |- the price of the other two, was 25 dollars ; the price of 
the second, with |- of the price of the other two, was 26 dollars ; 
and the price of the third, with | the price of the other two, was 
29 dollars ; required the price of each. A. $8, $18, and $16. 

6. Find three numbers, such that the first with -g of the other 
two, the second with |- of the other two, and the third with |- of 
the other two, shall each be equal to 25. Ans. 13, 17, and 19. 

7. A boy bought at one time 2 apples and 5 pears, for 12 cents; 
at another, 3 pears and 4 peaches, for 18 cents; at another, 4 pears 
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and 5 oranges, for 28 cents ; and at another, 5 peaches arid 6 
oranges, for 39 cents ; required the cost of each kind of fruit. 
Ans, Apples 1 cent, pears 2, peaches, 3, oranges 4 cts., each. 

8. A and B together possess only f as much money as C ; B 
and together, have 6 times as much as A ; and B has 680 dol- 
lars less than A and C together ; how much has each 2 

Ans. A $200, B $360, and C $840. 

9. A, B, and together, have 1820 dollars; if B give A 200 
dollars, then A will have 160 dollars more than B; hut if B 
receive 70 dollars from 0, they will both have the same sum ; how 
much has each ? " Ans. A $400, B $640, and $780. 

10. Three persons, A, B, and 0, compare their money; A says 
to B, "Give me 700 dollars, and I shall have twice as much as you 
will have left." B says to 0, "Give me 1400 dollars, and I shall 
have three times as much as you will have lefb." And says to 
A, "Give me 420 dollars, and then I shall have five times as much 
as you will have lefb." How much has each? 

Ans. A $980, B $1540, and $2380. 

1 1. A certain number is expressed by three figures, and the sum 
of the figures is 11; the figure in the place of units, is double that 
in the place of hundreds ; and if 297 be added to the number, its 
figures will be inverted ; required the number. Ans. 326.. 

12. Three persons, A, B, and C, together, have 2000 dollars; 
if A gives B 200 dollars, then B will have 100 dollars more than 
C; but, if B gives A 100 dollars, then B will have only f as much 
as C ; required the sum possessed by each. 

Ans. A $500, B $700, and $800. 

'13. There are three numbers whose sum is 83; if, from the 

first and second you subtract 7, the remainders are as 5 to 3 ; but 

if from the second and third, you subtract 3, the remainders are 

to each other as 11 to 9 ; required the numbers. A. 37 ? 25, 21. 

14. Divide 180 dollars between three persons, A, B, and 0, so 
that twice A's share plus 80 dollars, three times B*s share, plus 
40 dollars, and four times C's share plus 20 dollars, may be all 
equal to each other. Ans. A $70, B $60, and C $50, 

15. There are three numbers whose sum is 78 ; -J of the first is 
to | of the second, as 1 to 2; also, | of the second is to |- of the 
third, as 2 to 3 ; what are the numbers ? Ans, 9, 24, and 45, 

16* A, B, and 0, have a sum of money ; A ; s share exceeds -f of 
the shares of B and C, by 30 dollars ; B^s share exceeds § of the 
shares of A and O, by 30 dollars ; and C's share exceeds f of the 
shares of A and B, by 30 dollars ; what is the share of each ? 

Ans. A's $150, B's $120, and C's $90. 
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17. If A and B can perform a certain work in 12.' days, A and 
C in 15 days, and B and G in 20 days, in what time could each 
do it alone? Ans. A 20, B SO, and C 60 days. 

18. A number, expressed by three figures, when divided by the 
sum of the figures plus 9, gives a quotient 19 ; also, the middle 
figure is equal to half the sum of the first and third ; and, if 198 
be added to the number, we obtain a number with the same figures' 
In. an inverted order; what is the number? Ans, 456. 

19. A farmer mixes barley at 28 cents, with rye at 36 ? and 
wheat at 48 cents per bushel, so that the whole is 100 bushels, 
and worth 40 cents per bushel. Had he put twice as much -rye, 
and 10 bushels more of wheat, the whole would have been worth 
exactly the same per bushel ; how much of each kind was there ? 

Ans. Barley 28, rye 20, and wheat 52 bushels. 

20. A ? B, and C, in a hunting excursion, killed 96 birds, which 
they wish to share equally; in order to do this, A, who has the 
most, gives to B and C as many as they already had ; next, B gives 
to A and C as many as they had after the first division ; and 
lastly, C gives to A and B as many as they both had after the 
second division; it was then found, that each had the same num- 
ber ; how many had each at first? Ans. A 52, B 28, and 10. 



CHAPTER V, 

SUPPLEMENT TO EQUATIONS OP THE FIRST DEGREE. 

SMIEEALISATIOI. 

Art. Iti4lU---EQUATiONS are termed literal^ when the known 
quantities are represented, either entirely or partly, by letters. 
Quantities represented by letters, are termed general values -be- 
cause, by giving particular values to the letters, the solution of one 
problem, furnishes a general solution to all others of the same kind* 

The answer to a problem, when the known quantities are repre- 
sented by letters, is termed a formula; and a formula, expressed 
in ordinary language, furnishes a rule. 

By the application of Algebra to the solution of general ques- 
tions, a great number of useful and Interesting truths and rules 
may be established. We shall now proceed to illustrate this sub- 
ject, by a few examples. 

Art. 16«l.— -! . Let it be required to find a number, which being 
divided by 3, and by 5, the sum of the quotients will be 16. 
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Let #== the number; then ^+^=16. 

&H-3s==16Xl5 
&&=16X15 
a?= 2X15=30. 

2. Again, let It be required to find another number, which being 
divided by 4, and by 7, the sum of the quotients will be 11. 

By proceeding, as in the preceding question, we find the num- 
ber to be 28. 

Instead, however, of solving every example of the same kind 
separately, we may give a general solution, that will embrace all 
the particular questions. Thus : 

3. Let it be required to find a' number, which being divided by 
two given numbers, a and 5, the sum of the quotients may be 
equal to another given number, c- 

Let x= the number ; then -+t— e. 
a b 

bz-\-ax-~abc 
^__ abc 

The answer to tins ( ( ee^mn is termed a ibrmub ; it ?dio\™, that 
the required number h< equal to tbe continued product off, 6, and 
c. divided hy the sum of a and b. Or, it may be expressed in 
ordinary language, dm?,: Jltdiiphi together the lime yiven aumhers, 
end divide the proditrt by ike sum of the divisors; tit ft ra>itU wdl be 
the rt quired tilth. U>\ 

The pimil may left rho accuracy of this ruJe, by ^oHiug IJa, 
following examples, rmd voihjitig the results. 

d. Fin-1 a number, vudeh ]>eing divided hy*>, ana by 7, ihc rum 
of the quotients may be >J0. j-vds. --.«. 

5. Find a number, which bemg cliudetl by I ami J, the *?uro of 
the quotients may be 1. Ami. ^. 

Art. &<*&.- --1 . The emu of 500 dollars? is to be divided between 
two person^ A and I), po that A ma} have 50 dollars less iban IX 

An«. A $ fc 22.\ 13 ?j^75. 

To make tbia question general, let 11 be stated a^ lb j lows: 

Ru vi s;w„-~dG<i. Yfhcu nro equations termed literal ? When are quars 
ih ; ^ UvniPd <*eT<.H*nl ? When i* tlio answer io a problem termed a Coarmla ? 
What i* o, ionuuln, called, vhen expr-o^ed *n o-dlnary longnn/jo ? LGJ. Ex- 
ample 3. What i«< Ihe answer to thitf {pillion, cwf?0(i in orumor; 
Kmo'Hsif/e ? 
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2. To divide a given number, a, into two such parts, that their 
difference shall he 6. Or thus : 

The sum of two numbers is a, and their difference b ; required 
the numbers. 

Let #= the greater number, and #= the less, 
Then x-\-y~a 
And %—y-==b 
By addition, 2x~a-{-b 

a a-\-b a L b 

X—~ — ^ -j ^ 

By subtraction, 2#=a — & 

a — & a b 

^"~2~~~2~~2* 
This formula, when expressed in ordinary language, gives the 

RULE, 

FOR FINDING TWO QUANTITIES, WHEN THE IB SUM AND DIFFERENCE 
ARE GIVEN. 

To find the greater, add half the difference to half the sum. To 
find the less, subtract half the difference from half the sum. 

Let the learner test the accuracy of the rule, bj finding two 
numbers, such that their sum shall be equal to the first number 
in each of the following examples, and their difference equal to 
the second. 

3. Sum 200, difference 50. ........ Ans. 125, 75. 

4. Sum 100, dillerenee 25. ........ Ans. 62|, 87|. 

5. Sum 15, difference 10. ........ . Ans. I2|-, 2-|- 

6. Sum 5|, difference f ........... . Ans. 3|, 2f » 

Art. 10 f» — 1. A can perforin a certain piece of work in 3 days, 

and B in 4 days ; in what time can they both together do it ? 

Ans. If days. 
To make this question general, let it be stated thus : 
2. A can perform a certain piece of work in m days, and B can 

do it in n days ; in how many days can they both together do it ? 
Let £C= the number of days in which they can both do it. 

1 
Then -== the part of the work which both can do in one day, 

i 
Also, if A can do the work in m days, he can clo — part of it m 

I 
one day. And, if B can do the work in n days, he can do - part 

of it in one day. Hence, the part of the work which both can do 

11 1 

in one day, is represented by — 1~- , and also by ~» 
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Therefore, . 


. . . 


1 1__1 
m n x 

7ix-\~7nx~^=.mn 








This result, 


expres 


mn 

ised in ordinary language, 


gives 


the following 



RULE, 

Divide the product of the numbers expressing the time in which 
each can perform the work by their sum ; the quotient will he the 
time m "which they com jointly perform it 

The question can be made more general, by expressing it thus : 
An agent, A, can produce a certain effect, e, in a time, i ; another 
agent, B, can. produce the same effect, in a time, if; in what time 
can they both do it? Both the result and the rule would be the 
same as that already given, 

The following examples will illustrate the rule, 

8. A cistern is filled by one pipe in 6, and by another in 9 hours ; 
in what time will it be filled by both together? A. Sf hrs. 

4. One n; an can drink a keg of cider in 5 days, and another hi 
7 days; in what time can both together drink it? A. 2y| dys. 

Art. I€S«— -Let it be required to find a rule for dividing the gain 
or loss in a partnership, or, as it is generally termed, fellowship. 

First, take a particular question. 

1. A, B, and C, engage in trade, and put in stock in the follow- 
ing proportions : A -put in 8 dollars, as often as B put in 4, and as 
often as C put in 5 dollars. Their gains amounted to 60 dollars ; 
required the share of each, the gains being divided in proportion 
to the stock put in. 

Let 3x=^- A/s share of the gain, then 4je== B's, and 5a?™ C's, 
(See Example 24, page 126.) 

Then 3sH 4a;+5z=60 

or, 12#=89 
x= 5 
Sx=15 9 A^s share. 
4®=20, B ? s " 
5a?=25, C's- " 

2. To make this question general, suppose A puts in m dollars, 
as often as B puts in n dollars, and as often as C puts in r dollars ; 
and that they gain c dollars. To find the share of each. 

Review. — 168. By what rule do you find two quantities, when their 
sunt and difference are given? 187. When the times are given, in which 
each of two agents can produce a certain effect, how is the time found in 
which they can jointly produce it? 
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Let the share of A be denoted by <mx, then nx=z B ? s, and rx~ 
C's share. Then mx~{-7ix-\-rx^=e 

c 



m-f-n-f-r 
p. 



c nc 

nx=m X- 



rTz=: _ ss c ^ ™__._. 

s m-j-n-j-r m-i-n-f?'' 

By examining these formula, we see that the whole gain, e, Is 
divided by m-f-w+r, the sum of the proportions of stock furnished 
by all the partners, and that this quotient is multiplied by m, n, 
and r, each one's respective proportion, to obtain his share of the 
gain. 

If c had represented loss, instead of gain, the same solution 
would have applied Hence, to find each partner's share of the 
gain or loss, we have the following 
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Since the sums engaged, evidently are to each oilier, m 2 7 3, 
and 7, we may either use these numbers, or those representing the 
stock, 

4. In a trading expedition A put in 200 dollars 3 months, B 
150 dollars for 5 months, and 100 dollars for 8 months; they 
gained 215 dollars ; what was eaeh man's share of the gain ? 

Ans. A's share §60, Ws $75, and C ? s §80. 

Akt, l€lf>» — L Two men, A and I>, can perform a certain piece 
of work in a days, A and C in b day*, and B and C in c days ; in 
what time could each one, alone, perform it? and, in what time 
could they perform it, all working together? 

Let x, ?/, and % represent the days in which A, B, and C can 

respectively do it.- 

■ 1 "j 1 

Then ~, -, and --, represent the parts of the work which A, B, 

co y z L 

and can each do in 1 day. 

Since A and B can do it in a days, they do -~ part of it in I day. 

1*3 
But, -4-- represents the Bart of the work which A and B can do 

' x " y \ v 

in one day. Hence, 

1 I 1 

i_4-~^:~- (L) and reasoning; in a similar manner, we have 

x ' y a 

x { z~b {, ~' } . 

1 , 1 1 m , 

IT* ~ a 

9- ;* 1 ! I 
4_.:;_L.r = ^z_|_ ..'_._ \ )Y addiiur the throe conations together. 
x ' y z a ' b c " 

-+- +-==■■ -r-iwyrw-??-; (^} »Y umdmg by it. 
x y z <£& 6'U <&c 

1 — _■_._. .l -_-.--— — , bv subtracting i J from pip 

x 2a ' 26 2c 2abc " ° s ; v ' 

or, a;(flc-S-^-~«y)----2«c?c, by clearing of fractions. 

In a similar manner, by subtracting equation 



ac-\~be — al> 

(2) from (4), and reducing, we find #=-^-£7™.- 

. „ -j 2aoc 
Also, in the same manner, z is found ^-^ — . 

Since ~4f -+._, or ;r~4-^+^ represents the part all can do in 
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/ 1 1 I \ 
one day ; if we divide 1 by I ^ — hi7~hj~ ) > khe quotient, which 

~, will represent the number of clays in which all can 



perform it. 

Aet. 1TO« — In the solution of questions, it is sometimes neces- 
sary to use general values for particular quantities, to ascertain 
the relation which they bear to each other ; as in the following 
problem. 

If 4 acres pasture 40 sheep 4 weeks, and 8 acres pasture 56 
sheep. 10 weeks, how many sheep will 20 acres pasture 50 weeks, 
the grass growing uniformly all the time ? 

The chief difficulty in solving this question, consists in ascer- 
taining the relation that exists between the original quantity of 
grass on an acre, and the growth on each acre in one week. 

Let m= the quantity on an acre when the pasturage began, and 
n= the growth on 1 acre in 1 week; m ancbi representing pounds, 
or any other measure of the quantity of grass* 

Then 4w= the growth on 1 acre in 4 weeks. 

And I6«= the growth on 4 acres in 4 weeks. 

Also, 4m-f-16?i= the whole amount of grass on 4 acres in 4 
weeks. 

If 40 sheep eat 4m+16n in 4 weeks, then 40 sheep eat 

4m~j~16n- . . . , 

—m~\-4n m one week. 

4 

. _ - , , m-\~4n m . n . t 

And 1 sheep eats — tk — =-77H-^ta m one week, 

1 40 40 lO 

Again, 8m+80?i= the whole amount of grass on 8 acres in 10 
weeks. 

if 56 sheep eat 8m+80n in 10 weeks, 

Then 56 sheep eat ^--+8^ in 1 week. 
1 10 

A ., , , . 8m , 8n m , n . , - 

And I sheep eats 7r^/r4-^— s^+uc m ■*■ ^ ee k. 

1 5b0 i>6 70 7 

_ T m . n m , n 

1-^enoe, Ijg+jQ^o^ 

Or, 7m+28n==4m+4Qn 

3m=12« 
m=4» 
or »=^w ; hence, the growth on one acre in 1 week, is 
equal to :| of the original quantity on an acre. 

lhen, I sheep, in i week, eats IQ+l^^JQ r-^g^gcV 
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And 1 sheep, in 50 weeks, oats o7\X50=-^— , 

20 acres have an original quantity of grass, denoted, by 2Qm. 
The growth of 1 acre in I week being \m 9 in 50 weeks, it will 

be ~*-j—. And the growth of 20 acres, in 50 weeks, will be 

^X2Q=250ro. 

Then 20»H-250m==270m, the whole amount of grass on 20 
acres in 8 weeks. 

Then 270^-*—^-=^ — =108, the number of sheep required. 

GENERAL PROBLEMS. 

1. Divide the number a into two parts, so that one of them shall 

be n times the other, . na , a 

Ans. — rr a &d • — —=-. 
n-\-l n~r± 

2. Divide the number a into two parts, so that m times one part 

shall be equal to n times the other. . na . ma 

1 Ans, — r~ and — ~~ • 

m-f-n m J r?i 

3. Divide the number a into two parts, so that when the first is 
multiplied by m, and the second by n, the sum of the products may- 
be equal to 5. 4 b — na ma~~~b 

1 Ans. and « 

m—n m — n 

4. Find a number, -which being divided by m, and by n, the sum 
•of the quotients shall be equal to a, t h mna 

5. Divide a into three such parts, that the second shall be m 9 
and the third n times the first, 

. a ma ., na 

Ans. tr— — , ~~ ~ ; -—, anci - 



1-j-m+w' I+m+ft' 1+m-H** 

6. Divide a into two such parts, that one of them being divided 

by &, and the other by c, the sum of the quotients shall be equal 

to cL . b(a-~cd) , c(bd~~~a) 

Ans. ~™ and ~- 7 - '. 

6 — c 6 — c 

7. What number must be added to a, and £, so that the sums 

shall be to each other as m to ft ? . m&~~~na 

Ans, — — — • 

8. What number must be subtracted from a and b, so that the 
differences shall be to each other as m to n ? . _ nor—mb 

n—~m 

9. "What number must be added to a, and subtracted from 6, that 
the sum may be to the difference as m to n? » n n 2^IZ" na 
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10. After paying away ~ and — of my money, I 'had a dollars 



m n 

loft ; how many dollars had I at first? 



Ans* 



■mn — m — n 

in , - 

11. What quantity is that of which the — - part, diminished by 

the - pari is equal to a c Ans, ~ . 

q mQ — np 

12. A certain number of persons paid for the use of a boat, for 
a pleasure excursion, a cents each ; but, if there had been b per- 
sons less, each would have had to pay c cents ; how many persons 
were there? , be 

Alls. . 

c — a 
L?\ A nor^ou gsvo some poor pojsoas a cents a piece, and bad 6 
eenis lefi ; bm\ if he :v\l pveu them c* com 4 a p:>H'\ he v<m!J 
Iuht had d ceo!,, "oA't; h)w many person-* were LVvo? ^ ( d -6 

Id. A tdmim- nL:e°. oats at ft eerds per bushel, who eye ol 6 
cents per biiohe!, so that a bushel of t ! ie mixture iu.-m,'] # com. -; 
how iiiaay bivheh* of each wdl ;? busheds of Tie mdd iso coeradi ? 

(i 6 a b 

}"->. A person borrowed a ? maeh money as he had ui his nmr", 

and Ihea tpenf a eeut>s a<;alm ho oorrowed as much as he bad in 

ids pui^o, a Ticu' which ho spent a corns ; h>^ horrowod uud r.peni, 

iu the same manner, a ddrd and fointh Hue, aider ^hleh, he li ul 

not \uv,i\ left ; law* nn;c]> bed he at first;? > ! 5>' v 

A us, - , , . 
lb 

J 6. A person lias 2 Lmds of coin ; it (nke-* " piece < of she f.iv', 

and o pieces of iho recoup, to m&ko one doihr; l -iow mini; pieces 

of each kind must be take a, so tlin- c pieces uay f> e^uh.rlent to 

a dollar? A a[f*—r) , {>(c—a) 

Alls. -~ and ~~V~— --•-. 

o -a b—a 

Aut. If 1U : — It sometimes happens in the solution of an .equa- 
tion of the first degree, that the second or some higher power of 
the unknown quantity occurs ; but, in such a manner, that it is 
easily removed, or made to disappear, so that the equation can be 
solved in. the usual manner. The following are examples of eej na- 
tions and problems belonging to this class. 

■1. Given 2a? 2 +8a:=lla; 2 — 10a? 3 to find the value of x. 

■By- dividing each side 1 by a;, we have 

2#+ 8—1 1^—10, from which re=2. 

' 2, Given (4+x){3+x)~-6{lQ~-x)==x(7+x), to find x, 



Ans. s~ 


::I2. 


Ans. 


& 


=9. 


.A jib. 


X'- 


—■§ 



NEGATIVE solutions, lot 

Performing the operations indicated, we have 

1 2 -\-7x~\- xr — 80 + &x^=7x-f~x 2 
Omitting the. quantities on each side which are equal, we have 
12-— 8()-j-fc=0, from which <r=8. 

8, %z*~~~~ 8a?=24aj— 5a^. ............ Ans. x=4 

4. 40a?~6E 8 ~16afcl20s 2 — 14s 8 . . . . . . 

5. Srf— lOaafeSoa^+aas 3 . ........ 

- , , 2^ 2 <_ t 

O. CC -| <| "^ — 2/. .....„..„<.» 

7 6x4-13 3a+5^2a? 4rsr-=- tf >0 

15 ' oai— -25™ 5 ' * "'" l "" ~" * 

8,(«-fa:)f6+a;}-— «(<?--5)==a;(5+a;).. . . . . Ans. «~c— 26. 

9. «a:4-6 2 — -^— r — ; . . .......... Ans. «=A r. 

a~j-# <r-pO" 

10. aj+a-ho+c— — r-r- — . ...... Ans. &~ — — -. 

a-j-o — c-f-a? «-{~o 

11. The difference between two numbers is 2, and their product 
is 8 greater than the square of the less ; what are the numbers? 

Ans, 4 and 6. 

12. It is required to divide the number a into two such parts, 
that the diifcreneo of their squares may be c. 

. a~—-c _ a? J rC 

Ans, —^ — and -~ r -. r - . 

~Za za 

18, If a certain book contained 5 more pages, with 1.0 more 

lines on a page, the number of lines would bo increased 450; but 

if it contained 10 pages less, with 5 lines less on a page, the whole 

number of lines would be diminished 450. Required the number 

of pages, and the number of lines on a page. 

Ans. 20 pages, and 40 lines on a page. 

NEGATIViS SOLUTIONS. 

Akt. V2 2«-~~ It has been slated already (Art, 23), that when a 
quantity has no sign prefixed, the sign plus is understood ; and 
also (Art. 64), that all numbers or quantities are regarded as posi- 
tive, unless they are otherwise designated. Hence, in all prob- 
lems, it is understood, that the results are required in positive 
numbers, It sometimes happens, however, that the value of the 
unknown quantity in the solution of a problem, is found to be 
minus. Such a result is termed a negative solution. We shall now 
examine a question of this kind. 

I. What number must be added to the number S> that the sum 
shall bo equal to 3 ? 

Let x~~- the number, 
■ Then 5-4-z~:3. 

And ^8-""5----~-2. 
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Now, — 2 added to 5, according to the rule for Algebraic Addi- 
tion, gives a sum equal to 3 ; thus, 5-4- ( — 2)~3. The result, —2, 
is said to satisfy the question in an algebraic sense; hat the prob- 
lem is evidently impossible in an arithmetical sense, since any posi- 
tive number added to 5 5 must increase, instead of diminishing it ; 
and this impossibility is shown, by the result being negative, in- 
stead of positive. Since adding ■ — 2, is the same as subtracting 
+2 (Art. 61), the result is the answer to the following question: 
What number must be subtracted from 5, that the remainder may 
be equal to 3 ? 

Let the question now be made general, thus : 

What number must be added to the number a, that the sum 
shall be equal to b ? 

Let x= the number. 

Then a-\~x=^b. 

And #--&-—&. 

Now, since «~j~(Z> — &)=&, this value of x will always satisfy the 
question in an algebraic sense. 

While b is greater than a, the value of x will be positive, and, 
whatever values are given to b and a, the question will be consist- 
ent, and can be answered in an arithmetical sense. Thus, if 6=10, 
and a=8, then x===2. 

But if 5 becomes less than a, the value of x will be negative ; 
and whatever values are given, to & and a, the result oh tained, will 
satisfy the question in its algebraic, but not in its arithmetical sense. 

Thus, if 6=5* and «— 8, then #=•— -3. Now 8~j-(-— 3)=5; that 
is, if we subtract 8 from 8, the remainder is 5, We thus see, that 
when a becomes greater than 6, the question, to be consistent, 
should read, What number must be subtracted from the number a, 
that the remainder shall be equal to b ? From this we see, 

1st. That a negative solution indicates same inconsistency or ab- 
surdity ', in the question from which the equation was derived. 

2d. When a negative solution is obtained, the question, io which it 
is the answer, map he so modified as to be consistent 

Let the pupil now read, carefully, the "Observations on Addi- 
tion and Subtraction/ 7 page 43 r and then modify the following 
questions, so that they shall be consistent, and the results true in 
an arithmetical sense, 

2. What number must be subtracted from 20, that the remainder 
shall be 25? (a=--5.) 

R e v i b W.—172. What is a, negative solution ? When is a result said to 
satisfy a question in an algebraic sense ? In an arithmetical sense ? What 
does a negative solution indicate ? 
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3, What number must be added to II, that the sum being mul- 
tiplied by 5, the product shall be 40? (%= — 3.)' 

4, What number is that, of which the g exceeds the § by 3 ? 

(#— — 38.) 

5, A father, whose age is 45 years, has a son, aged 15 ; in how 
many years will the son be | as old as his father? (#= — 5,) 

DISCUSSION OF PEOBLEMS. 

Art. llf So — When a question has been solved in a general man- 
ner, that is, by representing the known quantities by letters, we 
may inquire what values the results will have, when particular 
suppositions are made with regard to the known quantities. The 
determination of these values, and the examination of the various 
results which we obtain, constitute what is termed the discussion 
of the problem. 

The various forms which the value of the unknown quantity may 
assume, are shown in the discussion of the following question, 

1. After subtracting b from a, what number, multiplied by the 
remainder, will give a product equal to c? 

Let #— the number. 

Then (a—b)x=c. 
c 

~~~ a — 6* 
.Now, this result may ha?e five different forms, depending on the 
values of a, b, and c. 

Note, — In the following forms, A denotes merely some quantity. 

1st. "When b is less than a. This gives positive values, of the 
form -j-A. 

2d. When b is greater than. a. This gives negative values, of 
the form — A. 

3d. When b is equal to a. This gives values of the form |j. 

4th. Where c is 0, and b either greater or less than cl This 
gives values of the form i~« 

5th. When b Is equal to a, and c is equal to 0. This gives 
values of the form -§. 

We shall examine each of these in succession. 

I. When b is less than a. 

In this ease, a — b is positive, and the value of x is positive. 
To illustrate this form, let a^8 ; 5—3, and c—20, then £--4. 

Eeview.— 172. When a negative solution is obtained, how may the 
question, to which it is tlio answer, be modified? 173. What do yon under- 
stand hj the discussion of a problem? The expression e divided by «—-&, 
may have how many forms ? Name the#e different forms, 

14 
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II. When b is greater than a. 

In this case, a — b is a negative quantity, and the value of & 
will be negative. This evidently should be so, since minus mul- 
tiplied by minus produces plus; that is, if a — b is minus, x must 
be minus , in order that their product shall be equal to c, a posi- 
tive quantity. To illustrate this case by numbers, let a-— 2, 5=5 ? 
and <?=12; then, a— b=~~- 3, <c=— 4, and -~8X~~-4^I2. 

III. When b is equal to a. 

In this case x becomes equal to jy We must now inquire, what 
is the value of a fraction when the denominator is zero, 
1st. Suppose the denominator 1, then y=:c. 

2d. Suppose the denominator yg, then y=10c 

3d. Suppose the denominator T ^$, then —^==1 00c. 

4th. Suppose the denominator j-gou, then -7^==! 000c. 

While the numerator remains the same, we see, that as the de- 
nominator decreases, the value of the fraction increases. Hence, 
if the denominator be less than any assignable quantity, that is 0, 
the value of the fraction will he greater than any assignable quan- 
tity, that is, infinitely great. This is designated by the sign go, 
that is c 

o =co - 

This is interpreted by saying, that no finite value of a? will 
satisfy the equation; that is, there is no number, which being 
multiplied by 0, will give a product equal to c. 

IV. When c is 0, and b is either greater or less than a. 


If we put a— -b equal to d, then %=~=0, since dfXO=0; that 

is ? when the product is zero, one of the factors must be zero. 

V. When 5=a, and e=0. 

c 
In this case, we have #= — ^=k, or xXfl—Q. 
a — b 

Since any quantity multiplied by 0, gives a product equal to 0, 
any finite value of x whatever, will satisfy this equation; hence, x 
is indeterminate. On this account, we say that § is the symbol 
of indetermination;- that is ? the quantity which it represents, has 
no particular value. 

Review.-— 1^3. When is x of the form +A? When is a? of the form 
—A ? When is ce of the form A, or go ? Show how the value of a fraction 
increases, as its denominator decreases. What is the value of a fraction 
whose denominator is zero ? Of x when cis 0, and b greater or less than a ? 
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The form ■§ sometimes arises from a particular supposition, when 
the terms of a fraction contain a common factor. Thus, if 

fl &„ -,,r r/V* //"" ~ ft, 

. and we make b=a t it reduces to ~ — —=-§ ; but, if we 



a — o a — a 

cancel the common factor, a — 5, and then make &=«, we have 
x=2a. This shows, that before deciding the value of the unknown 
quantity to be indeterminate, we must see that this apparent inde- 
termination has not arisen from the existence of a factor, which, 
by a particular supposition, becomes equal to zero. 

The discussion of the following problem, which was originally 
proposed by Clairaut, will serve to illustrate further the preceding 
principles, and show, that the results of every correct solution, 
correspond to the circumstances of the problem, 

PROBLEM .OF TUB COB11EES, 

Two couriers depart at the same time, from two places, A and 
B, distant a miles from each other ; the former travels m miles an 
hour, and the latter, n miles ; where will they meet? 

There are two cases of this question. 

I, When the couriers travel toward each other. 

Let P be the point where they meet, A ] fmmmms^*smmmimmm! i B 
and #=AB, the distance between the ^ 

two places. 

Let jc=AP, 1 the distance which the first travels. 

Then a — #— BP, the distance which the second travels. 

Then, the distance each travels, divided by the number of miles 
traveled in an hour, will give the number of hours he was traveling. 

Therefore, — = the number of hours the first travels. 
' m 

And — --= the number of hours the second travels, 
n 

But they both travel the same number of hours, therefore 

x a — x 

m n 

am 



x= 



m-f-n 
an 



a~~~x=- . . 
m-f-n 



am a ^ a 



1st. Suppose m=m f then x=^-^-~==^ 9 and (&—&=&> that is, if 

the couriers travel at the same rate, each travels precisely half 
the distance. 
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2d. Suppose n=0, then x=—-~a \ that is. if the second courier 

m 

remains at rest, the first travels the whole distance from A to B. 
Both these results are evidently true, and correspond to the cir- 
cumstances of the problem. 

II. When the couriers travel in the same direction, 
As before, let P be the point of A |^H^y^>-^c^;^^j P 
meeting, each traveling in that direc- ^ 

tion, and let a=AB the distance between the places, 
&™AP the distance the first travels. 
x — &=BP the distance the second travels. 
Then, reasoning as in the first case, we have 



ri n 

nx—mx—am 

am . an 

cc= and x—a- 



m — n in — n 

hi. f wo srppc e ,;? grco>e<- iuAii /\ the \Aac of << will be po<$~ 
iilsv; iVi i , tho eoorl v^> v Hi m3'4 ou the vi^ht of IX Thi* cvi- 
densly lOu'e-^ond ><> :b ,N <i ci«i*i ' mc r , of th) ; ,-\ ;>1ool 

2d. >f v,c ^i,»pi e / g ^iitee than ?}?, 'ho \rh»e of a and id^o 
that of «>• ft. ^'U V ne„ rho. TM* no^oho \ due o r .r >hon i 
tin I lL rt iv i^ Lrt'ii v " .eomi< aiu v ni the eo *stlo:i i VrL 17 v 2). in- 
deed, v lion /,» v le ,> thai >?, L is c\ideot Tor' uie ^ouvhvs chil no* 
u«?ei, tine v !ho lb 1 *?, o>d co»i"or is irovolbn; factor rhan the hind 
tavA. i'd os inn biqi.re how to** question may bo mod' arch no 
iha 1 ' the \atno obrahmd f)r »•' smdi be eonCtoiu. 

^T we soppo e fit* direction changed io yJdch the courier^ 
i, ,o, sei; tiiai ^\, thai iho fh'd rravols V < "^ ~~-~* v N **-*•* i 
from A, and the second from 13 to- 
ward P 7 : and that a=AB 
ti— AP 7 
a+a—BP', we have, reasoning as before., 
x __ a+a? 
m fl- 
am 



and a~|-a>— ~ 



« — m ■ n — Tii 

The distances traveled are now both positive, and the question 
will be consistent, if we regard the couriers, instead of traveling 
toward P, as traveling in the opposite direction toward P'. The 
change of sign, thus indicating a change of direction (Art, 64), 

3d, If we suppose m equal to n. 

T .■',,■' onn , an 

In this case x is equal to --^~, and x—a^-jc* 



IMPOSSIBLE PROBLEMS. 165 

As has been already shown (Art.. 173), when the unknown 
quantity takes this form, it is not satisfied by any finite value ; or, 
it is infinitely great. This evidently corresponds to the circum- 
stances of the problem : for, if the couriers travel at the same 
rate, the one can never overtake the other. This is sometimes 
otherwise expressed, by saying, they only meet at an infinite dis- 
tance from the point of starting. 



4th. If we suppose ($=0, then x= , and x — a=— — . 

m — n m — n 

When the unknown quantity takes this form, it has been shown, 
already, that its value is 0. This corresponds to the circumstances 
of the problem ; for, if the couriers are no distance apart, they 
will have to travel no (0) distance to bo together, 

5th. If we suppose w »-■?*, and «--{). 

In this case, #---{}-, and x — a—--%. When the unknown quantity 
takes this form, it has been shown (Art, 178), that it may have 
any finite rate whatever. This, also, evidently corresponds to the 
circumstances of the problem; for, if the couriers are no distance 
apart, and (ravel at the sa-m-e rate, they will be always together ; 
that is, at any distance whatever from the point of starting. 

Lastly, if we suppose n~~~{), then x~—-~~—-a: that is, the first 

courier travels from A to B, overtaking the second at B„ 

771 *2/>'tYH 

IT we suppose n----'--^ then x^—'~-^—~-2a t and the first travels 

twice the distance from A to B, before overtaking the second. 
Both results evidently correspond to the circumstances of the 
problem. 

\\i V ^ ( \ \n c p .muni n 1 in 1q ft Kttt \ ht n theielaaon 
of the {in u 'life \\] ( ii i oj I i» , { n not be o] t amod (Liccily 
from oihei » vutA v Mci it i <Hmu aied Ihu , J e eui«iu)n 

, 'i 

are independent of each other, since the one can not be obtained 
from the other in a direct manner. 

& e v xe w.— 173. 'What is the value of x when &™a and e==0 ? What is 
the value of a fraction whose terms are both zero? Show, that this form 
sometimes arises from the existence of a common- factor, which, by a par- 
ticular hypothesis, reduces to zero, Discuss the problem of the "Couriers," 
and show, that in every hypothesis the solution corresponds to the circum- 
stances of the problem. 
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The equations, #+2y===ll 

2x J r 4#=22, are not independent of each other, 
the second being derived directly from the first, by multiplying 
both sides by 2. 

Art. If He — An equation is said to be indeterminate, when it can 
be verified by different values of the same unknown quantity. 
Thus ? in the equation x — ^=5, by transposing y, we have as=5+#. 

If we make y=l, x=8. If we make y=2, jc=7, and so on; 
from which it is evident, that an unlimited number of values may 
be given to x and y, that will verify the equation, 

If we have two equations containing three unknown quantities, 
we may eliminate one of them ; this will leave a single equation, 
containing two unknown quantities, which, as in the preceding 
example, will be indeterminate. 

Thus, if we have x+Sy+z=10- 

and x-\-2y — g~ 6, if we eliminate x we. have. 
!y-f-23= 4, from which y=4 — 2z. 

If we make 2=1, y=2, and #=10 — % — z=S. 

If we make £=1|, #=1, and x=b^. 

In the same manner, an unlimited number of values of the three 
unknown quantities may be found, that will verify both equations. 
Other examples might be given, but these are sufficient to show, 
that when the number of unknown quantities exceeds the number of 
independent equations, the problem is indeterminate. 

A question is sometimes indeterminate that involves only one 
unknown quantity ; the equation deduced from the conditions, being 
of that class denominated identical. The following is an example. 

What number is that, of which the f , diminished by the § , is 
equal to the s *$ increased by the -g^? 

Let #= the number. 

-,, 3a? 2x a? , x 

Clearing of fractions, 45a; — 40ar=3a;+2aj 

or, 5#=5aj, which will be verified by 
any value of x whatever. 

Art. If s -~ The reverse of the preceding case requires to be 
considered ; that is, when the number of equations is greater than 
the number of unknown quantities. Thus, we may have 
x+ 2/=10 (L) 
*~ y= 4 (2.) 
. 2x~~~ %= 5 (3.)- 
Each of these equations being independent of the other two, 
one of them is unnecessary, since the values of % and y, which are 
7 and 3, may be determined from any two of them, When a 
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problem contains more conditions than are necessary for deter- 
mining the values of the unknown quantities, those that are unne- 
cessary, are termed redundant conditions. 

The number of equations may exceed the number of unknown 
quantities, so that the values of the unknown quantities shall be 
incompatible with each other. Thus, if we have 
x+ y=z 9 (1.) 
aH-%=13 (2.) 
2x+3y=21 (3.) 

The values of x and y 9 - found from equations (1) and (2), are 
x=o, ^==4 ; from equations (1) and (3), are #=6, y=& ; and from 
equations (2) and (8), are x=3, y^=5» From this it is manifest, 
that only two of these equations can be true at the same time. 

A question that contains only one unknown quantity, is some- 
times impossible. The following is an example. 

What number is that, of which the |- and -| diminished by 4, is 
equal to the § increased by 8? 

Let #~ the number, then ~+« — 4=-4~f~8. 
J 2 3 6 

Clearing of fractions, 3x-j~2x— 24===5sc+48. 
by subtracting equals from each side, 0=^72 ; which shows, that 
the question is absurd. 

Rema R k. — Problems from which contradictory equations are deduced, 
are termed irrational or impossible. The pupil should be able to detect the 
character of such questions when they occur, in order that his efforts may 
not be wasted, in an attempt to perform an impossibility. A careful study 
of the preceding principles, will enable him to do this, so far as equations 
of the first degree are concerned. 

Art. Iff.— Take the equation ax—c$=b—d, in which a repre- 
sents the sum of the positive, and — c the sum of the negative 
coefficients of x ; b the sum of the positive, and • — d the sum of 
the negative known quantities. This will evidently express a 
simple equation involving one unknown quantity, in its most 
general form. 

This gives (a — c)x=b—d. 

Let a — c=m 9 and 5 — d=n* we then have m&=-n y or #=• — -. 

m 

Now ? since n divided by m can give but one quotient, we infer 

that an equation, of ihe first degree has but one roof; that is, in. a 

simple equation involving but one unknown quantity, there is but 

one value that will verify the equation. 

Review.— 1H. When is an equation termed independent? Give an 
example. 175. When is an equation said to be indeterminate ? Give an 
example. 1?'6, What are redundant conditions ? 
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CHAPTE1 VI. 

FORMATION OF POWERS— 

EXTRACTION OF THE SQUARE EOOT-- RADICALS OF THE 
SECOND DEGREE, 

IM'¥0MJTKM, 0X3, FOBMATIOM OF POWERS, 

Akt. If §« — The term power is used to denote the product aris- 
ing from multiplying a quantity by itself, a certain number of 
nixies, and the quantity which is multiplied by itself, is called the 
root of the power. 

Thus a 2 is called the second power of a, because a is taken twice 
as a factor ; and a is called the second root of a 2 . 

So, also, a 3 is called the third power of a, because aX^X^—^ 3 * 
the quantity a being taken three times as a factor ; and a is called 
the third root of a 3 . 

The second power is generally called the square, and the second 
root, the square root. In like manner, the third power is called 
the cube, and the third root, the cube root. 

The figure indicating the power to which the quantity is to be 
raised, is called the index, or exponent; it is to be written on the 
right, and a little higher than the quantity. (See Articles 33 
and 85.) 

XL e ma r k. — A power may "be otherwise defined thus : The nth power of 
a quantity, is the gtroduct of n factors, each equal to the quantity; where n 
hi ay foe any n timber, as 2, 3, 4, and so on. Therefore, -we may obtain any 
poiver of a quantity by taking it as a factor as many times as there are units 
in the exjionent of the potoer to lohiehit is to be raised. This rule alone, h; 
sufficient for every question in the formation of powers ; but, for the more 
easy comprehension of pupils, it is generally presented in detail, as in the 
following cases, 

CASE It 

TO RAISE A MONOMIAL TO ANY GIVEN POWEB. 

Art, If flu— L Let it be required to raise 2ab 2 to the third 
power. 

According to the definition, the third power of 2ab% will be the 
product arising from taking it three times as a factor. Thus, 
{2a¥f=^a(yy<^atrX2ab 2 ^ 2X2X2aaab 2 b 2 b 2 
^2 3 X^+iX^+^ 2 ^2 8 X«^ 
In this example, we see, that the coefficient of the. power is found 
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*by raising the coefficient, % of the root, to the given power; and, 
that the exponent of each letter is obtained, by multiplying the 
exponent of the letter in the root, by 3, the index of the required 
power. 

Art. !§#«— With regard to the signs of the different powers, 
there are two cases. 

First, when the root is positive; and second, when the root is 
negative. 

1st. When the root is positive. Since the product of any num- 
ber of positive factors is always positive, it is evident, that if the 
root is positive, all the powers will be positive. 

Tims, +aX+«=+a 2 

+aX+flX+«=H-a 8 , and so on, 

2d. When the root is negative. Let us examine the different 
powers of a. negative quantity, as — a. 

— a=z first power, negative. 

-—coy. — a— ~H& 2 = second power, positive. 

— a-X — &X — a=—a B = third power, negative. 

— aX — «X— -«X — a=+a 4 = fourth power, positive. 

— aX~-^X — <^X — aX—a= — a*= fifth power, negative. 

From this, we see, that the product of an even number of nega- 
tive factors is positive, and that the product of an odd number of 
negative factors is negative. Therefore, the even powers of a neg- 
ative quantity are dill positive, and the odd powers are all negative. 
Hence we have the following 

RUL'E, 
FOE RAISING A MONOMIAL TO ANY GIVEJST POWER. 

liaise the numeral coefficient to the required power, and multiply 
the exponent of each of the letters, by the exponent of the power. If 
the monomial is positive, all the powers will he positive ; hut, if it is 
negative, all the men powers toill be positive, and all the odd powers 
■negative. 

EXAMPLES.. 

■ L Mnd the- square of 3oasy. . ........ Ans* 9a*a?y*. 

2. Find the square of SftV. ......... Ans. 25¥c\ 

8. Find the cube of 2z 2 f. ........... Am. 8asy. 

4. Find the square of —al?c. ........... Ans. a?b 4 e\ 

5. Find the cube of —abc 2 . ,......>.. Ans. ~--a 3 6V. 

Be view. — 177. Esfaow, that in an equation of the first degree, the un- 
known quantity can have but one value. 178. What does the term power 
denote ?. The term root ? . What is the seeond power of a ? Why ? The 
third power of a ? Why ? What is the second power generally called ■? The 
seeond root ? What is ih® index or exponent ? Where should it he written ? 
15 
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6. 

7. 



10. 
11. 
12. 

13. 

14, 
15. 
16. 
17, 
18. 
19. 
20. 
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Find the 
Find the 
Find the 
Find the 
Find the 
Find the 
Find the 
Find the 
Find the 
Find the 
Find the 
Find the 
Find the 
Find the 
Find the 



fourth power of SabhK 
fourth power of -™3a 7A 
fifth power of alP-c<P. 
fifth power of — 



inurm power oi — ~3a5 3 e 2 * 
fifth power of < 
fifth power of — a 
sixth power of & 2 bchl« 



<tb n cd 2 . 



seventh power of —~ mV. 

eighth power of ~—rmiK . 

cube of —3a*. . . . . . 

cube of — Sxy 2 . , . . ■. . 
fourth power of 5&V 1 . . , 
cube of — 4 A. „■.... 

cube of —8s?y\ . . . . 

seventh power of —2xyz\ 
fourth power of 7gW. . « 
fifth power of — 3a?xy 2 $. , 



. Ans. 8'ltf*& M c* 
. Aiis. 81r#5 12 e 8 , 
. Ans. a% l °chl m » 
Ans. — a 5 6 15 c^ 10 . 
. Ans. a 1 WW 



Ans. ■ 



-m^'/r « 



. , . . Ans. m 8 n 1€ . 
. . , Ans. — 27a» 
. . Ans. —27ajy». 
. „ Ans. 025a**; 1 *. 

. . Ans. — 64a 9 £ s ; 
• . Ans. — 512s;y„ 
. Ans. -128KV2 14 . 
. . Ans. 24QlcM\ 
Ans. ~243a^fy x V 9 . 



L®1« CASE II. 

TO RAISE A POLYNOMIAL TO ANY POWER- 

Find ike product of the quantity, taken as a factor as mam/ times 
as there are units in the exponent of the power* 

Hotjs.— ~ This rule, and that in the succeeding article, ibltow directly 
from the definition of a power. 



BXAMPIiBS. 



1. Find the square of ax-\~cy. 

{ax-rey) (ax-\~ e^-)=a 2 aj 2 -f-2aca^+«^« 



Ans, 



% 


find 


■$. 


find 


4. 


find 


5, 


Find 


6. 


find 


7, 


Find 


8. 


Find 


a 


find 


1& 


Find 


li. 


find 


12. 


Ii&& 



.Ans. 1— -2b+a; 3 . 
. . . . Ans, ar4~2a:+l* 
. Ans. a 2 x 2 ~-~2aexy~-\~e 2 yK 
. Ans. 4a;*~12a;V+9y*. 
Ans. a?-f 3a^~j~3aa; 2 ~|~art 
Ans. a?— 3a;V+ &e# 2 — y. 
Ans, 8a*~12a£+8a>~l. 



the square of l-*-®.. . . 
the square of a^-j-L . . 
the square of ax—~cy* . 
the square of 2a; 2 — By 2 , 
the cube of a+x, « . 
the cube of x — y, . . . 
the cube of 2a; — 1. » . 
the fourth power of c — x, 

Ans. c*^4^a;+6c 2 a^4csc s +^ 
the square of &~j-5 J r e» 

Ans. a 2 +2«6+6 2 +2a<?+25c+ic 2 » 
the square of a~~~ &~j-c— » d. 

Ans. a*~ 2ab+&+2ac--2a$+&-~' 2bc+2bd— 2ed~\~d\ 
the. eabe of 2aj 2 —^a;4-l. 
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Art. 1S&. case hi. 

TO RAISE A FRACTION' TO ANY POWER, 
ft, Hi Hi Jtu « 

Raise both numerator and denominator to (he required power by 
actual muMipliccUion,. 

EXAMPLES. 

1. Find the square of -73-y 

&~\~b a~\~b __a 2 ~\-2ab J r ¥ i 
e—d c~~d~ c?~~2cd-\- d l% 

2x 4x % 

2. Find the square of -—-* , . . . . . . • . . . Ans. jc-*-. 

x Sy ' . % 2 

3. Find the cube of -~~~. ...,..♦.. Ans. —-.- 

xy x b j/ 

2x 2 4& 4 

4. Find the square of —- -J?-. . ..»»«...* Ans.^r--, 

Sy ®y* 

5. Find the cube of — -=-4~. ,«,*»*«* Ans. • — r^-v 

*• xt. j Al ' /. ^'™~~^ a # 2 — 4#+4 

8. JBmd the square of — -^ ........ .-Ans. -tt-t* — 7-77. 

7. Fmd the cube of — ^— ^ . Ans. -—4 — ~^lJ~^.^lJ, 

8^ 2 27y°z» 

8. Find the square of —- — r -- {. . . . Ans, ttt—^-h — ^~~~~J* 

B HO MI AL T HE ORE M. 

Art, 1@S» — The Binomial Theorem, (discovered by Sir Isaac 
Newton), explains the method of raising the sum or difference of 
any two quantities to any given power, by means of certain rela- 
tions, that are always found to exist between the exponent of the 
power and the different parts of the required result. 

To discover what these relations are, we shall first, by means of 
multiplication, find the different powers of a binomial, when both 
terms are positive ; and next, when one term is positive, mid the 
other negative, 

B e v 1 e w,-~ 1*9. In raising 2ah' z to the third power, how is the coefficient 
of the power found ? How is the exponent of each letter found ? 180. When 
the root is positive, what is the sign of the different powers ? When it is 
negative? What is the rule for raising a monomial to any given power? 
181. What is the rule for raising a polynomial to any given power? 
1B%» What is the rule for raising a fraction to any power? 183. What does 
the Binomial Theorem explain ? 
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1. We will first raise a~\~b to the fifth, power. 
a+ b 



a 2 + ab 

-f- ##+ 5 2 
« 2 ~j~2a6~f ft 2 ™* ..-..., second power of a+b, or (a+6) 2 . 
a + b 

a*b+ 2«5 2 -f W 



o 8 +3a 2 6+ 3a 6 2 + 5 3 -^ «... third power of a+6, or (a4~5) 3 . 
+ a*b+ 3aW+ Satf+b* 



a*+4a 8 5+ 6a 2 6 2 + 4a 6»+6*= ............ (a+&)*. 

a +b 

a 6 +&*H- .6a 8 Z> 2 + 4a 2 #+ a& 4 " 
+ **&+ 4a 8 & 2 + 6a 2 6 3 +4a& 4 +5 5 



a 5 +5^6+10a 3 6 2 +10a 2 6 3 +5a6 4 +6 5 = ^. ...... . (a-f&) 5 . 

The first letter, as a, is called the leading quantity ; and the 
second letter, as b 9 the folloiving quantity. 
We will next raise a—b to the fifth power. 

a— & 

a — • b 



(ar~~by« 



a 2 — a b 

a 2 — 2a b+ #*= 


. . . . . . . . 


a 3 ~~~2« 2 d-f a & 2 
— a 8 6+ 2a W~~~ 


W 


a?~~~3a 2 b+ 3a ¥— 
a— 6 


¥=: . . , . . 


a*-3a 8 &+ 3a a & 2 — 
— a 8 &+ 2a?b 2 ~~ 


■ a ft 8 

- 3a &*+ 6 4 




• 4a& 3 + 5*= , 


a«L-4a i &+ 6a s 5 2 -~~ 


- 4a 2 & 8 + a&* 



-ft)'. 



(«-&)*. 



a^- 5a 4 6+10a% 2 -™10« 2 5H5^ 4 ---5 5 ^ ........ («-5) 5 * 
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Art. 1§4*~— In examining the different parts of which these 
results consist, there are evidently four things to be considered, 

1st. The number of terms of the power. 

2d, The signs of the terms. 

3d, The exponents of the letters. 

4th. The coefficients of the terms. 

We shall examine these separately. 

1st. Of the number of terms. 

By examining either of these examples, we see, that the second 
power has three terms, the third power has four terms, the fourth 
power has five terms, the fifth power has six terms ; hence, we 
infer, that the number of terms in any power of a binomial, is one 
greater than the exponent of the power, 

2d. Of the signs of the terms. 

From an examination of the examples, it is evident, that when 
both terms of the binomial are positive, all the terms will he -positive. 
When the first term is positive, and the second negative, all the odd 
terms will be positive, and the even terms negative. 

Note. — By the odd terms are meant the 1st, 3d, 5 th, and so on; and, 
bj the even terms, the 2d, 4th, 6th, and so on. 

3d. Of the exponents of the letters. 

If we omit the coefficients, the remaining parts of the fifth 
powers of a-\-b and a—b, are 

(a+6) 6 . .......... at+afy+cPtf+aW+abt+b*. 

{a—b) 5 . ........... a 6 —a%+a?b 2 -^a 2 bHab 4 ~~bK 

An examination of these and the other different powers of a~\-b 
and a — b, shows, that the exponents of the letters are governed by 
the following laws : 

1st. The exponent of the leading letter in the first term, is the same 
as thai of the power of the binomial; and the exponents of this letter 
in the other terms, decrease by unity from left to right, until the last 
term, which does not contain the leading letter. 

2d. The exponent of the second letter in the second term is one; 
and the other exponents of this letter increase, by unity, from left to 
right, until the last term, in which the exponent is the same as thai 
of the power of the binomial. 

3d. The sum of the exponents of the two letters in any term is 
always the same, and is equal to the power of the binomial, 

Eitiew,- 184 In examining the different powers of a binomial, what 
four things are to he considered ? What is the number of terms in any 
power of a binomial 1 Give examples. When both terms of a binomial are 
positive, what are the signs of the terms ? When one term is positive, and 
the other negative, what are the signs of the odd terms ? Of the even 
terms f What is the exponent of the leading letter in the first term ? 
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The pupil may now employ these principles, in writing the dif- 
ferent powers of binomials without the coefficients, as in the fol- 
lowing examples. 

(x~\~yf . . . a?+x*y-\-xy 2 +yK 

(x — yY « . , a; 4 — x B y~\~x 2 y 2 — xy^-j-y 4 * 

{x-{-yY . * . x 5 -{-x i y-{-x s y 2 '\-x 2 y 3 -\~xy i 4'i^. 

(x—yY • • • %* — x'y-^-x^y 2 — xhf-^x^y* — ## 5 +# 8 . 

(x~~~yY , , . x 1 — x^y~\~xhj 2 ' — x i y 3 ~i~x i y i —x l y 5j rxy^ — y*. 

(x-\-yY . . . x 9 ~{-x 1 y^x 6 y 2 -i~x 5 y^x^y^x B y^x l y Qj rxy 1 4 r y 8 

Of the coefficients. 

An inspection of the different powers of (ch\~b) and {a — 6), 
plainly shows, 

That the coefficient of the first term is always 1; and the coeffi- 
cient of the second term is the same as thai of ike power of ike binomial. 

The law of the succeeding coefficients is not so readily seen ; it 
is, however, as follows: 

If the coefficient of any term be multiplied by the exponent of the 
leading letter, and the product be divided, by the number of thai term 
from the left, the quotient will be the coefficient of the next term. 

Omitting the coefficients, the terms of a-\~b raised to the sixth 
power, are a 6 +a 5 6+a 4 6 2 +a 3 6 5 H-a 2 6*+«& 5 +& 6 - 

The coefficients, according to the above principles, are 
l p 6x5 15X4 20X3 15X2 6X1 

or, 1,6, 15, 20, 15, 6, 1. 

Hence, {a+b)*=a*+6a*b+l 5a?b 2 +20ce i b*+15aW+6ab*+V i . 

.From this, we see, that the coefficients of the following terms 
are equal : the first and the last ; the second from the first, and the 
second from the last; the third from the first and the third from 
the last, and so on. Hence, it is only .necessary to find the coeffi- 
cients of half the terms, when their number is even, or one more 
than half, when their number is odd ; the remaining co'effieients 
being equal to those already found, 

EXAMPLES. 

L Raise x-\-y to the third power. Ans. ic 3 +3ic 2 ^+3a^ 2 +^ 8 « 

2, Baise (x — y) to the fourth power. 

Ans. # 4 — 4a?y+ Qx 2 y 2 — 4txy z +y\ 

3, Raise m-\-n to the fifth power. 

Ans, m 5 +5m i »+ 1 Qmhi 2 -{- 1 Omhi^+Smn^+nK 

Review.— 184. How do the exponents of the leading letter decrease 
from left to right? What is the exponent of the second letter in the first 
term? In the second term ? How do the exponents of the second letter 
increase from left to right ? To what is the coefficient of the first term equal ? 
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4. liaise x — z to the sixth power, 

Ans. 3*~-&*z+ 1 5a^ 2 ~-20r¥-f 15*V— 6as6?+ s 6 . 

5. What is. the seventh power of a~\-b ? 

Ans, a*-f7a%-f2 1 a 5 6*-j~35a*6*+35a 8 &*+ 2 1 a 2 #4-7a& 6 -f b\ 
€. What is the eighth power of m — n ? Ans. m B — 8m 7 ?t 

H-28m% 3 ~56w^ s +70mV~56m 8 nH-28mV-~8j»« 7 +w 8 . 

7. Find the ninth power of #•— y. Ans. x 9 — 9x 8 i/-\~SGx 1 if 

— 84a*y 8 +126xV^126a;V 6 +84a*/~36a;y+9a;^^y 9 . 

8, Find the tenth power of a{-h. 

Ans . a*°+ 1 0a»6+46a«6H- 1 20a 7 6»+2 1 0a 6 5 4 ~f 252a*#4-2 1 QaW 
+ 1 20a 3 6H-45a 2 & s + 1 Gatf»+o 10 . 

Art, !&«$• — The Binomial Theorem, may he used to find the 
different powers of a binomial, when one or both terms consist of 
two or more quantities, 

1. 'find the cube of 2x—ae i . 

Let 2ar=m, and ac 2 ~n ; then 2x — ac 2 =m~-tt. 
(m — n.) s — m 3 — 3m 2 ?j-f3mn 2 — n? 
m =2% n =a <r 

m 2 =4:X 2 n 2 =a 2 c 4 

Substituting these values of the different powers of m and % 
in the equation above, and we have 

(2«— a^) s =8a^-^X4a; 3 Xac 2 +3X2arXa 2 c*-^ s c 6 
= Sx 3 — l2ac 2 x 2 ^-$a 2 c i x---oM. 

2. Find the cube of 2a— 3b. Ans. 8a?*-36a?b+54ab 9 -~ 27#. 

3. Find the fourth power of m-j-2?i. 

Ans. m i +8mhi+24mW-\-B2nin*+l8n\ 

4. Find the third power of 4cOx 2 -\-3cy. 

Ans. 64a^+144a 2 ca^+108^ 3 a^+27cy. 

5. Find the fourth power of 2x — 5s. 

Ans. 16a^-160A+60(kV— 1000aa?+625«*. 
Art. 1§6«— The Binomial Theorem may likewise be used to 
raise a trinomial or quadrinomial to any power, by reducing it to 
a binomial by substitution, and then, after this has been raised to 
the required 'power, restoring the values of the letters. 
1. Find the second power of a-\-h~[~c. 
Let &+c™# ; then a+&+c==a4~#« 

(a^x) 2 ^a?~\~2£t% J rz 2 
2ax ~2d(b+c) 

Then (a+thhc)*^ 2 +2aZ>+2ac+b 2 +2bc+c i . 

..■Bbtxtuw.— 184. Of the second term? How is the coefficient of any 
other term found ? Of wlmt terms are the coefficients equal ? 
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2, Find the third power of x~\~y'-{-z. 

Ans. ^+2x^^2x i z+Sxy 2 +^yz+2xz^+t^+Sy 2 z+Syz 2 +^ 
2. Find the second power of ' a-\-b-\-c-\-d. 

Abs. a a +2^+^+2ac+2&c+c a +2ad+26c?+2cd5+^ 
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■ EXTRACTION OF THE SQUARE BOOT OF KUMBERS. 

Art. JLf§f« — The second root, or square root of a number, is that 
number, which being multiplied by itself, will produce the given 
number. Thus, 2 is the square root of 4, because 2X2=4. 

The process of finding the second root of a given number, is 
called the extraction of the square root. 

Art. 1§§* — The first ten numbers are 

1, 2, 3, 4, --§, 6, 7, 8, 9, 10, 
and their squares are 

1, 4, 9, 16, 25, 36, 49, 64, 81, 100. 

The numbers in the first line, are also the square roots of the 
numbers in the second. 

We see, from this, that the square root of a number between I 
and 4, is a number between L and 2 ; the square root of a num- 
ber between 4 and 9, is a number between 2 and 3 ; the. square 
root of a number between 9 and 16, is a number between 3 and 
4, and so on, 

Since the square root of 1 is 1, and of any number less than 
100, is either one figure, or one figure and a fraction, therefore, 
when the number of places of figures in a number is not more than 
two, ike number of places offiguresAn ike square root will be one. 

Again, take the numbers 

10, 20, "30, 40, 50, 60, 70, 80, 90, 100, 
their squares are 
100, 400, 900, 1600, 2500, 3600, 4900, 6400, 8100, 10000, 

From this we see, that the square root of 100 is ten; and of 
any number greater than 100, and less than 10000, the square 
root will be less than 100 ; that is, token the number of places of 
figures is more than two, mid not more than four, the number of 
places of figures in the square root will be two. 

In the same manner, it may be shown, that when the number 
of places of figures in a given number are more than four, and 
not more than six, the number of places in the square root will be 
fiiree, and so on. Or thus ; when the number of places of figures 
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in the number is either one or two, there will he one figure in the 
root ; when the number of places is either three or four, there will 
be two figures in the root ; when the number of places is either 
Jive or six, there will be three figures in the root, and so on. 

Art. 1@9. -Every number may be regarded as being composed 

of tens and units. Thus, 23 consists of 2 tens and 3 units ; 256 
consists of 25 tens and 6 units. Therefore, if we represent the 
tens by i, and the units by u, any number will be represented by 
£+w, and its square, by the square of i-\-u, or (2+w) 2 . 

Hence, the square of any number is composed of the square of the 
tens, plus a quantity, consisting of twice the tens plus the units, mul- 
tiplied by the units. 

Thus, the square of 23 ? which is equal to 2 tens and 3 units., is 

2 tens squared =(20) 2 ==400 
(2 tens + 3 units) multiplied by 3==(40+3)X3==129 

529 
1. Let it now be required to extract the square root of 529. 
Since the number consists of three places 529123 

of figures, its root will consist of two places, 4001" 

according to the principles in Art. 188; we 20 v ' 9 -~40"l29 
therefore separate it into two periods, as in 3 

the margin. 43 12 g 

Since the square of 2 tens is 400, and of 3 tens, 900, it is evi- 
dent, that the greatest square contained in 500 ? is the square of 
2 tens (20) ; the square of two tens (20) is 400 ; subtracting this 
from 529, the remainder is 129. 

Mow, according to the preceding theorem, this number 129 con- 
sists of twice the tens plus the units, multiplied by the units ; that 
is, by the formula, it is (2t-\-tt)u. Now, the product of the tens 
by the units can not give a product less than tens; therefore, the 
unit's figure (9) forms no part of the double product of the tens 
by the units. Then, if we divide the, remaining figures (12) by 
the double of the tens, the quotient will be the unit's figure, or a 
figure greater than it. 

Review. — 187. What is the square root of a number? Give an ex- 
ample. 188. When a number consists of only one figure, what is the great- 
est number. of figures in its square? Give examples. When a number 
consists of two places of figures, what is the greatest number of figures in 
its square? Give examples. What relation exists between the number of 
places of figures in any number, and the number of places in its square ? 
189. Of what may every number be regarded as being composed ? Prove 
this, and then illustrate it. 
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We then double the tens, which makes 4 (2/), and dividing this 
into 12, get 3 (u) for a quotient; this is the unit's figure of the 
root. This unit's figure (3) is to be added to the double of the 
tens (40), and the sum multiplied by the unit's figure. The double 
of the tens plus the units, is 40-J-3— 43 (2t-\~u) ; multiplying this 
by 8 {u) t the product is 129, which is the double of the tens plus 
the units, multiplied by the units, As there is nothing left after 
subtracting this from the first remainder, we conclude 
that 28 is the exact square root of 529. 529(23 

In squaring the tens, and also in doubling them, it 4 

is customary to omit the ciphers, though they are un- 43|"i29 
derstood. Also, the unit's figure is added to the double 1 1 29 

of the tens, by merely writing it in the unit's place. ~~ 

The actual operation is usually performed as in the margin. 

2. Let it be required to extract the square root of 55225. 

Since this number consists of five places of figures, its root will 
consist of three places, according to the principles in Art. 188; 
we therefore separate it into three periods. 5 592 4 1 2° 5 

In performing this operation, we find the square * 

root of the number 552, on the same principle as -. 

in the preceding example. We nest consider the „|***^ 
23 as so many tens, and proceed to find the unit's ~flL^ 
figure (5) in the same manner as in the preceding 465 1 2325 
example. Hence the 2u2o 

MULE, 
jfcTOR THE EXTRACTION 01' THE SQUARE ROOT OF WHOLE NUMBERS. 

1 st. Separate the given number into periods of two places each, 
beginning at the units place. (The left period will often contain 
but one figure.) 

2d. Find the greatest square in the left period, and place Us root 
on the right, after the -manner of a quotient in division. Subtract 
the square of the root from the left period, and to the remainder bring 
down the next period for a dividend, 

3d. Double the root already found, and place it on the left for a 
divisor. Find how many times the divisor is contained in the divi- 
dend, exclusive of the right hand figure, and place the figure in the 
root, and also on the right of the divisor, 

4th. Multiply the divisor thus increased, by the last figure of the 
root; subtract the product from the dividend, and to the remainder 
bring down the next period for a new dividend. 

5th. Double the whole root already found, for a new divisor, and 
continue the operation as before, until all the periods are brought down. 

Be view.— 189. Extract the square root of 520,, and. show the reason far 
each step, by referring to the formula. 
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H o t e , — -If, in any case, the dividend will not contain the divisor, the 
right hand figure of the former being omitted, place a zero in the root, and 
also at the right of the divisor, and bring down the next period. 

Art. lS#e — In Division, when the remainder is greater than the 
divisor, the last quotient figure may be increased by at least I; 
but in extracting the square root, the remainder may sometimes 
be greater than the last divisor, while the last figure of the root 
can not be increased. To know when any figure may be increased, 
the pupil must be acquainted with the relation that exists between 
the squares of two consecutive numbers. 
Let a and a+ 1 be two consecutive numbers, 
Then (a-j~ l) 2 ===a 2 -f2$i~ 1> 'is the square of the greater. 
(a) 2 — a 2 is the square of the less. 

Their difference is 2&+ 1 . 

Hence, the difference of the squares of two consecutive numbers, is 
equal to twice the less number, increased by unity. Consequently, 
when the remainder is less than twice the part of the root already 
found, plus unity, the last figure can not be increased, 

Extract the square root of the following numbers. 



1. 4225, . , 

2. 9409, . 

3. 15129. 

4. 120409. 

5. 28 444, 

6. 498436. . 



Axis. 65. 

Ans. 97. 

. Ans. 123. 

Ans. 347. 

Ans. 538. 

Ans. 708. 



7.- 678976. . . 

8. 950625. . . . 

9. 363609. . . . 

10, 1525225. . . 

11. 1209996225. 



Ans. 824. 
Ans. 975. 
Ans. 603. 
Ans. 1235. 
A. 34785. 



12. 412252416. Ans. 20304, 



J3XTBACTION OP THE SWABS MOOT OF FRACTIONS. 
Art. 101* — Since f X^—f , therefore, the square root of % is f , 

that is, * /_—--= — _. Hence, when both terms of a fraction are 
^9~|/9~3 " 

perfect squares, Us square root will be found, by extracting the square 
root of both terms. 

Before extracting the square root of a fraction, it should be 
reduced to its lowest terms, unless both numerator and denomina- 
tor are perfect squares. The reason for this, will be seen by the 
following example. 

Find the square root of |-Sr, 

12 4X3 
Here, ^=g--n. Now, neither 12 nor 27 are perfect squares; 

B e vis w.— 189. What is the rule for extracting the square root of num- 
bers? 190, What is the difference between the squares of two consecutive 
numbers ? When may any figure of the quotient be increased f 



180 RAY'S ALGEBRA, PART FIRST. 

but, by canceling the common factor 8, the fraction becomes f , of 
which the square root is f . ' 

When both terms are perfect squares, and contain a common 
factor, the reduction may be made either before, or after the square 
root is extracted. Tims, -j/-^ |=f =f ; or, •§§=■§, and i/|— f. 

Find the square root of each of the following fractions, 

*• ^V ...... Ans. 

8 4T" ' » s * ° Ans* 



_9 



XS.1X- . Aim £ 



4. 5 72 a„ 2 

^* TQ0?» . . . - . AUS. yjr. 

^ _1_SJ_9_ Ana 3 7_ 

*>• foooo- . •■• . Ans, Too » 

°- TOOOOOU' • • ■ 11Bb « TOGO* 

Art* 19S»— \A number, whose square root can be exactly ascer- 
tained, is termed a perfect square. Thus, 4, 9, 1 6, &c, are per- 
fect squares. Comparatively, these numbers are few. 

A number whose square root can not be exactly ascertained, is 
termed an imperfect square. Thus, 2, '3, 5, 8, &c, are imperfect 
squares. 

Since the difference of two consecutive square numbers, a 2 and 
a 2 +2a+l, is 2a~r\ ; therefore, there are always 2a imperfect 
squares between them. Thus, between the square of 4(16), and 
the square of 5(25), there are 8(2a=2X4) imperfect squares, 

A root which can not be exactly expressed, is called a surd, or 
irrational root. Thus y2 is an irrational root; it is 1-.414+. 

The sign ~h is sometimes placed after an approximate root, to 
denote that it is less, and the sign — , that it is greater than the 
true root. 

It might be supposed, that when the square root of a whole 
number can not be expressed by a whole number, that it might be 
found exactly equal to some fraction. We will, therefore, show, 
that the square root of an. imperfect square, can not be a fraction. 

Let c be an imperfect square, such as 2, and if possible, lei its 

square root be equal to a fraction -, which is supposed to be in its 

lowest terms, 

Then * p=y ; and c— -p, by squaring both sides, 

Now, by supposition, a and b have no common factor, therefore, 
their squares, a % and b 2 , can have no common factor, since to square 

a number, we merely repeat its factors. Consequently, jj must 

be in its lowest terms, and can not be equal to a whole number. 

o' 2 
Therefore, the equation e=~, is not true ; and hence, the suppo- 
sition is false upon which it is founded ; that is, that i/&=j; there- 
fore, the square root of an imperfect square can not be a fraction. 
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APPROXIMATE gQUARE BOOTS, 

Art. &9S.— -To illustrate the method of finding the approximate 
square root of an imperfect square, let it be required to find the 
square root of 2 to within |. 

Reducing 2 to a fraction whose denominator is 9 (the square of 
3, the denominator of the fraction -§), we have 2= 3 ? f. 

How, the square root of 18 is greater than 4, and less than 5; 
therefore, the square root of ^f is greater than ■§, and less than | ; 
therefore, f is the square root of 2 to within less than |. 

Hence the 

BUJLE, 

FOR EXTRACTING THE SQUARE ROOT OP A WHOLE NUMBER TO WITHIN 
A GIVEN FRACTION. 

Multiply the given number by the square of the denominator of the 
fraction which determines the degree of approximation ; extract the 
square root of this product to the nearest unit, and divide the result 
by the denominator of the fraction. 

EXAMP1ES. 

1. Find the square root of 5 to within |, . . . , . , Ans. 2f. 

2. Find the square root of 7 to within T ^. . • . . . Ans, 2 T %> 

3. Find the square root of 15 to within 33 » . . . Ans, 3§|» 

4. Find the square root of 27 to within ■£■§. . . . , Ans, 5|* 

5. Find the square root of 14 to within j$. ' . • . . Ans. 3.7. 

6. Find the square root of 15 to within j-q-q. . . . . Ans. 3.87. 
Since the square of 10 is 100, the square of 100, 10000, and so 

on, the number of ciphers in the square of the denominator of a dec- 
imal fraction is equal to twice the number in the denominator itself. 
Therefore, when the fraction which determines the degree of approxi- 
mation is a decimal, it is merely necessary to ctdd two ciphers for each 
decimal place required; and, after extracting the root, to point off 
from the right, one place of decimals for each two ciphers added, 

7. Find the square root of 2 to six places of decimals. 

Ans. 1.414213. 

8. Find the square root of 5 to five places of decimals. 

Ans. 2.23606. 
Review.— -191. How is the square root of a fraction found, when "both 
terms are perfect squares ? 192. When is a number a perfect- square ? 
Give examples. When is a number an imperfect square? How can you 
determine the number of imperfect squares between any two consecutive 
« perfect squares ? What is a root called; which can not be exactly expressed ? 
Prove that the square root of an imperfect square can not be a fraction. 
193. How do you find the approximate square root of an imperfect square 
to within any given fraction ? What is the rule, when the fraction which 
determines the degree of approximation, is a decimal ? 
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9. lind the square root of 10. . . .. . . Ans. 3.162277+. 

10. Find the square root of 101. . . . . Ans. 10.049875+, 

11. Find the square root of 60.- . . . . . Ans. 7.74596+. 
Art. 194U — To find the approximate square root of a fraction, 

1. Let it be required to find the square root of | to within |. 

.Now, since the square root of 21 is greater than 4, and less 
than 5, therefore, the square root of f -| is greater than |, and less 
than f ; hence -f is the square root of f to within less than 4* 

Hence, if we multiply the numerator of a fraction by its denomi- 
nator 5 then extract the square root of the product to the nearest unit, 
and divide the result by the denominator, the quotient will be the 
square root of the fraction to within one of its equal parts. 

2. Find the square root of y 4 T to within j T , . , » . Ans. -j 6 T . 

3. Find the square root of y\ to within J5. .... Ans. -f. 

4. Find the square root of jf to within T *g. . . . . Ans, yf- 
Since any decimal may be written in the form of a fraction 

having a denominator a perfect square, by adding ciphers to both 
terms (thus, .4— /^^t1b% o%» &c.), therefore, the square root may 
be found, as in the method of approximating to the square root of 
a whole number, by annexing ciphers to the given decimal, until the 
number of decimal places shall be equal to double the number required 
in the root* Then? after extracting tlie root, pointing off from the 
rights the required number of decimal places. 
Find the square root 

5. Of ,6 to six places of decimals. . , . . . Ans. .774596. 

6. Of .29 to six places of decimals. . . . . » Ans. ,538516, 
The square root of a whole number and a decimal, may be found 

in the same manner. Thus, the square root of 2,5 is the same as 
the square root of f|§, which, carried out 'to 6 places of decimals, 
is 1 .581138+. 

7. Find the square root of 10.76 to six places of decimals. 

Ans. 3.280243. 

8. Mnd the square root of 1.1025. . ...... Ans. 1.05. 

When the denominator of a fraction is a perfect square, its 

square root may be found by extracting the square root of the 
numerator to as many places of decimals as are required, and di- 
viding the result by the square root of the denominator. Or, hj 
reducing the fraction to a decimal, and then extracting its square 

Bxs tim "W."— 194. How do you find the approximate., square root of & frac- 
tion to within one of the equal parts of the denominator ? How do you 
extract the square root of a decimal ? How do you extract the square 'root 
of & fraction, when both terms are not perfect squares t 
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root When the denominator of the fraction is not a perfect 
square, the latter method should foe used. 

§ 8 Find the square root of f to five places of decimals. 
i/f J.78205+, i/4=2, !/|=i J3|iU+=.86602+. 

Or, |=s=.75, and y?75===.806O2+. 

10. Find the square root of 3|. . . . . . Ans. 1.795054+. 

1L Find the square root of -j^. ..... Ans. .661437+* 

12. Find the square root of 3J.' . . « . . Ans* 1.802775+.- 

13. Find the square root of 5|. ..... Ans. 2.426703+. 

14. Find the square root of -|-. . . . . , . Ans. .377984+. 

15. Find the square root of |. ...... Ans. .935414+. 

16.' Find the square root of 2-j. . . . . . Ans. 1.527525+ . 

EXTRACTION OF THE SQlUAIUS BOOT OF M08JOMIALS. 
Art. I9H* — From the principles in Art. 179, it is evident, that 
in order to square a monomial, we must square its coefficient, and 
multiply the exponent of each letter by 2, Thus, 

Therefore, /9a%*=3a6 2 . Hence, the 

MULE 
FOB EXTRACTING THE SQUARE ROOT OF A MONOMIAL. 

.Extract the square root of the coefficient, and divide the exponent 
of each letter by 2, 

Since +aX+<&==+# 2 , &nd —aX — a=^--\~a 2 ? 

Therefore |/a 2 =;+a, or — a* 

Hence, the square root of any positive quantity is either plus 
or minus. This is generally expressed, by writing the double sign 
before the square root. Thus, : |/4a 2 ==db2#, which is read, phis or 
minus 2a, 

If a monomial is negative^ the extraction of the square root is 
impossible, since the square of any quantity, either positive or 
negative, is necessarily positive. Thus, j/ — 9, y— -4a 2 , 1/ — b, are 
algebraic symbols, which indicate impossible operations. Such 
expressions are termed imaginary quantities. They occur, in at- 
tempting, .to find the value of the unknown quantity in an equation 
of the second degree, where some absurdity or impossibility exists 
in the equation, or in the problem from which it was derived. 
See Art. 218. 

Kb view. — 195. How do wo Md the square of a monomial ? How, 
then, do wo find the square root of a monomial ? What is the sign of the 
square root of any positive quantity ? Why is the extraction of fcho square 
root of a negative monomial impossible? Give examples of algebraic sym- 
bols that indicate impossible operations. What are they ie:n:nod? Under 
what circumstances do they occur ? 
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Find the square root of each of the following monomials. 



1. 4a 2 2c 3 . . . . Ans. ±2a#. 

2. 9x 2 y\ . . Ans. ±3^. 

3. 25«W, . Ans, db5aoe 2 . 

4. 36aW. . Ans. rh6« 2 5%. 



5. !6m 2 ^ 6 , . Ans. dz4^mn 2 ^ 

6. 49aW, . Ans. z±:7ab 2 c\ 

7. 625<c 2 «*. . . Ans. ±25^ 2 . 

8. 1156aW. Ans. rfc34a^VA 



(ff \ ft fl f$** $ ft 4f 

1 ) '^'T^J^lv thevefove^yz—^krl that is, ft? jfoidJ 

jfyta square root of a monomial fraction, extract the square root of 
both terms. 

4a z 2a 

9. Find the square root of -^p. ......... Ans. zbor. 

I fl'V'*//* 4jc?/ 

10. Find the square root of ^r-^. . . « . . .Anii--. 
^ 2o<rr oaz. 

EXTRACTION OF THE SCIUAKE BOOT OF POLYNOMIALS. 

Art. I0H* — In order to deduce a rule, for extracting the square 
root of a polynomial, let us first examine the relation that exists 
between the several terms of any quantity and its square. 

(a+b)*^ 2 +2aJb+b*==w 2 +{2a+b)b. 

(a+&+e) 2 ^a 2 +2a&+& 2 +2oc+2^^ 

{a+b+c+d) 2 ^a 2 +2ab+b 2 +2ac+2bc+e 2 +2ad+2bd 
^a*+{2a+b)b+{2a+2b^)c+(2a+2b+2c+d)d. 

Or, by calling the successive terms of a polynomial r, -/, r n , r m , 
we shall have {r+r f +^^ r y^f A +(2r^y + {^r+2i f +7 f y' 
+ {2r+2r'+2r"+r / ")r"'. 

In this formula, r, ■/, /', /", may represent any algebraic quan- 
tities whatever, either whole or fractional, positive or negative. 

Hence, we see, that the square of any polynomial is formed 
according to the following law; 

The square of any polynomial is equal to the square of the first 
term — -plus ttoice the first term, plus the second, multiplied by the sec- 
ond—plus twice the first and second terms, plus the third, multiplied' 
by the third— plus twice Hie first, second, and third terms, plus the 
fourik, multiplied by the fourth, and so on. Hence, by reversing 
the operation, we have the 

RULE, 

FOR EXTRACTING THE SQUARE ROOT OF A. POLYNOMIAL* 

1 st. Arrange the polynomial with reference to a certain letter; then 
find the first term of the root, by extracting the square root of the 
first term of the polynomial; place the result on the right, and sub- 
tract Us square from the given quantity. 
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2d. Divide the first term of the remainder, by double ike part of 
the root already found, and annex the result both to the root- and the 
divisor. Multiply the divisor thus increased, by ike second term of 
the root, and subtract the product from the remainder. 

3d. Double the terms of the root already found, for a partial divi- 
sor , and divide the first term of the remainder, by the first term of 
the divisor, and annex ike result both to the root and the partial divi- 
sor. Multiply the divisor thus increased, by the third term of the 
rooty and subtract the product from the last remainder. Then pro- 
ceed in a similar manner, to find the other terms. 

Eeiab k.-— In the course of the operations on any example, when wo 
find a remainder, of which the first term is not exactly divisible by double 
the first term of the root, we may conclude that the polynomial is not a per- 
fect square. 

EXAMPLES. 

1. Find the square root of r 2 +2r7 / +* /2 +2n // +2// / +r" 2 . 

r s +2r/+^+2r^ / +2y / y // +/^|r+r ; +^ -- r^ 

rj — " 

2H-V |2ry+ r* 
Wr'+r* 



2r+2r'+r" \2rr ,, +2r'^+^ 2 

2r/'-f2ry / +/* 



The square root of the first term is r, which we write as the first 
term of the root. We next subtract the square of r from the 
given polynomial, and dividing the first term of the remainder 
2?y, by 2r, the double of the first term of the root, the quotient is 
r, the second term of the root. We next place ? y in the root, and 
also in the divisor, and multiply the divisor thus increased, by /, 
and subtract the product from the first remainder. We then 
double the terms r-f r', of the root already found, for a partial divi- 
sor, and find that the quotient of 2rr", the first term of the remain- 
der, divided by 2?', the first term of the divisor, is /', the third 
term of the root. Completing the divisor, multiplying by r", mx<i 
subtracting, we find there is nothing left. 

Note .—The first remainder consists of all the terms after r 2 , and the 
second, of all after r% It is useless to bring down more terms than have 
corresponding terms in the quantity to he subtracted. 

Ebstib-w.— 196. What is the square of o-f-J? Of «~f-&~f c? Of a+6 
J^c~\-d? Of r~\"r'-\*-r n ~\"-r fn '{ What may r, /, &e., represent? Accord- 
ing to what law is the square of any polynomial formed? By reversing 
this law, what rale do we obtain, for extracting the square root of a poly- 
nomial ? When may we conclude that a polynomial m not a perfect square t 
16 
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2. Find the square root of the polynomial 25x l y 2 ~~ 24xy*—l2x z y 
+4<e*+ W- * ' . ' 

Arranging the polynomial with reference to x, we have 
4a; 4 — 12rfy+25sy— 24xy z -\-Wy i \2x 2 ~-~ 2xy ~\~4y% root. 

4^ ~ " ~ " 

4.x % — %xy\ — 1 2x 6 ij J r 2bz 2 'if' 2 

— 12afy+ 9x 2 r 



4x 3 — Qxy~\-4y 1 j 1 %xhf — 24xy z -A~ 1 6?/ 
1 1 (jxh/ 2 — 24;n/-f 1 8/ 



It is easily seen, that the operation is analogous to that of ex- 
tracting the square root of whole numbers. 

Find the square root of the following polynomials. 

3. £ 2 +4a+4. .....-....''...._... Ans.^+2. 

4. 4ar— 12a+9. .............. Ans. 2%~3. 

5. x % y"—&xy~\-lG. ............... Ans.aiy— 4. 

6. 4«V+25^V~-20aa;p. ........ Ans. 2ar€— 5yz. 

7. x*l-4x*+6x*+4z-t-l. ........ . Ans. ^+23+1. 

8. 4^—4^+13x- 2 — Ck'-!-9. ........ Ans. 2x 2 ~~ x+ 3. 

9. 9y*—12jr , +34y 2 — 20y+25. . . . . . Ans. 3y 2 — 2y+5. 

10. a% 4 4-6a 2 & 2 2; 2 — 4a 3 5ic 3 — 4aWx-\-b i . . , Ans. a 2 x 2 — 2abx-\-b 2 . 
1 1 .. 1 — 4s+ 1 Oa: 2 — 20^+25^—24^+ 1 6a 6 . 

Ans. I— 2a+3a: a — 4c 8 . 

1 2 . a 6 — 6& 5 # + 1 5a V 2 — 2 0a z x z + 1 5a 2 x 4 — 6 aaf+^ 6 « 

Ans. a 3 ™3« 2 a+3«£ 3 --^. 

13. x 2 +ax+-\a\ ........... . » . . Ans. .r+Ja. 

14. <c 2 — 2a+l+2a^—2y+y 2 . ....... Ans. jc+y— 1. 

15. ar(a;+l)(a:+2)(a:+3)+l. . ...... . Ans. £ 2 +3a+L 

Art. 1OT . — The following remarks will be found useful 

1st. No binomial can be a perfect square; for, the square of a 
monomial is a monomial, and the square of a binomial is a trino- 
mial. Thus, a 2 +d 2 is not a perfect square; but if we add to it 
2ab, it becomes the square of a+b : and subtracting from it 2ab, 
it becomes the square of a — b. 

2d. In order that a trinomial may be a nor feci square, the two 
extreme terms must be perfect squares, and the middle term the 
double product of the square roots of the extreme terms, Hence, 
to obtain the square root of a trinomial when it is a perfect square, 
extract the square roots of ike two cx(< - °%e terms, and 'unite them by 
the sign plus or minus, according as the second term is plus or minus. 

Review.-— 197. Why can no hinoxmal he a perfect square' Give an 
example. What is necessary, in order that a trinomial may ho a perfect 
square ? When a trinomial is a perfect square, how may its square root ha 
found ? (Hve an example.- 
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Thus, '4a 2 — 12#£-{-9c 2 is a perfect square, since |/4a 2 ---2a, 
y/9c\=3c, and +2aX--3cX2=~-12ac. But 9» 2 +12a#4- Wy\ is 
not a perfect square ; since |/9ic 2 =3aj, i/lGy 2 =.4y t and 3&x4#X^ 
— 24#?/, which is not equal to the middle term 12a:?/, 
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Art. S@§» — From the rule Art. 195, it is evident, that when a 
monomial is a perfect square, its numeral coefficient is a perfect 
square, and the exponent of each letter is exactly divisible by 2, 
Thus, Ao? is a perfect square, while 5a 3 is not a perfect square, 
because the coefficient, 5, is not a perfect square, and the expo- 
nent, 3, is not exactly divisible by 2, 

When the exact division of the exponent can not be performed, 
it may be indicated, by writing the divisor under it, in the form 

of a fraction. Thus, ]/a 3 may be written a*. 

Since a is the same as a 1 the square root of a may be expressed 

thus, aft. .For this reason, the fractional exponent, |, is used to 

indicate the extraction of the square root. Thus, y a 2J r2ax~l-%* 

i . i 

and (a 2 -\-2ax-t-x 2 )2, also -j/4 and 4"^, indicate the same operation ; 

the radical sign, -j/, and the fractional exponent, 4, being regarded 
as equivalent. 

Quantities of which the square root can not be exactly ascer- 
tained, are termed radicals of, the second degree. They are also 
called, irrational quantities, or surds. Such are the quantities -/a, 

j/2, a^/h } and 5]/3. Or, as they may be otherwise written, a"2, 

i i , i 

2 2 , ab%, and 5(3) 2 . The quantity which stands before the radi- 
cal sign, is called the coefficient of the radical. Thus, in the 
expressions a\/b } and 3]/§, the quantities a and 3 are called 
coefficients. 

Two radicals are said to be similar, when the quantities under 
the radical sign are the same in both. Thus, 3-j/2 and 7|/2 are 
similar radicals; so, also, are b\/a and 2c^/a. 

Two radicals that are not similar, may frequently become so, 
by simplification.- This gives rise to 

Ke yis *\y. — -198. When is a monomial a perfect square? <Kve an ex- 
ample. How may the square root of a quantity be expressed, without the 
radical sign ? What are radicals of the second degree ? What are radicals 
otherwise called? What is the coefficient of a radical? When are two 
radicals similar? 
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REDUCTION OF UABICAJLS OF THE SECOTD DEGREE. 

Art. 1 00* — Reduction of radicals of the second degree, con- 
sists in changing the form of the quantities without altering their 
value. It is founded on the following principle. 

The square root of the product of two or more factors^ is equal to 
the product of the square roots of those factors. 

That is, j/ab=:i/aXVo; which is thus proved: 

and (/aXV^^^ 

Hence, j/ab and -§/«X]/& are equal to each other, since the 
square of each is equal to ab. 

From this principle, we have y / 36—j/4X9— 2X3, y'144 

=/9Xl6=3X4. 

Any radical of the second degree, can he reduced to a simpler 
form when it can be separated into factors, one of which is a per- 
feet square. 

Thus, y > W== 1 /4><8==i/4X •&==2 1 /3 __ 

-|/ a?b=\/ a 2 X ab= / & 2 X V « b=a\/ ab__ 

From the preceding illustrations, we derive the 
RULE, 

FOE REDUCING A RADICAL OF THE SECOND DEGREE TO ITS SIMPLEST FORM. 

1st. Separate the quantity to be reduced, into two parts, one of 
which shall contain all the factors that are perfect squares, and the 
other the remaining factors. 

2d, Extinct the square root of the pari that is a perfect square, and 
prefix U as a coefficient, to the other part placed under the radical sign. 

To determine if any quantity contains a numeral factor that -is 
a perfect square, ascertain if it is exactly divisible by either of the 
perfect squares, 4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144, &c. 
If not thus divisible, it contains no factor that is a perfect square, 
and the numerical factor can not be reduced. 

Reduce each of the following radicals to its simplest form. 

1. /&?. Ans. 2^/27 

2. |/12a*. Ans. 2a-/Ba 
■ 8. |/16a 3 5. Ans. 4ai/aA 

4. /FS^W. A. 3d%cy1Zbc. 

5. ■■j/20a 8 6 3 c s . A.2abe$/5abc, 

6. S/24^. Ans, 6a a ej/& 

7. 4/27«V. A. I2ac } /2ac, 

8. 7i/28i 6 c». A. Ua 2 c-i/7a, 



9, !/32«%V. Ans, ^bfj/%, 

10. j/40aW. A.2a&c a |/lD6e. 

1 1 . ■\/4Aa b b z c. A. 2#%/ 1 1 afo. 

12. i/45^6¥, Ans. SaW/a 

13. t/48oW. A, 4a%Vj/8. 

14. -j/TSdWc 3 . A. 5«6c|/3adc.- 

15. |/12§5^*?. A. 8a s #c/2, 

16. / 243^5%, A*.9oV3«Cv 
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In a similar manner, polynomials may sometimes he simplified, 

Thus, /pfl^k^^^ 

A fractional radical of the second degree may he reduced to its 
simplest form, by the same rule, by first multiplying both terms 
by any quantity that will render the denominator a perfect square; 
separating the fraction into two factors, one of which is a perfect 
squares then extracting the square root of the square factor, and 
placing it before the other factor placed under the radical sign* 

17. Reduce /# to its simplest form. 



/f= 


T /§Xf=vw«xe=j/|Xi/6=. 


J/6 


Ans. 


Reduce the following fractional radicals to their simplest forms. 


18. yf. 


Ans. J/ 15. 


22. 9|/|f 




Ans. 4/3. 


19. VI 


Ana. |/14. 


23. 5/l£ 




Ans._|/10. 


20. ,/>§. 


Ans. iV~3- 


24. 10/^. 




Ans, /6. 


21. vu- 


Ans. 1/22. . 


25. 7Vi r 




Ans. 1/21. 



Since «=/a 2 , and 2/3==/4X/3==/4X3~/12, it is obvi- 
ous, that any quantity may be reduced to the form of a radical 
of the second degree, by squaring it, and placing it under the 
radical sign. By the same principle, the coefficient of a radical 
may be passed under the radical sign. 

26. Reduce 5 to the form of a radical of the second degree. 

Ans. /25. 

27. Reduce 2a to tne form of a radical of the second degree, 

A .;s, y'4<?7 

28. Express the quantity 3/5, entirely under the radical. 

^_ Ans. ]/4l>T 

29. Pass the coefficient of the quantity 3c/2c, under the .-adicaL 

Ans, /J 8c 3 . 

30. Pass the coefficient of the quantity 5/3 under the radical. 

Ans. /75. 

addition of radicals ©f the siscoisd »e«-re«. 

Art. 200.— 1. What is the sum of 3/2 and 5/2? 

It is evident, that 3 times and 5 times any certain quantity 
must make 8 times that quantity, therefore 
3/2+5/2=8/27 

Ta the same manner, /2+/"^/2+2/2=3/2. 

2. What is the sum of 2/3 and 5/7 1 

Since dissimilar quantities can not be collected into one sum, we 
can only add these expressions by placing the sign of addition 
between them; that is, the sum of 2/5 and 5/7=;2/3+5/T» 
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Hence, the 

RUJLE, 
FOR THE ADDITION OF RADICALS OF THE SECOND DEGREE, 

1st. Beduce Hie radicals to their simplest form. 

2d. Then^ if the radicals are similar, prefix the sum of their coef- 
ficients- to the common radical ; but, if they are not similar, con- 
nect them by their proper signs* 

Find the sum. of the radicals in each of the following examples, 

3. /g^nd/1]^ ............... Ans. 5/2. 

4. /12and/27. . .. .............. Ans, 5/3, 

5. /20 and -/SO. .............. Ans. 6/5". 

6. l/S4andVT50.__._. ........... Ans. 7/6. 

7. /8, /32, and /SO. __......;.... Ans. 11/2, 

8. -/^j/OO; and y_250. ......... Ans. 10/1 0L 

9. /28a*P and /Il2» 2 R .......... Ans. 6a V7. 

10. /75a^ and /"I47tt%. ......... Ans. 12&/3c\ 

11. /fand/"^. .............. Ans. J^/37 

i2./|and/tV .-...•..-.... Aiis.lf/^ 

13. /| and /8, ............... Ans, A/2. 

14. 2/f and 3/12. ................. Ans. 7/3. 

15. |/f"and |/2. .............. Ans, /2.* 

,16. 3/f and7/ff . . . . ......... Ans. fi/6. 

17. /4§i%^and/l2 fe. ..... . Ans. (4ac+2^/3a:. 

18. Find the sum of y/ (2a*--4a*c+2ac*) and 
/(2aH-4aVh2ac a j. Ans. 2a/2a. 

19. Find the sum of i/a J r x J ry / ax l -\-x z -^-\/(a J r xf, 

Ans. ( 1 -\~a-\~2x) / a-\-x. 

SUBTRACTION OF RADICALS OF THE SECOND ©BGKJBSE. 

Art. SOI.— 1. Take 3/2 from 5/2. 

It is evident that 5 times any quantity minus 3 times the quan- 
tity, will be equal to 2 times the quantity, therefore 
5/2-3/2=2/2. 
In the same manner, /8 — /2=-2/2— /2=/2. 

RsJTiBW.-— 199. In what does reduction of radicals of the second 
degree consist? On what principle is it founded ? Prove this principle. 
What is the rule for the reduction of a radical of the second degree to its 
simplest form? How do yon determine if any quantity contains a numer- 
ical factor that is a perfect square? How may a fractional radical of -the 
second degree foe reduced to its simplest form? 200. What is ih$ rule- for 
the addition of yadioals of th® second degree ? 
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If the radicals are dissimilar, it is obvious that their difference 
can only be indicated. Thus, if it be required to take 3 /a from 
5/6, the difference would be expressed by 5/6— 3 /a. 

From these illustrations, we derive the 

RULE, 
FOR THE SUBTRACTION OF RADICALS OF THE SECOND DEGREE, 

1st. Reduce the radicals to their simplest form ; then subtract their 
coefficients, and prefix the difference to the common radical. 

2d. If the radicals are not similar 9 -indicate their difference by the 
proper sign. 

EXAMPLES. 

.......... Ans. 2/2. 

......... Ans. 2«j/5. 

......... Ana. 2-j/m 

........ Ads. 2acj/7. 

,....,,. Ans. bci/Sbc. 

........ Aiis. 4a 2 / a. 

........ Ans. 2bc-/ab, 

...... Ans. Sabi/lQabc. 

........ Ans. 3a/3. 

........... Ans. 0.. 

........ Ans. T ^i/80. 

........ Ans. -§/3. 

.......... Ans. |/2L 

......... Ans. |i/6, 

, . . . . . Ans. (2a—ax)i/x, 



2. 
3. 
4. 
5. 
8. 
7. 
8. 


/i8~~~-/2, . . . . . 
l/ 45a 2 — /5a 3 . . . . . 
/54£-/ '6£ . . . . . 

/112aV~~-/28aV. . 
/276% 3 -~yi26V. . . 
/36a 5 — -/4a 5 . . . . . 
/40a5V~~/25a6 3 e 2 . . 


9. 
10. 
11. 

12. 


/180a 3 6 3 c-/1.0a 3 6 3 c. 
5a/27--Sa/4& , . . 
2/|~3/i. , . . . . 


IV 


i/r^-vT- • • • • • 


14. 


i\/i--"/2. . . . . . 


15. 

18. 


-/2 „-._-,/ 2 

From /4a 2 # take a/ar* 



17. From /3m 2 £'+8m^£+3» 2 & take /3m 2 se — 6wm£c-f3w 2 #. 

Ans. 2nj/Sx. 

MUItTIPMCATION 0F RAMCALg OF TOE SECOND DEGREE. 

Art. JS0S. — Since /a6=/aX"/^ therefore /aX /&===/#&• 

See Art 199. _ _' -_ 

Also, a/&Xc/^~«'XeX/&X/^™&c/M. 
From which we have the 

RULE, 
FOE THE MULTIPLICATION OF RADICALS OF THE SECOND DEGREE, 

1st. Multiply the quantities wider the radical sign together •, and 
place the result under the radical. 

2d. If the radicals have coefficienis f place their product as a coef- 
ficient before the radical sign. 
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EXAMPLES. 

1. Find the product of |/6 and ]/8. 

/6X/B-=y / 48^i/r6X'3--4|/3. Ans. 

2. Find the product of 2-j/14 and 3}/2. 
2/l4X3/2=6/^^6/4X^^ Ans» 

3. Find the product of /8 and -j/2. ...... . Ans. 4. 

4. Find the product of 2|/a and 3|/a. ...... Ans, 6«, 

5. Find the product of ]/27 and -|/3. ....... Ans. 9. 

6. Find the product of 3/2 and 2j/3. . . . . . Ans. 6j/6 # 

7. Find the product of 3/3 and 2j/3. ...... Ans, 18. 

8. Find the product of /6 and j/15. . . . . Ans. 3/10. 

9. Find the product of 2/15 and 3/35. . . Ans. 30/2L 

10. Find the product of -\/-M b e and y/abc. . . . . Ans, a 2 b B c« 

11. Find the product of /^ and /|. ....... Ans; -|. 

12. Find the product of / 1 and /|. .."... Ans. -~^/5„ 

13. Find the product of SL /~ and 3^/y^. . . . Ans. ~?-/2» 

When two polynomials contain radicals of the second degree, 
they may be multiplied together, in the same manner as in multi- 
plication of polynomials, Art. 72, attending, at the same time, to 
the directions contained in the preceding rule. 

14. Find the product of 2-f-|/2 and 2— 1/2. . . . . Ans. 2. 

15. Find the product of 1-J-/2 and 1 — -j/2. . . . Ans.-— 1. 

16. Find the product of /as-f-2 by /%*— 2. . . Ans. /x 2 ~~4. 

17. Find the product of -\/a-\-x by y/a-j-x. . . . , Ans. a-f-a?. 



18. Find the product of i/ab-{~bx by j/ab—bz. A. /« 2 6* — b\xr, 

19. Find the product of j/#-f-2 by /r~f 3. Ans. /c 2 -f-5#-f 6. 
Perform the operations indicated in the following examples. 

20. ((T|/a+^T)X(c/^^/&). ....... Ans. cht—d'K. 

2L (7+2/6)X(3— 5|/6). -. . . . . . . . Ans, 3-17/6. 

22. (/a-~f&+/a — x){-\/a-\-x — -\/a — x). ...... Ans. 2x. 

23. (x~\-2-\/ ax-\-a){x — 2/ «#+&). . . . . . Ans. a; 2 — 2ax-\-aK 

24. (a 3 ~-ay2+lKa 2 +a;/2+l). .'..;..'•.■. Ans. 3*+L 

DIVISION OF F^AM€ALS OF THE SECOND BKGft.EE, 
Abt. JS®S»— Since Division is the reverse of Multiplication, and 

since /aX/5=/a&, therefore /a5-r-/a=w— =/d. 

Us vie w.— 201. What is the ride for the subtraction of radicals of the 
second degree f 202. What- is the rule for the multiplication of radicals of 
the second decree ? On what principle does it depend ? 
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Also, since a-i/bX.cy / d=r~acy / bd f therefore «c/M^&/&^ — & 

a Vb 

ac 



ic jbd r-t 



Hence, the 
a " ' 



MVhE 9 
FOR THE DIVISION OP RADICALS OF THE SECOND DEGREE. 

1st. Find the quotient of the parts under the radical , and place ii 
under the common radical, 

2d, If the radicals have coefficients, divide the coefficient of the 
dividend bp thai of the divisor ; and prefix the result to the common 
radical. 

Hote.— When a radical quantity has no coefficient prefixed, its coeffi- 
cient is understood to be 1. Thus, /2 is the same as 1/2. See Art. 82. 

EXAMPLES. 



1. Divide 8/72 by 2-/6. 

|^-||/?-4/i2-4 1 /iX8-8 1 /8; Abb. 
2/o 

2, Divide /§4 by /6. .............. Ads. 3. 

3. Divide 6/54 .by &/27. .......... Ans. 2/2T 

4, Divide 6/28 by 2/7. ........... Ans.' 6. 

5/Divide/180by/8. '■ ._. ..'....-... Ans.'2/& 

6, Divide I V378 by 5/6. ......... Ans. 9/71 

7, Divide /a 3 by /a. ................ Ans. a. 

8, Divide abj/a?b B by 6/aS, ..........' Ans s a s 5 s 

' 9.- Divide a by /«. ............. Ans. /a. 

10. Divide a/5 by e/si, . . . , . . . Ans. ~\ /-=, or -jj/bd. 

11. Divide -L- by -/-. ,..,., Ans. . /^, or j-j/abcd. 

12. Divide /|"by /j". ............ . Ans. J/6. 

13. Divide /| by ./|. ♦•/...•-..•...• Ans. If 

14. Divide |/T5 by .J/2. ■'■ • ,*»«»««»»» Ans. 4. 

15. Divide |/i by 1/|» .*•_.......•, Ans. |/5. 

16. Divide -j/j by /§+3/|. .......... Ans. T ^. 

Art. 2®4U — To reduce a fraction whose- denominator is : either a 
monomial or a binomial containing radicals of the second degree* 
to an equivalent fraction, having a rational denominator, 

Review,— 203* What Is the rule for the division of radicals of th# 
second degree ? On what principle dois it depend ? 

17 
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tf hem the fraction is of the form — ~* if we multiply both terms 
_ j/b 

by ■$/&, the denominator will become rational, Thus, 

a «Xi/6 &Vb 

Since the sura of two quantities, multiplied by their difference, 
is equal to the difference of their squares; if the fraction is of the 

form — — • - ? and we multiply both terms by 6— -|/c, the denomin- 

6-f-j/c 
Utor will be made rational, since it will be 6 2 — -c. Thus, 



For the same reason, if the denominator is &— -|/c, the multi- 
plier will be 6+i/c. If the denominator is i/&~r]A\ the multi- 
plier will be y 'b—i/c 5 and, if the denominator is -j/6 — •$/<?, the 
multiplier will be -f/d+]/e. 

These different forms may be embraced in the following 

GENERAL. MULE* 

If the denominator is a monomial, multiply both terms by ike rad- 
ical quantity; bid? if it is a binomial, mvMply both terms by the 
given binomial with the sign of one of its terms changed? and the 
denominator will be rational. 

Keduce the following fractions to equivalent fractions, having; 
rational denominators. 



1 Ans.:J^4!/2. 



V2 



2 



4. — i-=. Ans. A(6+y3). 

yi+yb 

6. -^~~~^ A.4{^5+/3), 

1/5—1/8 



2, £* Ans. ^^^a 
yB *> 

3. -JL-, Ans, 2—i/3. 

2+1/3 

ii 13 ji A b bt.~— The utility of these transformations, consists in diminishing 
the amount of calculation, necessary to obtain the numerical value of a 
fractional radical to any required degree of accuracy. 

Thus, suppose it is required to obtain the numerical value of the fraction 

1 
„ " true to six places of decimals. 

If we make the calculation without rendering the denominator rational, 
*i will be found, that wo must first extract the square root of 2, to eoven 

Rbtib w.«- - 204 When the denominator of a fraction is either a mono- 
mial or a- binomial, containing radicals of the second degree, how may iib© 
reduced to a fraction having a rational denominator ? 
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places of decimals, and then divide- 1 by this result. But. if we render the 
denominator rational, the calculation merely consists in finding the square 
root of 2, and then dividing by 2. The work by the latter method, requires 
only about half the labor of that by the former. Besides, the operator feels 
certain, if he has made no mistake, that the last figure of his result is cor- 
rect. Whereas, by the other mode, as the divisor is too small, the quotient 
figures soon become too large. Thus in this example, if we use seven deci- 
mals for a divisor, the seventh figure of the quotient is too large | if we 
only use six places of decimals, the sixth figure will he erroneous. 

3 

7 e Find the numerical value of the fraction -— -. 

Ans. L3416407+. 

3 

8. Eind the numerical value of the fraction 



9. Find the numerical value of the fraction 



Ans. 3.650281 +. 

/5-V3'- 
Ans. 2.805883+. 



Sei ab St.— -It is proper to notice, that the signs -|/ and j/ ? when 

applied to a monomial, both have the same meaning. There is a want of 
uniformity among the "best writers, in the manner of making the radical 
sign before a monomial, 

SIMF.OS EQUATIONS CIMMIWIMG liAIMCALS ©F THE S3ECOWD 

Note to Teachers. — This part of the subject of Equations of the 
First Degree, could not be treated till after Radicals. It may be omitted 
entirely by the younger class of pupils. 

Art. H#5*— In the solution of questions involving radicals, 
much will depend on the judgment of the pupil; but the easiest 
processes can only be learned from practice^ as almost every ques- 
tion can be solved in several ways. 

The following directions will be frequently found usefni 
1st.. When the equation contains one radical expression trans- 
pose it to one side of the equation, and the rational terms to the 
other side ; then involve both sides to a power corresponding to 
the radical sign, 



Thus, if we have the equation ^/(a— Ij— 1=2, to find a?. 
Transposing, j/(# — 1)=3 
Squaring, x—1 —9 ? from which ^=10. 

2d. When more than one expression is under the radical sign, 
the operation must be repeated. 
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Thus, a+co=:y / {a 2 -|~^i/c 2 +a; 2 ) J .to find x. 
'Squaring, a 3 +2aa;+i» 2 ===:a 2 +aJ|/c 2 +ar I . 
"Reducing and dividing by x, 2a-\-x=^y / 'c 2 -f # 2 . 
Squaring, 4a 2 +4aas+a; 2 ==c 2 +;B 2 . 

c 2 — 4a a 

whence #=—--; . 

3d. When there are two radical expressions, it is generally bet- 
ter to make one of them stand alone on one side, before squaring. 
Thus, ^^^--5^—1/^12^ tofinda. 
Transposing, i/(x— -5)=7~~y(3>— -12). 
Squaring, x— 5=49-— 1 4|/ (as— 1 2) 4-a? — 12, 
Reducing and transposing, 14^ (a; — 1 2) =42, 
Dividing, g/(a>— 12)=3, 
Squaring, £—12=9, from which ar=21. 

EXAMPLES FOB, PRACTICE. 



1. |/(*+3)+3=7. ............ Ans. £=13. 

2: aj+i/pH-I^^H' ............ Ans. s&=5. 

3. /Te+f/^^^B, ........-.>.■ Ans.«=10. 

4. j/ x(a~\~x)=:a-~x, ......*•..*.. Ans. £=^. 



5. -|/x — 2=i/(^ — 8). .■..,,..♦'.... Ans. #==9, 
6rx'H/^^===7, ....,;..,/..... Ans, £=4, 

7. 2+ 1 /¥a?=y'5« : R. ............ Ans. a=12. 

8. i/^~7=8--y / a^5. ♦...,.....-.. Ans, or=9. 

«_._- ..—! 25a 

9. j/#— a-~j/x~~ ^y/a. ..'.......... Ans. #— -=r» * 



10, i/s+225—; |/«--424— 11=0. . . « . . « Ans. 3=1000. 

11, $+-i/2a&-t-x 2 ==a. .......... v • . Ans. £=|a» 

12, ^/a;4"^ — t/ 31 — a=-|/ a » ....'•••••• Ans. x=~r-, 

13, /!T47il=24y^ ............. Ans. «=4. 

14, j/8-\~x=z2i/l+x~~-/x. ,-,...*..■.. Ans..ic=FJ. 
12 



•|/5cc+6 

16. y'o;— 4==— — ~-r=r-« ♦■.........». Ans. #=23. 

4+i/ic- 

17. ^^^ 2 My^tl§=I+^ . . . . . Ans. «=j|. 

18. \f a+-$/ax^ya~~*4 a ~~~~j/ax. . . . . . .. . Ans* &t=f «» 
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19. b( l ^+Vb)=a( l ^- 1 /b). ...... Ans, 3=^^. 

20, y'ic+i/ao;==:a — 1. ......... Ans. ic=(|/a—- 1} 2 * 



CHAPTER TIL 

EQUATIONS OF THE SECOND DEGREE. 

Akt. S06»— -An Equation of the Second Degree (See Art. 148), 
is one in which the greatest exponent of the unknown quantity 
is 2. Thus, a£=9, and 5a? 2 +3a;=26, are equations of the second 
degree. 

An equation containing two or more unknown quantities, in 
which the greatest exponent, or the greatest sum of the exponents 
of the unknown quantities, is % is also an equation of the second 
degree. Thus, xy=B, x 2J rxy^8 } xy-\-x-{-y=lly are equations of 
the second degree. 

Equations of the Second Degree, are frequently denominated 
Quadratic Equations, 

Art. SlOf- — Equations of the second degree are of two kinds — • 
incomplete and complete* 

An incomplete equation of the second degree, is of the form 
ax*=b 9 and contains only the second power of the unknown quan- 
tity, and known terms. Thus, a: 2 =9, and 8x' 2 — 5ic 2 =12, are in- 
complete equations of the second degree. 

An incomplete equation of the second degree, is frequently 
denominated a pure quadratic equation. 

A complete equation of the second degree, is of the form 
aa?-$-bx=c } and contains both the first and second powers of the 
unknown quantity, and known terms. Thus, 2x 2 -\-4x~2Q f and 
'ax i -~bx i -\-dx~~ex—f—g, are complete equations of the second 
degree. 

A complete equation of the second degree, is frequently denom- 
inated an affected quadratic equation. 

Kb view.— -206. What Is an equation of the second degree? Give ex- 
amples, If an equation contains two unknown quantities, when is it of the 
second degree ? Give examples. 207. How many kinds of equations of 
the second degree are there? What are they? What is the form of an 
incomplete equation of the second degree ? What does it contain ? Give 
an example. What is the form of a complete equation, of the second 
degree? What does it contain ? Give an example. What is a pure quad- 
ratio equation. ? What is an affected quadratic equation ? 
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Art. §!#§* — Every equation of the second degree, may be re- 
duced to one of the forms ax 2 =b, or as^-{-bx=c. For, in an 
incomplete equation, all the terms containing ar may be collected 
together, and then, if the coefficient of x 2 contains more than one 
term, it may be assumed equal to a single quantity, as a, and the 
sum of the known quantities, to another quantity, 5, and then the 
equation becomes ax' 2 ^=b, or ax 2 — &=0. 

So a complete equation may be similarly reduced ; for all the 
terms containing js 2 , may be reduced to one term, as ax 2 ; and 
those containing x, to one, as hx ; and the known terms to one, as 
c; then the equation is ax i -\-bx=e ) or a% 2 -} r bx—c=0. 

Hence, we infer: Thai every equation of the second degree, may 
be reduced io cm incomplete equation involving two terms, or to a com- 
plete equation involving three terms. 

Frequent illustrations of these principles will occur hereafter, 

incomplete equations of the seconb degree. 

Art. JKMK—1. Let it be required to find the value of a; in the 
equation sr — 1 6—0, 

Transposing, x 2 = 1 6 

Extracting the square root of both members, 

x =±4, that is, a?— +4, or - — 4, 
Verification. (+4) 2 —16— 16—16=0. 
or,.(— 4) 2 —16=16— 16=0.- 
2. Find the value of x in the equation 5# 2 +4=49. 
Transposing, 5# 2 =45 

Dividing, sc 2 = 9 

Extracting the square root of both sides, 
x=±3. 

2ar* 3 a: 2 
3.- Find the value of x in the equation ^ — f~-^~ =5|. 

Clearing of fractions, 8jc 2 +9x 2 =:68 

Reducing, 17^ 2 =68 

Dividing, x 2 ^ 4 

Extracting the square root, x =db2. 

4. Given ax 2 +b^cx 2 +d, to find the value of x. 
ax 2 ~~~cx 2 ^d — b 
OT, (a—c)x 2 =zd~—b 
„ d — b 



M a—c 
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From the preceding examples, wo derive the 

FOR THE SOLUTION OF AN INCOMPLETE EQUATION OP THE SECOND 
DECREE. 

.Reduce the equation to the form axh==b, Divide both sides by the 
coefficient of x 2 7 and then extract the square root of both members* 

Art. 2JL#«~— If we take the equation a$h=fo 

we have & 2 =~ 

a 

and # ~db* /- ; that is, 

% ^'h* /-» and x^—~ * /-. 



If we assume ~==m 2 , then x 2 =m 2 
a 

By transposing, a; 2 — m s =0 

By separating into factors, (a?+w)(a; — m)=0. 

Now, this equation can be satisfied in two ways, and in two 
only; that is, by making either of the factors equal to 0, 

By making the second factor equal to 0, we have 
x-~~m~§, or xz==.-\*m* 

By making the first factor equal to 0, we have 
%-\-m=-0 t or se= — m.- 

Since the equation {x-\-m){x— m)=0, can be satisfied o«% in 
these two ways, it follows, that the values of x obtained from these 
conditions, are the only values of the unknown quantity. 

Hence we conclude 

1st. Thai every incomplete equation of the second degree, lias two 
roots, and only two, 

2d, That these roots are equal, but have contrary signs, 

"find the roots of the equation, or the values of x f In each of the 
following examples, 

■ ■1. % % ~— 8=28. ................ .-. Ans. £=db6. 

2, 3x 8 — 15^83+a 8 . .......-.-..,. Ans, %^±H» 

'4. 7x*~25*=*4a*--l3. ..-...■....:. Ans. «=d=g. 

Be t ib w.~~ 208. To what two forms may every equation of the second 
degree be -reduced? 1 Why? 209, What is the rule for the solution of an 
incomplete equation of the second degree ? 210. Show that every incom- 
plete' equation of the second degree, has two roots, and only two; and that 
those roots are equal, hut have contrary signs., 
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5, 5* 2 — 2=8~35a; 8 . • ............ Ans. s*==db£. 

6. ^l=5L.+f . ............ Ans. ar==:±3. 

8. (2&— 5)*=sc 3 — 203+73. ......... Ans. a*=db4. 

5 * 



7. ^+12==-+37f. . . . . . . . . . . Ajis, x=db7. 



,.„ #+a , £— a 10a 2 . , ~ 

10. — r~~T-J^:r~~T5- * .....,..-. Ans. a?=±2a. 



a x—~a x'--~ar 

QUESTIONS FBOBUCIMO IMCOMPLET E EQUATIONS OF THIS 
SECOND DE&REE.. 

Aet. 581 1« — In the solution of a problem producing an equation, 
containing the second, power of the unknown quantity, the equa- 
tion is found on the same principle, as in questions producing 
equations. of the first degree. See Art. 156. 

1. Find a number, whose | multiplied by its §, will he equal 

to 60. 

2a; ftx 4<x 2 
Letai= the number; then ^X^^-re-^^O 
4 5 15 

4a&=&00 

a*=225 

# = 15. 

2. "What number is that, of which the product of its third and 
fourth parts is equal to 108? Ans. 86. 

8. What number is that, whose square diminished hj 16, is 
equal to half its square increased by 16? ' Ans. 8. 

4. What number is that, whose square diminished by 54, is 
equal to the square of its half, increased by 54 ? Ans. 1 2. 

5. What number is that, which being divided by 9, gives the 
same quotient, as 16 divided by the number? Ans, 12. 

6. What two numbers are to each other as 3 to 5, and the dif- 
ference of whose squares is 64 ? 

Let 3sc-— the less number; then 5x= the greater. 
And (5a;) 2 — (3&) 2 =64 

Or 25a 2 —9a: 9 =l 6«*=64. 

From which x=2; hence, 3a?=6 and 5#=1.0, are 

the numbers, See general directions, page 127. 

'BBYXEW.—-211. In the solution of a 'problem producing an equation 
containing the second power of the unknown quantity, upon what ■principle 
is the equation found ? 
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7. What two numbers are those which are to each other as 3 to 
4, and the difference of whose squares is 63 ! Ans. 9 and 12, 

8. What two numbers are those, which are to each other as 3 
to 4, and the sum of whose squares is 100? Ans. 8 and 8* 

9* What number is that, to which if 3 be added, and from which 
If 3 be subtracted, the product of the sum and difference is 40 ? 

Ans. 7. 

1 0. The breadth of a lot of ground is to its length, as 5 to 9, 

and it contains 1620 square feet; required the breadth and length. 

Ans. Breadth 30, length 54 feet 
IL A man purchased a farm, giving j~$ as many dollars per 
acre, as there were acres in the farm ; the cost of the farm was 
1000 dollars; required the number of acres and the price per 
acre. Ans, 100 acres, $10 per acre. 

1% What two numbers are those, whose sum is to the greater, 
as 10 to 7, and whose" sum, multiplied by the less, produces 270? 

Ans. 21 and 9. 
Let 10%= their sum; then 7x~ the greater, and B%= the less 
number. 

1.3. What two numbers are those, whose difference is to the 
greater as 2 to 9, and the difference of whose squares is 128? 

Ans. 18 and 14. 

14. C bought a number of oranges for 48 cents, and the price 
of an orange was to the number bought, as 1 to 3 ; how many did 
he hiij, and how much a piece did he pay ? 

Ans, 12 oranges, at 4 cents a piece. 

15. A person bought a piece of muslin for 3 dollars and 24 
cents, and the number of cents which he paid for a yard, was to 
the number of yards, as 4 to 9 ; how many yards did he buy, and 
what was the price per yard? Ans. 27 yds., at 12 cents per yd. 

16. Find two numbers, in the ratio of i to -§, the sum of whose 
squares is 225, Ans, 9 and 12. 

By reducing i and f to a common denominator, we find they 
are to each other as 3 to 4. Then let Sx and Ax represent the 
numbers, 

37. Find three numbers, in the proportion of |, -f, and |, the 
sum of whose squares is 724, Ans, 12, 16, and 18, 

] 8. A merchant sold a piece of .muslin at such a rate, that ih.Q 
price of a yard was to the number of yards, as 4 to 5 ; but, if he 
had received 45 cents more for the same piece, the price of a yard 
would have been to the number of yards as 5. to 4; how many 
yards wore there in the piece, and what was the price per yard ? 

Ans, 10 yards, at 8 cents per yard. 
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COMPLETE EQUATIONS OF THE SECOX0 3&EC&EE. 
L Let it be required to find the values of a?, in the equation 

ar—4ie+4=~-L 
It is evident, from Article 197, that the first member of this 
equation is a perfect square. By extracting the square root of 
both members, we have #— 2=dbl 
Whence x==&d=l=&+l=&, or 2—l==l. 

Verification* (3) 2 —4X3+4=l, that is, 9—12+4—1 
also, (l) 2 —4Xl+4=-l ? that is, 1— 4+4=1. 

Hence, x has two values, +3 "and +1, either of which verifies 
the equation, 

- 2. Let it be required to find the value of x, in the equation 
x 2 -\-Qx=l6. 
If the left member of. this equation were a perfect square, we 
might find the value of &y by extracting the square root, as in the 
preceding example. To ascertain what is necessary to be added, 
to render the first member a perfect square, let us compare it with 
the square of #+#., which is x 2 ~\~2ax-\-a 2 . 
We find x*=x* 

2ax =6% 
■2a =6 
a=d 
<fe9. 
Hence, by adding 9, which is the square of half the coefficient of 
the first power of x, to each member, the equation becomes 

ar4~8a+9=25 
Extracting the square root, #+3— ±5 
Whence «==— 3^b5=+2, or — 8. 

Either of which values of x will verify the equation, 
Art. 351 &• — We will now show the different forms to which 
every complete equation of the second degree may be reduced, and 
illustrate further, the principle of completing the square. 

Since every complete equation of the second degree may be re- 
duced to the form aae 2 +fe=c, if we divide both sides by a, we have 

1 d a 

b c 

For the sake of simplicity, let -=2jp, and -=g. The equation 

then becomes x 2 ~{-2px=q (L) 

h e 

If - is negative, and - positive, the equation becomes 

a*-2j*=2 (2.) 
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b . ■ . c 

If - Is positive, and ~~ negative, the equation becomes 

x*+2px=:—q (3.) 

Lastly, if - and - are both negative, the equation becomes 

x 2 ~~~2px= — q (4.) 

Hence, every complete equation of the second degree, may he re- 
duced to the form % 2 -~\~2px^=q, in which 2p and q may be either pos- 
itive or negative, integral or fractional quantities. 

We will now proceed to explain the principle, by which the 
first member of this equation may always be made a perfect 
square. 

Since the square of a binomial is equal to the square of the first 
term, plus twice the product of the first term by the second, plus 
the square of the second; if we consider oP-\-2px as the first two 
terms of the square of a binomial, x 2 is the square of the first term 
(x), and 2px 9 the double product of the first term by the second; 
therefore, if we divide 2pMyj 2x (the double of the first term), or 
2p by 2, the quotient, p (half the coefficient of x), will be the sec- 
ond term of the binomial, and its square, p\ added to the first 
member, will render it a perfect square. But, to preserve the 
equality, we must add the same quantity to both sides. This gives 

% 2 ~h2px-\-p 2 =:q-\-p 2 
Extracting the square root, #+i? ==±|/g f +i> 2 
Transposing, a;—— -pdbVq-i-p 2 

It is obvious, that the square may be completed in each of the 
other forms, on the same principle: that is, by taking half the 
coefficient of the first power of- a?, squaring it, and adding it to 
each member. Thus, in the second form 

($-~~*2px=q 

x 2 - — 2px~{~p 2 ^:q-rp 2 

x-—p-=dzy / q~\-p 2 

in the third and fourth forms, the values of x are readily ob- 
tained, in the same manner. 

Collecting the four different forms together, and the values of x 
m each f we have the following table, 

(1.) x?+2px=q. ^^""^^^t^fl 

(2.) x 2 —2px~~q. x===+pdoYg-{-pK 

(3.) x l ~\~2pz~~—q, %=^—p±:y / ~~q~\~p\ 

(4) $*— 2px^~- q. %z=z+pdb\/-~il+p i - 
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Although the method of finding the value of us is the same in 
each of these forms, it is convenient to distinguish Between them. 
See Art. 215, 

From the preceding we derive the 

RILE, 

FOE THE SOLUTION OF A COMPLETE EQUATION OF THE SECOND 
DEGREE. 

1 st. Reduce the equation, by clearing of fractions and transposi- 
tion (if necessary) , to the form ax 2 -\-hx=c. 

2d. Divide each side of the equation by the coefficient of x 2 3 and 
add to each member the square of half the coefficient of the first 
poiver of x. 

3d. Extract the square root of both sides, mid transpose the Jcnown 
term to the second member. 

EXAMPLES, 

1. Find the roots of the equation jc 2 +8a;=33. 

Completing the square by taking half the coefficient of #(§), 
squaring it, and adding the square to each member, "we have 

x 2 +8a;+16=33+16=49 
Extracting the root, #+4=db7 

Transposing, x— — 4+7 

Whence ' #=— 4+7= +3 

And &=— 4—-7=-~-lL 

Verification, (3) 2 +8(3)=33, that is, 9+24=33. 

Or ' (— ll) 2 +8(— 11)=33, that is, 121-88=33. 

In verifying these values of x, it is to be noticed, that the square 
of —1 1, is 121 , and that 8 multiplied by — 11, gives —88. 

2. Solve the equation x 2 — 6#=16. 
Completing the square, 

z 2 ~~ 6a;+9=l 6+9=25 
Extracting the root, #-— 3=db5 

Transposing, a;=+3dz5 

Whence o=+3+5=+8 

And x=+S—5=— 2. 

Both of -which will be found to verify the equation. 

3. Solve the equation # 2 +6x= — 5. 
Completing the square, 

ar+8£+9=9~~5=4 
Extracting the root/ &+3=+;2 

Transposing, &=— 3 ±2 

Whence rc=— 3+2=— 1 

And £=—3~~-2=~~~5/ 



EQUATIONS OF THE SECOND DEGREE. 205 

4, Find the values of x, in the equation x 2 — 10a?=>— 24. 
Completing the square, 

a^-10*+25==25— 24=1 

Extracting the root, x — 5==dbl 

Transposing, #=5dbl 

Whence as=5 -j~ 1 =6 

And jc=5~~1=4. 

The preceding examples, illustrate the four different forms, 
when the equation is already reduced. Equations of the second 
degree, however, generally occur in a more complicated form, and 
require to be reduced before completing the square. 

5, Find the values of x, in the equation 3x— 5~- — ^ — . 

Clearing of fractions, 3ar — 5x=~7x-{- 36 
Transposing, 3x 2 — 12#=36 

Dividing, x 2 — 4#— 12 

Completing the square, 

a 2 — 4jb+4=16 
Extracting the root, x — 2==db4 

Transposing, x=-}-2~hA: 

Whence #=6, or — 2. 

12& 2 13a? 

6, Find the values of x } in the equation ~-^~~-i~x===52-jr--=~. 

Clearing of fractions, 12#*+5#===260+13a; 

Transposing and reducing, 

12x*--8x=&60 

Dividing, a 2 — §a?=^. 

Here the coefficient of x is — § , the half of which is— |; the 
square of this is -|, which being added to both sides, we have 

Extracting the root, x— |— iV 

Whence #=+5, or — -V • 

■EXAMPLES FOE PRACTICE. 

Note. —-The first sixteen of the following Examples, are arranged to 
illustrate the four forms, to one of which every complete equation of the 
second degree may be reduced. 

7i 3*+8»=20. . . . . . • . . . . . Ans.«=2,op--10. 

8* x*+lfa=80. ....,....'• ' : . . Ans. b==4, or —20. 

9. a?+7a===tf8. ..'..,..... . \Ans. a*=6, or —13* 

10. aH-3<e=&8. ............ Ans, «=4, or ~~~7» 



SOS KA1PS ALGiEBRAj PART FIRST. 

11. £ 2 — 10*== 24. . ........... Ans. *==12, or -~2. 

12. a*—8x=20. ........... Ans. a^lO, or —2. 

13. a^ — 5ar==6. .<..'..*......« . Ans. #=6, or ~— L 

14. a 2 — 21a?=100. .......... Ans. a=25, or — 4. 



15. aj 2 +6a:=:— 8.' ........... . Ans, #== — 2, or —4. 

16. a; 2 +4a;= — 8. .......... , Ans. £c= — l,or— ~3. 

17. ^+8ic=— 15. ......... ■. Ans. »==--3, or •— 5. 

18. £ 2 +7a^---I2> ■ ♦...-.»**.. Ans. <e=--3, or —4. 



19. or 2 — 6aj=— 8. .....*..-..'.. .. Ans. a=4, or 2. 

20. sb»— Sa;=— 15. ...*.....,. . Ans, sfc=5, or 3, 

21. a^~-10a:=— 21. . ........... . Ans. a=7, or 3. 

22. ar 8 — 15aj=~-54. ............ Ans. x^ l 3 t or 6. 



23. 3^— 2«+123=256. ....... Ans. «==7, or — J /. 

24. 2z 2 ~~~ 5as=12. ........... Ans. x=^4 3 or — f . 

25. 2a^+3a^=65. . . . . . . . . . . . Ans. ar=5, or — V« 

26. -^ — ^=§. ............ . Ans. «==4, or— {. 

27. ^=«— 24. ...... . . . . . Ans. x^m, or 40. 

100 

28. x*—x~- 40=170. ........ Ans.. *c=15, or ..—14. 

29. jb= '. . . . . . . • . . . . . » • Ans. aj=2, or —3. 

x 

2 

30. # — .14 j=^0. • »«-*....... Ams. «=3, or 2. 

a? 44 

31. ~.— — ^-==4. * i ■.. * *■....■■. . Ans. a^=24, or — 6* 

32. ga?H^:+|==8— f<fr-^+\V. . . . Ans.jc==4, or—ff 

33. 9a:+-=— +4. .......'... Ans. a=2, or — V- 

xx J 

34. a^+aj=30. ............. Ans. #=5, or —6. 

'V 2 o* 

35. s-h-— :*"t i>. .............. Ans. #=2, or 4. 

2 x 4 z 

36. 2aM92-=3l.r. ........... , Ans. a-^ 4, oH !*.. 

37. — c 2 U- . 3 6 b . ..;.,....... . Ans. r I oi ;! 

38. 17a;* Jfl«----30. .......... An&. x-~% 

& H 1 r *« w.~ -212. To wliat form may every complete eqrptiem of On b oc 
'»o*l »io«; w oe be reduced? What are the four forms that this> ;;tvot, ^'^pcud 
>»\> *m M>c sj#U£ of 2p and ^? Explain tho principle, b\- niMih of .vhieh iho 
ii-*o4 uiemhor of tiio equation a5 2 +2pa:=g' ma) he made a ptHoct , <{uuie 
4 hid )# tbo rule for the «olalion of a complete equation of (.he hooom< cV^r^e ? 



i 
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39. 3x*+5x=2. ............ Ans. x=l or -2- 

40. 4flf— Bx i ==$x~--8. ....... ^. . Ans. «=|, or —2. 

41. ic 2 — 4a5= — 1. ; 8 . . Ans. fc=2-i/3=3.732+, or.268— . 

m 4x 2a: 2 Kb? 20 
4,4. i^-™-^~^^~^---™ns-« * * » . - « . . Ans. #== — o, or f . 

' . Q 65a? 10c* 13 2a; ■' , ■ 

4^. _„__—___ _ # a ^ # * , . . Ans. aj=35-4, or ^. 

^■' ~Z^^f^XT* '■**•*•■••*•« -^ ns * #=12, or —2, 

# 7 

45. — T-Tin— « — -?♦ - • • • * ' • • • * ^ ns « #=14, or —10. 

24 

46. a?4-^--=-£== So;— 4. ....<.,... » Ans-. &==5, or —2. 

47. ?|=?=i^?. .......... Ans, *=*36, or 12. 



^•4-3 7x 23 

48. ~ — ! — 7-o=-r. ....... • . . . Ans. a=4, or 1. 

a; &~j~o 4 

2x J ~3 2a* 1 

49, ^^^^™^_6i ._. . . . . . Ans, x=8, or 13f f . 



50. 2ax~x 2 ~-~~%ab--~P. ....... Ans, x~2a-\-b t . or —5. 

51. « 3 — 2a#==6 2 — a\ ........ Ans. #=»+&, or a~-5. 

52. 3*+3&*---4&^==0. ..*....'.- Ans. «=+&, or —46. 

53. a 2 — ax~~bx=—ab. .......... Ans. jc=+a, or -\-b. 



6 



.54. —l— «==-— ™ r , ..:..:■....* ■, Ans. ar==5±x/«H-^ 2 - 



26* 



55. 26aj s +(fl5~~25)aj=flB, ...*.... Ans. ar=l, or — 

c ~ jb 2 a? 2a 2 A 2a 2 , a 2 

do. - T — T ^=~ Tra ..*,...».. Ans. #=-=— ana — =-. 
a 2 6 er ' © 6 

57. » 2 — (a — 1)*— a=0. .-..'..... . Ans. ai=a, or — 1. 

58, x l — (a~j~5™~ -6')«c==(«+6)c. ..... Ans. a--a-j 6 S or - -c. 

Akt. $318* — The Hindoo method of solving QTrADKvrjfx. - 
When an equation is brought to the form ax~-\~hx~c, It may bo 
reduced to a simple equation, -without dividing by the coefficient 
of x 2 ; thu« avoiding fractions. 

If we multiply both sides of the equation ax' z ~\~hx~^e* bv a, the 
soofneteuc of a- 2 , it. becomes ohv \ abtc=^ac. 

Now, if $ve regard a*x 2 -{-abx, as the first and second -.>n\\i of 
» he square of a binomial, a 2 ?; 2 must be the square of the Hr ,1 *«^w, 
and ft&a; the double product of the first term by the second > *ou^o,, 
che first term of the binomial is \/a 2 x l ~^ax\ and the second lu ->*> 
[ha quotient derived from dividing aim by the double oi <Ki die 
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first term ; that is, ^-'-=±=^. Adding the square of ~ to each side,- 

b 2 6 2 

the equation becomes a 2 x 2 ^cil}x-\-^^ae-\-~~r» 

Now, the left side is a perfect square ; but it will still be a per- 
feet square, if we multiply both sides by 4, which will clear it of 
fractions. Thus, 4«V+4a&c+& 2 ==4ac+& 2 
Extracting the square root, 

2<^+6==dbi/4ac : f¥ 2 



Whence #=- 



2a 

Now, it is evident, that the equation 4a 2 sc 2 -j-4a5a;+6 2 =4ac+6 3 , 
may be derived directly from the equation a3?-\-bx=c 9 by multi- 
plying both sides by 4a, the coefficient of a; 2 , and then adding to 
each member, the square of b, the coefficient of the first power of x. 
This gives the following 

BULK, 

FOR THE SOLUTION OF A COMPLETE EQUATION" OF THE SECONjD 
DEGKEE, 

Eeduce ike equation to the form ax 2 -\-l)x=e, and multiply both 
sides? by four times Hie coefficient qfx 2 . Add the- square of the coef 
" fieient of x to each side, and then extract ike square root This 
will give a simple equation^ from which x is easily found, 

1. Given Ssc 2 —- 5as=28, to find the values of .a?. 
Multiplying both sides by 12, which is 4 times the coefficient of x\ 

36x*~~~ 80x= 386 
Adding to each member 25, the square of 5, the coefficient of x 9 

86x 2 ~~ 60®+25=361 
Extracting the root, 6x— 5==dzl9 

s=5dbl9=24, or —14 
ic=4-4, or ~-~f .' 
By the same rule, find the values of the unknown quantity in 
each, of the following examples. 

2. 2aj*+53=33. ........... Ans. a=3, or —^ 

H e 5x 2 +2a^88, ............ Ans. sc=4, or --*/• 

4.. 3s 2 ~*^70. •......•....• Ana. <&==5, or—V*. 

■5. a 2 ~^==42. .............. Ans, #=7, or ~™6, 

6e l^f^5-9i ...... , . . Ans.3^6,or~-7-£. 

If further exercises are desired, the examples in the preceding 
article may be solved by this rule. 

it k tie W.—313. Explain the Hindoo method of completing the sqaaar^ 
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PROBLEMS PRODUCING COMPLETE EQUATIONS OF THE 
SECOND DEGREE* 

Akt. 214» — 1. What number is that, whose square, diminished 
by the number itself, is equal to 20 ? 

Let #= the number. 
Then. a 8 — «= 20 

Completing the square, x 2 — aH- J ==20+ J —Y 
Extracting the root, £—|— zfcf 

Whence #=+5, or —4. 

How either of these values of x satisfies the equation ; but the 
negative value — 4, does not fulfill the conditions of the question 
in an arithmetical sense. But, since the subtraction of a negative 
quantity is equal to the addition of a positive quantity, the ques- 
tion may be so modified, that the value — 4, will be a correct 
answer to it, the 4 being considered positive. The question thus 
changed, is; What number is that, whose square increased by the 
number itself, is equal to 20? 

2, A person buys several oranges for 60 cents; had he bought 
3 more for the same sum, each orange would have cost him 1 cent 
less ; how many did he buy? 

Let %=■ the number he bought. 

60 
Then — = the price of each one. 

60 

And =r= the price of one, had he bought 8 more for 60 cents. 

a*+3 L » 

Therefore, -k- = 1 

x x^-S 

Clearing of fractions, and reducing, 

aH-3z=:180 

Completing the square, x*+Bx+ 1=| + 1 80= 2 f *. 

Extracting the root, x-j~%=dk*£ 

Whence #=+12, or —15. 

Mow either of these values, taken with its proper sign, satisfies 
the equation from which it was derived ; but the value 12 is the 
only one that satisfies the conditions of the question. 

Since n-f §= — 4 and — f § xf = — 5 ; and since buying and selling 
are opposite operations, the result, — 15, is the answer to this 
question, A person sells several oranges for 80 cents. Had he 
gold- 3' less for the same sum, he would have received one cent wore 
for each. How many oranges did he sell ? 

Iimabi,— ProiH the two preceding example's, we see, that the root 
which is obtained, from giving the plus sign to the radical, satisfies hoik 

m 
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the conditions of the question, and the equation derived from it; while the 
other root satisfies the equation only. 

We see, also, that the root which arises from giving the radical the nega- 
tive sign, may be regarded as the answer to a question differing from the 
one proposed -in this; that certain quantities which were additive, have 
become suhtractive, and reciprocally. 

Sometimes, however, as in the following example, both Tallies of the 
unknown quantity satisfy the conditions of the question. 

.3. Find a. number, whose square Increased by 15, shall be .8 

times the number. 
Let ar= the number ; then x}-\- 15=8a? 

Or a 2 — 8a==--15 

Whence #==5, or 3. 

Either of which fulfills the conditions of the question. 

When there are two unknown quantities in a problem, that can 

be solved by the use of one symbol, the two values of the symbol 

generally give both values of the unknown quantity, as in the 

following question, 

4. Divide the number 24 into two such parts, that their product 
shall be 95, 

Let sc= one of the parts ; then 24— a?= the other. 
And <e(24-tf)=95 

Or x 2 ~~ 24a=- -95 

"Whence x=lQ and 5 

And 24— x= 5, or 19'. 

5. There are three numbers, . such that the product of the first 
and third is equal to the square of the second ; the sum of the 
first and second is 10, and the third exceeds the second, by 24; 
required the numbers. 

Let x= the first; then 10 — x= the second ? 
And 10— a?+24=34— x= the third. 
Also ( 1 Q—z) 2 ^x(M~~x) 

Or 1 QQ~~20x+x 2 ^S4:X-~x 2 

From which, x=25, or 2, 

When a?=&5, 10 — %= — 15, 34-— as— 9, and the numbers are 25, 
—15, and 9. 

When #=2, 10— as==8, 34— -#=32, and the numbers are 2, 8, 
and 32, 

Both these sets of values satisfy the question in an algebraic 
sense ; only the last, however, satisfies it in an arithmetical sense. 
Let us endeavor to ascertain how the question must be modified, 
so that the first set of numbers -shall satisfy it in an ■ arithmetical 
sense. 
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The meaning of the negative solution — 15, will be understood 
by considering thai; the addition of a. negative quantity, is the same 
as the subtraction of the same quantity taken positively (Art 81). 
The first condition of the question then becomes 25-f'(-—15)==25 
— (+15)=25—15=10; and the second is 9— (-~15)=9+(+15) 
=9-f 1 5=24, This indicates, that — 15 may be changed to -f 1 5, 
provided, that instead of the condition of the sum of the first and 
second numbers being 10, their difference be 10; and the second 
condition may for a similar reason, be changed into this, that the 
mimof the second and third is 24. The question, with these modi- 
fications, would be: What three numbers are those, such that the 
product of the first and third, is equal to the square of the second ; 
the difference of the first and second is 10; and the mm of the 
second and third is 24 ? 

11 e m A r k .-—In the following examples, the pupil is required to find 
only that value of the unknown quantity, which satisfies the conditions of 
the question in an arithmetical sense. It forms, however, a good exercise 
for advanced pupils, to determine the negative value, and then to modify 
the question, so that this va^^fci31 satisfy the conditions in an arithmetical 
sense. 

6, Find a number, suerf that if its square be diminished by 6 
times the number itself, the remainder shall be 7. Ans, 7. 

7« Find a number, such that if its square be increased by 8 
times the number itself, the sum shall be 9.. Ans. 1 « 

8. Find a number, such that twice its square, plus 3 times the 
number itself, shall be 65. Ans. 5. 

9. Find a number, such that if its square be diminished by 1 , 
and | of the remainder be taken, the result shall be equal to 5 
times the number divided by 2, Ans. 4. 

10. Find a number, such that if 44 be divided by the number 
diminished by 2, the quotient shall be equal to | of the number, 
diminished by 4. Ans. 24. 

11. Find two numbers, whose difference is 8, and product 240. 

Ans. 12 and 20. 

12. A person bought a number of sheep, for 80 dollars ; if he 
box! bought 4 more for the same money, he would have paid 1 
dollar less for each; how many did he buy? Ans, 16, 

13. There are two numbers, whose difference is 10, and if 600 
be divided by each., the difference of the quotients is also 10 ; 
what are the numbers? Ans, 20 and 3 0. 

14. A pedestrian, having to walk 45 miles, finds that if he in- 
erases Ms QfQQd | ; a mll% an hour, h% will perform hig task 1| 
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hours sooner, than if he walked at his usual rate; what is that 
rate ? Ana, 4 miles per hour. 

15. Divide the number 14 into two parts, the sum of whose 
squares shall be 100. Ans, 8 and 6. 

16. In an orchard containing 204 trees, there are 5 more trees 
in a row than there are rows; required the number of rows, and 
the number of trees in a row. • A. 12 rows, and 17 trees in a row. 

17. A schoolboy, being asked the ages of his sister and himself, 
replied, that he was 4 years older than his sister, and that twice 
the square of her age, was 7 less than the square of his own ; 
required their ages. Ans. 13 and 9 yrs.' 

18. A and B start at the same time to travel 150 miles; A 
travels 3 miles an hour faster than B, and finishes Ms journey 8| 
hours before him ;, at what rate per hour did each travel? 

Ans. 9 and 8 miles per hoiw. 

19. A company at a tavern had 1 dollar and 75 cents to pay; 
but before the bill was paid two of them went away, when those 
who remained had each 10 cents more to pay; how many were in 
the company at first? Ans. 7, 

20. The product of two numbers i8HB), and if 1 be taken from 
the greater, and added to the less, the"'product of the resulting 
numbers is 120; what are the numbers? Ans. 25 and 4. 

Let x-=r- the larger number ; then = the smaller. 

x 

21. If 4 be subtracted from a father's age, the remainder will 

be thrice the age of the son; and if 1 be taken from the son's age, 

half the remainder will be the square root of the father's age. 

Required the age of each. Ans. 49 and 15 yrs, 

a 2 — 4 
Let x 2 -~=z the father's age; then — ^ — = the son's age, 

• o ' 

22. A young lady being asked her age, answered, "If you add 
the square root of my age to § of my age, the sum will bo 10." 
Required her age. Ans. .16 yrs, 

23. What number is that, from which, if f of its square root 
be taken, the remainder will be 22 ? Ans. 25« 

24. A merchant bought a piece of muslin for 6 dollars; after 
cutting off 15 yards, he sold the remainder for 5 dollars 40 cents, 
by which he gained 1 cent a yard on the amount sold ; how many 
yards did he buy, and at what price ? 

Ans. 75 yds., at 8 cts. per yd., 

25. A man bought a horse, which he afterward sold for 24 dol- 
lars, and bj so doing, lost as much per cent, upon the price of hb 
purchase, as the horse cost him ; what did he pay for the horse ? 

Ans. $60, or $40. 
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FBOFMBTIES OF THE BOOTS OF A COMPLETE BHUATI0M 
OF THE SECOND DISGREK. 

Kotb to Teachers, — This subject may be omitted entirely, by 
the- younger class of pupils; and passed over, by those more advanced? 
until the book is reviewed. 

Art. 9 J.5« — The pupil may have learned already, by Inference, 
from the solution of the preceding examples, that an equation of 
the second degree has two roots, that is, that the unknown quan- 
tity has two values. This principle may "be proved directly, as 
follows. 

The general form to which every complete equation of the sec- 
ond degree may be reduced, is D; 2J r 2px=q ; in which %p and q 
may be either both, posithe or both negative,, or one positive and 
the other negative. Completing the square, we have 
x 2 ~j-2/Ar 4-j/ -T ',- P 2 

Now, the first member is equal to (x-\ pf, and if, for the sake of 
simplicity, we assume a f;r=-w 2 , that is, |/^+p 3 =?», then 

(x-'-pY^r-m 2 
Transposing, (>r~~ ;>) 3 — w? 2 — 0. 

But, since the left hand member of (his equation, is the differ- 
ence of two squares, il may bo resolved into two factors, Art.. 94. 
This gives {x j p-\-^){3 ~~p~~ w) ===■(). 

How, this equation can be satisfied in two ways, and in only two; 
that is, by ma-king either of the factors equal to 0. 

If we make the second factor equal to zero, we have 
o:-\-p — m--Q 
Or, by transposing, .r -— p- i r M~-—p-\-y / q J ~p 2 

If we make the first factor equal to zero, we have 
x-^p—m—O 
Or, by transposing, x~--- p—tu -~~~p ~— j/ q-\~p\ 

Hence, we conclude, 

1st. Thai every equation of the second degree, has two roots, and 
only (wo. 

2d. Thai every complete eqvation of the second degree, reduced to 
the form x A >\ 2px~q, may be decomposed into two binomial factory 
of which the first term in each is x } and the second, the two roots with 
their signs changed. 

Thus, the two roots of the equation # s — 5x= — 6, or aj 2 — 5a?+6 : 
'--0. are x--2 and ar—3; hence, a; 2 — 5a:+6=(a? — 2) (a>— 3). 

-V)*r* this, it is evident, that the direct method of resolving a 
quadratic trinomial Into its factors, is to place it equal to zero, and 
then Und the roots of the equation. In this manner, let ihB 
learner solve the questions on page 72 
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By reversing the operation, we can readily form an equation, 
whose roots shall have any given values. 

Thus, let it be required to form an equation whose roots shall 
he 4 and — 6, 

We must have #=== 4 or as— 4-=0 

And ic=>— 6 or a?-f 6=0 

Hence, (x-4) (x-{~6)^x 2 +2x~~~24^® 
Or x*+2x=m, 

Which is an equation whose roots are +4 and -—6, 

1. 3?ind an equation, whose roots are 7 and 10. 

Ans. as 8 — 17ie=— TO. 

2, Find an equation whose roots are -—8 and —1. 

Ans. o 2 +4a;==--3. 

8. Find an equation whose roots are +2, and — I. 

Ans. a£~~a,*~2. 

Art. S16»-~ Kesuming the equation x lJ r 2px~-~-q. 
The first value of x is ~~ rP+V^gj^ 
The second value of $ is ~-jp~~|/g;-f-JP 2 

Their sum is — -2p, which is the coefficient of 

x, taken with a contrary sign. Hence; we conclude, 

That the sum of the roots of an equation of the second degree, re- 
duced to the form x^-^px^q, -is equal to ike coefficient of the first 
power of x taken with a contrary sign. 

If we take the product of the roots, we have 
First root= -~-p J rY qA~V % 

Second root-- -~p---i/ q-*-p* 



p 2 —pVq±f 

-VpVq-rf (g+JP 2 ) 
j/ . . . . — (2+JP 2 )=— «. 
But — q is the known term of the equation, taken with a con- 
trary sign. Hence, we conclude, 

That the product of ike two roots of an equation of the second cle~ 
gree, reduced to the form x*-{-2p&=q t is equal to the known term 
taken with a contrary sign. 

BsMASK.—Ia the preceding demonstrations, we have regarded 2p and 
q as both positive ; the same course of reasoning, however, will apply when 
they are both negative, or when one is positive and the other negative ; so 
that the conclusions are true in each of the four different forms. 

Art. SIl'SV- In the equation z 2 -\-2px=q, or first form, 
the two Tallies of x are — jp+y'g-f-p 2 
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If we examine the part i/g-j-i? 2 , we see that its value must be 
a quantity greater than p f since the square root of p 2 alone, is p. 
Hence, 'the first root is the difference "between p and a -positive 
quantity greater than p ; therefore, it is essentially positive. 

If we take the negative value of the radical part, the second 
root is equal to. the sum of two negative quantities, one of which 
is p, and the other a quantity greater thanjp; therefore, it is 
essentially negative. Since the first root is the difference, and the 
second root the sum, of the same two quantities, the second, or 
negative root, is necessarily greater than the first, or positive root. 
See questions 7, 8, 9, 10, page 205. 

In the equation x 2 ~— 2px=q, or second form, 
the two values of x are +p+]/<H~p 2 
And J r p—~j/q-\~pK 

The quantity under the radical being the same as in the pre- 
ceding form, its square root is greater than p. The first root then, 
is the sum of two positive quantities, one of which is p, and the 
other a quantity greater than_p; therefore, it is essentially positive. 

If -we take the negative value of the radical part, the second 
root is equal to the difference between p t and a negative quantity 
greater than p ; therefore it is essentially negative, 

Since the first root is the sum, and the second root the difference 
of the same two quantities, the first, or positive root, is greater 
than the second, or negative root. See questions 11, 12, 13, 14, 
page 206. 

In the equation a; 2 +%rc==--#, or third form, 
the two values of x are —p-\~T/-—q-\-p 2 
And — p — i/—q-\-p 2 . 

If we examine the radical part, j/— q+p 2 , we see, that its value 
must be a quantity less than j?, since the square root of p 2 without 
its being diminished, is p; hence, the first root is the difference 
between — p, and a positive quantity less than p; therefore, it is 
essentially negative. 

If we take the negative value of the radical part, the second 
root is equal to the sum of two negative quantities; therefore, -it 
is essentially negative. 

Kevi E-W.—215. To what general form, may every equation of the sec- 
ond degree, containing one unknown quantity, he reduced ? Show that 
every equation of the second degree has two roots, and only two. 216„ To 
what is the sum of the roots of an equation of the second degree equal? 
To what is the product equal? 217. Show that in the first form one of the 
roots is positive ? and the other negative ; and that the negative root i$ 
greater than the positive. 
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Hence, in the third form, both roots are negative, See ques- 
tions 15, 16, 17, 18," page 206, 

In the equation a; 2 — 2px= — g, or fourth form, the two values-. of 
x are +j?+)/—g+jj 2 

And 4-_p-— y"— g+jp 2 . 

The value of the radical part, being the same as in the pre- 
ceding form, it is less than p. The first root, then, is the sum of 
two positive quantities, therefore, it is essentially positive* 

The second root is the difference between p, and a negative 
quantity less than p> therefore, it is essentially positive. 

Hence, in the fourth form, both roots are positive. See ques- 
tions 19, 20, 21, 22, page 206. 

Art. S!§« — In the third and fourth forms, the radical part is 
-j/—. g-j-jp^ How, if q is greater than p% this is essentially nega- 
tive, and we are required to extract the square root of a negative 
quantity, which is impossible. See Art. 195. Therefore, in the 
third and fourth forms, when q is greater than jp 2 , that is, when, 
the known term is negative, and greater than the square of half 
the coefficient of the first power of x, both values of the unknown 
quantity are impossible. What is the cause of this impossibility ? 

To explain this, we must inquire into what two parts, a num- 
ber must be divided, so that the product of the parts shall be the 
greatest possible. 

Let 2p represent any number, and let the parts, into which it is 
supposed to be divided, be p-\-z and p—z. The product of these 
parts is (j?~M) (p~-z)=^r—z\ 

Mow, this product is evidently the greatest, when z 2 is the least; 
that is, when z 1 or z is 0. But, when z is 0, the parts are p and 
p, that is, when a number is divided into two equal parts, their pro- 
duct is greater than that of any oilier two parts into which the num- 
ber cam he divided, Or, as the same principle may be otherwise 
expressed, the product of amy two unequal numbers is less than ike 
square of half their sum. 

As an illustration of this principle, take the number 1 0, and 
divide it into different parts. 

10=9+1, and 9X1= 9 
10=8+2, and 8X2=16 
10=7+3, and 7X3=21 
10=6+4, and 6X4=24 
10=5+5, and 5X5=25 

■Bbvie w.-~ 21jT. Show that in the second form, one root is positive and the 
other negative ; and that the positive root is greater than the negative. 
Show that in the third form, both roots are negative. Show that in the 
fourth form, both root* are positive. 
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We thus see, that the product of the parts becomes greater as 
they approach to equality, and thai it is the greatest wheir they 
are equal to each other. 

MoWj in Art. 215, it lias been shown,, that 2p, the coefficient of 
the first power of #,. is equal to the sum of the. two yalues of x r 
and that q is equal to their product. But, when q is greater than. 
p 2 , we have the product of two numbers, greater than the square 
of half their sum, which, by the preceding theorem, is impossible. 
If, then, any problem furnishes an equation in which the known 
term is negative, and greater than the square of half the coeffi- 
cient of the first power of the unknown quantity, we infer, that 
the conditions of the problem are incompatible with each other. 
The following is an example. 

Let it be required to divide the number- 12 into two such parts-, 
that their product shall be 40, 

Let x and 12 — x represent the parts. 

Then " a;(12-«)=40, ora? a -12a:==>~40 : 

® 3 --12&+36=-~4 

x — 6— dz|/ — 4, and %=$dk.-\f — 4% 

These expressions for the values of a?, show that the problem is 
impossible. This we also know, from the preceding theorem, 
since the number 1 2 can not be divided into any two parts, whose 
product will be greater than 38; thus, the algebraic solution ren- 
ders manifest the absurdity of an impossible problem. 

Eem a b k b .—1st. When the coefficient of x 2 is negative, as in the equa- 
tion —-a^-^-mQ&=m f the pupil may not perceive that it is embraced in the four 
general forms. This difficulty is obviated, by multiplying both sides of the 
equation by-— L 

2d. Since the sign of the square root of a? 2 , or of (x~j~ p) 2 t * s db. it might 
seem, that when a#==wi 2 , we should have ±a*===;±;J», that is, ^az^-j-m, 
and -- a^^ffl; such is really the case, but — jc==~j-m, is the same as 
-}-ajs=-— m } and -— a?===~~-m, is the same as -\~x=-i-m. Hence, *™i~«=^^% 
embraces all the values of a?. In the same manner, it is necessary to take 
only the plus sign of the square root of (as-f-JP) 2 - 



EQUATIONS OF THE SBOOMP BE&REE, CO»TAIMISf€J TW0 
IhmTOWM QUANTITIES. 

Note,— A full discussion of equations of this class does 'not properly 
belong to an elementary treatise. Indeed, no directions can be given, that 
will be applicable to all cases. The general method of treating the sub- 
ject, consists in presenting the solution of a variety of examples, and &en 
furnishing others for the exercise of the student, The following examples 
are intended to embrace only those capable of solution by simple methods* 
See Bay's Algebra, Part Second. 
19 
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AxtT. HJfl*— In solving equations of the second degree, contain- 
ing two unknown quantities, the first step is to eliminate one of 
them, so as to obtain a single equation involving only one unknown 
quantity. The elimination may be performed by either of the 
three methods already given. See Articles 1 58, 159, 160. When 
a single equation is thus obtained, the value of the unknown quan- 
tity is to be found by the rules already given. 

EXAMPLES. 

1. Given x—y=2 and as 2 -j-^ 2 ==100, to find x and y. 
By the first equation, x=y-\-2 
Substituting this value of x t in the second, 

(y+2Y+y 2 =lOO 
From which we readily find, y=6, or — 8 
Hence, a?=y4-2=i8, or —6. 

2, Given x+y=z8, and #y=15, to find % and y, 
From the first equation, x=8 — y 
Substituting this value of x t in the second, 

y(8-y)=15 

Or qf—Sy—z — 15 

from which y is found to be 5 or 8. 
Hence, £=3, or 5, 

There is a general method of solving questions of this form, 
without completing the square, with which pupils should be ac- 
quainted. To explain it, suppose we have the equations 
x+y=a 
xy=b 
Squaring the first, x 2 +2xy-{-y^=a i 
Multiplying the second by 4, 4agy= : 4S 
Subtracting, x 2 — 2xy ~{-y 2 =a*-—ib 

Extracting the square root, x — ^=dbj/a 2 -~-46 

But x+y=a 

Adding ^a^aiyV--^^^ 

Or a=ia±||/a 3 -— 46 

Subtracting, 2 # = ^ V^^^L-. 

Or #==!(££■%■</ a*--4b. 

If we have the equations x~~y=a and xy=b, we may find the 
values of a? and ?/, in a similar manner, by squaring each member 
of the first equation, and adding to each side 4 times the second, 
Then, extracting the square root, we obtain the value ojfjr-f # 
— db]/« 2 Hh4& ; from which, and x—y^a, we find a£=^adb|- i/a a +4&, 
and #=4<*=Fly'a : H~46, 
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3, Given x+y=a and x 2 4~y 2 =b, to find x and y. 
Squaring the first, tf+Qxy+y^—a? (2.) 
But, tf+tf^h (2.) 
Subtracting, ' 2xy^a 2 -~-b (4.) 
Take (4) from (2), ix?—2xy+y 2 ^=2b^-cP 
Extracting the root x— y~doi/2b— a 2 

x-\~y=^a 
Adding and dividing, a*=|adz|i/26— a 2 

Subtracting and dividing, y=^^cfcply2b~~ aK 

4. Given 3?-\-y 2 =a and xy=b, to find x and y. 
Adding twice the second to the first, 

&-\-2xy+y i =a+2b 

Extracting the square root, x-ry^^j/ a+2b 
Subtracting twice the second from the first, 
x 2 —2xy+y*=ar~~2b 



Extracting the square root, x~— y=zk?/a—2b 

"Whence x^^V^^^iV"^ 1 ^ 

And j/^±|]/&^ 

.5. Given rf+if—a and x+y—b, to find x and y. 
Dividing the first by the second, 

x 2 ~~~xy^f^ (3.) 

Squaring the second, 8 2 +2a#+# a =& 2 (4.) 

b*—a 

Subtracting (3) from (4), 2xij^-j~~ 

" Co f p> \ 

Or X ^-~W (0,) 

Take (5) from (3), &-^y+V*==--gf- 

. , ', jf4a~~¥ \ 

Extracting the root, x~-~y=zk^ ^ ~~3&~~~ / 

But »+#==& 

l7 t i(4a-tf \ 
Whence jc=g6± 2l| j ^ —35— J 

And JHI^WI^S?-)- 

In a similar manner, if we have ar , ~y=a and x—y=b we find 
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EXAMPLES. 

6. a; s +y 2 =34 ].............. Ans. z=db5. 

7. aH-#==16) .,...,..-.... . Ans. ffi—9, or 7. 



a$=63 i . , . . . . . . . . . . . . . y»--7, or 9. 

8. a?-— y=5 ) ............ Ans. #=9, or 



#^==.-38 ) .............. #=4, or — 9. 

9. a?+y==9 ) ............ . Axis. ar-=7, or 2. 

^+^=53]' ................. y=& t or .7. 

Ans, jc=8, or —3. 



03+^8=73 J............... y=3, or —8. 

11. ^+^=152} ...*........ . Ans. a=5, or 3. 



x -f-|/ =8 J . . . . . . . , . . . . . . 2^=3, or 5, 

12, a 8 — ^208 T ......"..'... Ans. ;i— 6, or —2. 



x —y =4 i ............. y~% or —6. 

13. sB8+2^==19(aj+y) } ......... Ans. <c=5, or —2. 

$; ■—?/ =3 ) ........... y^i'i or —5. 

14. «+|/=ll) ............... Ans. #=6. 

fls 2 --^— 1 1 J,.'.-....'.... . . . . . . y— 5. 

15. (a?— 3)(y+2)= 12) ........ . Ans. 3=6, or —3. 



a$=12j ........... #.-=2,.or~-4. 

16. ^™-#-~-2 ) . . . . . . . , , , Ahs. a?=2, or -|-» 

3a^=l(k+y> ............ #=4, or If* 

17, 3a 2 +2a:y=24 ] ......... Ans. s=2, or — f f 

1 9 9 



5aj--~3y=l j '..,...'..... «/=3, or— VV 9 

1 . 1 

"■■■+-- 

« y 



11- i 

18. -+-=§ ....... a ■.. . Ans. £=2, or 3. 



le^V ¥ ^J * * * " ' * * * * s " * * " V ' °» or '" 
19. £-~~#=2 )......... Ans. £=.-3, or — 1 



1 ' 1 

In solving question 18, let~=w, and ~~=z; the question then 
x y 

"becomes similar to the 9th. In question 19, Unci the value ofay 

from the second equation, as if it were a single unknown quantity. 

PBOB&EMS PRODUCING EaUATIOWS 1 OF THE £M€&NB imQRME, 
iMNTAMWG TWO UIIIOWI <|ITAOTmE§, 

!.-■ The sum of two numbers Is 10, and the sum of their squares 
§2; what are the numbers? Ans. 4 aixcJ Ci 

2. The difference of two numbers -is 3, and the difference of 
their squares 89; required the numbers. Ann. 8 ami 5* 
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8. It is required to divide the number 25 into two such -parts, 
that the sum of their square roots shall be '7. Ans. 16 and 9. 

4. The product of a certain number, consisting of two places, 
bj the sum of its digits, is 160, and if it be divided by 4 times 
the digit in unit's place? the quotient is 4 ; required the number, 

Ans. 32, 

5. The difference between two numbers, multiplied by the 
greater, =16, but hj the less, =12 ; required the numbers. 

Ans. 8 and 6. 

6. .Divide 10 into two such parts, that their product shall ex- 
ceed their difference by 22. Ans. 6 and 4. 

7. The sum of two numbers is 10, and the sum of their cubes 
is 370; required 'the numbers. Ans. 3 and 7. 

8. The difference of two numbers is 2, and the difference of 
their cubes is 08; required the numbers, Ans, 5 and 3. 

9. The sum of 6 times the greater of two numbers, and 5 times 
the less, is 50, and their product is 20; required the numbers, 

Ans, 5 and 4. 

10. If a certain number, consisting of two places, is divided 
by the product of its digits, the quotient will be 2, and if 27 is 
added, to it, the digits will be inverted ; required the number, 

Ans, H(h 

1 ] . iund three such quantities, that ihe quotient ans>ng from 

dividing iho products of every two of im.m, by the one remaining, 

are a, h, and c. Alio, db/ah, dbj/« t -, and dLj/6tf, 

12. The sum of two numbers is 9, and the &ain of I hob* <*uheM 
h 23 times as great as their sum ; required the numbers, 

Ans. -1 and 5. 

13. There are two numbers, ihe rain of whose squares exceeds 
twice their product, by 4, and the difference of their squares ex- 
ceeds half their product, by 4; required the numbers. 

A j is. trnd 8. 

14. The fore wheel of a carriage makes (I revolutions more than 
the hind wheel, in going 120 yards; but if th«* circumference of 
each wheel if* increased 1 yard, k will make only 4 revolutions 
mure than the hind wheel, in the faamo distance; required the 
circunilereuce of each "\\hcch Ans. 4 and i> yds. 

* «\ f *Vo persons, A. and li depart from the some pi nee. and 
tvjxu \a the same direction; A starts 2 hours before i*, and after 
traveling 30 milOb, B overtakes A; but had each of them tnweled 
had 4 a mile more per hour, £ would have traveled 42 miles before 
overtaking A. At what rate did they travel ? 

Ans. A 2j, and II o miles per hom\ 
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16. A and B started at the same time, from two different points, 
toward each other; when they met on the road, it appeared that 
A had traveled 30 miles more than B. It also appeared, that it 
would take A 4 days to travel the road that B had come, and B 9 
days to travel the road that A had come. Find the distance of A 
from B, when they set out. Ans. 150 miles. 



CHAPTER VIII. 

PROGRESSIONS AND PROPORTION. 

ARITHMETICAL PROGRESSION. 

Art. 220. — A series, is a collection of quantities or numbers, 
connected together by the signs + or — , and in which any one 
term may be derived from those which precede it, by a rule, which 
is called the law of the series. Thus, 

1 +3+5+7+9+ , &c, 
2+6+18+154+, &o., 
are series ; in the former of which, any term may be derived from 
that which precedes it, by adding 2; and in the latter, any term 
may be found by multiplying the preceding term by 3. 

Art. 221. — An Arithmetical Progression is a series of quanti- 
ties which increase or decrease, by a common difference. Thus, 
the numbers 1, 3, 5, 7, 9, &c, form an increasing arithmetical 
progression, in which the common difference is 2. 

The numbers 30, 27, 24, 21 , &c, form a decreasing arithmetical 
progression, in which the common difference is 3. 

Eemar k. — An arithmetical progression is termed, by some writers, an 
equidifferent series, or a progression by differences. 

Again, a, a-\-d, a-\-2d, a-\-Sd, a-\-4d, &c, is an increasing arith- 
metical progression, whose first term is a, and common difference 
d. And if d be negative, it becomes a, a — d, a — 2d, a— 3d, a — 4d, 
&c, which is a decreasing arithmetical progression, whose first 
term is a, and common difference d. 

Art. 222. — If we take an arithmetical series, of which the 
first term is a, and common difference d, we have 

1st term — a 

2d term —1st term -\-d=a-\-d 

3d term =2d term +<fca+2<2 

4th term =3d term +d=a-^3d, and so on. 
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Hence, the coefficient of d in any term, is less by unity, than 
the number of that term in the series ; therefore, ,the nth term 
=a-\-(n — l)d. 

If we designate the nth term by Z, we have l==:a-{-(n — l)d. 

Hence, the 

RULE, 

FOR FINDING ANY TERM OF AN INCREASING ARITHMETICAL SERIES. 

Multiply the common difference by the number of terms less one, 
and add the product to the first term; the sum will be the required 
term. 

If the series is decreasing, then d is minus, and the formula is 
l=a — (n — l)d. This gives the 

HULK, 

FOR FINDING ANY -TERM OF A DECREASING ARITHMETICAL SERIES. 

Multiply the common difference by the number of terms less one, 
and subtract the product from the first term; the remainder will be 
the required term. 

EXAMPLES. 

1 . The first term of an increasing arithmetical series is 3, and 
common difference 5 ; required the 8th term. 

Here I, or 8th term =3+(8— 1)5=3+35=38. Ans. 

2. The first term of a decreasing arithmetical series is 50, and 
common difference 3 ; required the 1 Oth term. 

Here I, or 10th term =50— (10— 1)3=50— 27=23. Ans. 

In the following examples, a denotes the first term, and d the 
common difference of an arithmetical series ; d being plus when 
the series is increasing, and minus when it is decreasing. 

3. a=3, andd=5; required the 6th term. ..... Ans. 28. 

4. a=20, and d~4; required the 15th term. . . . Ans. 76. 

5. a=7, and d=\\ required the 16th term. ... Ans. lOf . 

6. a=2|, and d—\\ required the 100th term. . Ans. 35-J. 

7. a=0, and d=§; required the 11th term Ans. 5. 

8. «=30*and d— — 2; required the 8th term. . . . Ans. 16. 

9. a= — 4, and <2=3 ; required the 5th term. ... Ans. 8. 

10. a= — 10, and d= — 2; required the 6th term. Ans. — 20. 

11. If a body falls during 20 seconds, descending 16j% feet the 
first second, 48{ feet the next, and so on, how far will it fall the 
twentieth second ? Ans. 627| feet. 

Review.— 220. What is a series? Give examples. 221. What is an 
arithmetical progression ? Give an example of an increasing series. Of a 
decreasing series ? 222. What is the rule for finding the last term of an 
increasing arithmetical series ? Of a decreasing arithmetical series ? Ex- 
plain the reason of these rules. 
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Art. SIS3»--Given, the first term a t the common difference fl ? 
and -the number of terms n, to find 5, the sum of the series, 

If we take an arithmetical series of which the first term is 3, 
common difference 2, and number of terms 5, it may be written 
in the following forms : 

3, 3+2, 3+4, 3+6, 3+8 
II, 11—2, 11-4, 11—6, 11—8. 
It is obvious, that the sum of all the terms in either of these- 
lines, will represent the sum of the series ; that is, 

s=z 3+( 3+2)+(-3+4)+( 3+6)+( 3+8) 
And s=ll+(ll— 2)+(lI— 4)+(l l-8)+(ll-~-S) 

Adding, .2s=14+ 14 + 14 + 14 + 14 
-=^14X the number of terms, 
-14X5-70 
Whence, *=| of 70=35. 

Mow, let Z= the last term, then writing the series both in &> 
direct and inverted order, 

s^+(a+d)+{a+2d)+(a+3d)+ . . , . +1 
And *=4+(Z — d)+(Z — &£) + (* — Sd)+ . . . . +a 

By adding the corresponding terms, we have 

2s^{l+a)+(l+a)+{l+a)+(l+a) . * +(*+«} 

=(Z+&). taken as many times as there- are terms {n) in 
the series. 
Hence, 2s— (2+a)^ 

This formula gives the following 

FOE FINMN-G THE SUM OF AN ARITHMETICAL SEEIES. 

Multiply half the sum of the two extremes, by the number of term?, 

From the preceding, it appears, that the svm of tin extremes if 
aiued to thti .sum of any other two farms et\uallt/ dlHanlftOtn thx 
extreme. 

Ee m a uk. — Since / a-\ (n- I )d, if \sq <*ubPtiiiHo i\\U m ihe place of I 

in the formula <* -(/ > «» , "t bu^omt*? &-- J 2k \-U — 1)d j . Thie^rvcJ 

the folio \vt n »' j?nU\ for niilhvr r^ una of an ariiluuonefjl series: To the 
double o/ Ike jisct tetvi odd th< prodnU of zli*> wimlxroftuhta less one* bi, 
ihr common difference, oad mvtlij}bj the Mad by htdf th a , numler of fa n<8, 

TIjivj h. w. -~~?2:i U"hati« the rule for iindia& ihe, anm of ou <mUuruH/ 
<*«! Qf'do^ '" F\y)1.'u"»j Ui*> r^p >on of fh<* niU\ 
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ISXAMPJLES. 

1,' Find the sum of an arithmetical series, of which the first 
term is B, last term 17, and number of terms 8. 

^(.?+l?) 8=80.' Adb. 

2. Find the sum of an arithmetical series, whose first term Is I, 
last term 12, and number of terms 1.2, Ans. 7-8. 

3. Find the sum- of an arithmetical series, whose first term isO, 
common difference 1, and number of terms 20. Ans, 190, 

4. Find the sum of an arithmetical series, whose first term is 3 ? 
common difference 2 3 and number of terms 21. Ans. 483. 

5. Find the sum of an arithmetical series, whose first term Is 
10, common difference — 3, and number of terms 10. A. —35. 

In this case, the sum of the negative terms exceeds that of the 
positive, 

Abt, §SM*-~ The equations l~-a-\-{n—l)d and 

s— (a-f-£)^, furnish the means of 

solving this general problem: Knowing amy ilvree of the five quan- 
tities a, d y n, I, s, which enter into an arithmetical series, to determine 
ike other two. 

This question furnishes ton problems, the solution of which pre- 
sents no difficulty; for we have always two equations, to determine 
the two unknown quantities, and the equations to be solved, are 
either those of the first or second degree. 

1.. Let it be required to find a in terms of l t n, and d. 

From the first formula, by transposing, we have a^4-~{n—l)d, 
That is, the first term of an increasing arithmetical series is equal to 
the last term dmrirmhed by the product of the common difference into 
ihe number of terms less one. 

From the same formula, by transposing a } and dividing by n—1, 

we find &■=-- — t. 
n — 1 

That is, in any arithmetical series, ihe common difference is cqualio 
ihe difference of the extremes, divided by the number of terms less one. 

Examples, illustrating these principles, will be found in the col- 
lection at the close of this subject. 

K.3SVIEW.—224;. What are the fundamental equations of arithmetical 
progression, and to what general problem do they give rise ? To what is 
the .first term of an increasing arithmetical series equal? To what is. the 
common difference of an arithmetical series equal ? 
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Art. Stllli* — By means of the preceding principle, we are ena- 
bled to solve the following problem. 

Two numbers, a and b, being given, to insert a number, m, of 
arithmetical means between them; that is, so that the numbers 
inserted, shall form, with the two given numbers, an arithmetical 
series. 

Regarding a and 5 as the first and last terms of an increasing 
arithmetical series, if we insert m terms, between them, we shall 
have a series consisting of m-\-2 terms. But, by the preceding 
principle, the common difference of this series will be equal to the 
difference of the extremes divided by the number of terms less 

one ; that is, 'd=- — -^ — =-= — r-i ; therefore, the common difference 
m~t~2 — 1. m-\-\ * u 

will he equal to the difference of the two numbers, divided by the num- 
ber of means plus one. 
Let it be required to insert five arithmetical means between 3 

and 15. 

15 g 

Here d= -jl— =2; hence the series is 3, 5, 7, 9, 11,' 18, 15. 

O-f-l 

It is evident, that if we insert the same number of means be- 
tween the consecutive terms of an arithmetical series, the result 
will form a new progression. Thus, if we insert 3 terms between 
the consecutive terms of the progression, 1, 9, 17, &c., the new 
series will be 1, 3, 5, 7, 9, 11, 13, 15, IT, and so on. 

EXAMPLES. 

■ 1. Find the sum of the natural series of numbers 1, 2, 8, 4, . . 
carried to 1000 terms. Ans. 500500. 

2. Required the last term, and the sum of the series of odd 
numbers 1, 3, 5, -7, . . . continued to 101 terms, 

Ans. 201 and 1020L 

3. How many times does a common clock strike, in a week ? 

Ans. 1092. 

4. Find the nth term, and the sum of n terms of the natural 
series of -numbers 1, 2, 3, 4 . . . ' . Ans. n, and \n{n-\- 1). 

5. Find the nth term, and the sum of n terms, of the series of 
odd numbers 1, 3, .5, 7. Ans. 2n~~~ 1, and n 2 . 

6. The first and last terms of an arithmetical series are 2 and 
29, and the. common difference is 3; required the number of terms 
and the sum of the series. Ans. 10 and 155. 

7. The first and last terms- of a decreasing arithmetical series 
are 10 and 6, and the number of terms 9; required the common, 
difference, and the sum of the series. Ans, J and 72. 
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80 The first term of a decreasing arithmetical series is 10, the 
number of. terms 10, and the sum of the series 85; required the 
last term and the common difference. Ans. 7 and •§• 

9. Required the series obtained from inserting four arithmetical 
means between each of the two terms of the series 1, 16, 31, &c. 

Ans. 1, 4, 7, 10, 13, 16, &c. 

10. The sum of an arithmetical progression is 72, the first term 
is 24, and the common difference is —4; required the number of 
terms. Ans. 9 or 4. 

In finding the value of n in this question, it is required to solve 
the equation n 2 ~~ 13«=-~ 36, which has two roots, 9 and 4. 
These give rise to the two following series, in both of which the 
Bum is 72. 

First series, 24, 20, 16, 12, 8, 4, 0, -4, --8. 

Second series, 24, 20, 16, 12. 

11. A man bought a farm, paying for the first acre 1 dollar, for 
the second 2 dollars, for the third 3 dollars, and so on; when he 
came to settle, he had to pay 12880 dollars ; how many acres did 
the farm contain, and what was the average price per acre? 

Ans. 160 acres, at $80-|- per acre, 

12. If a person, A, start from a certain place, traveling a miles 
the first day, 2a the second, 2a the third, and so on; and at the 
end of 4 days, B start after him from the same place, traveling 
uniformly 9a miles a day; when will B overtake A? 

Let je= the number of clays required ; then the distance traveled 
by A in x days =a-f-2a-r-3a, &a, to x terms, -=^ax(x+l); and 
the distance traveled by Bin (as— 4) days =9a(a?—4). 
Whence %<zc{x+l)=9a{x—4). Irom which <b=8, or 9. 

Hence, B overtakes A at the md of 8 days; and since, on the 
ninth day, A travels 9a miles, which is B's uniform rate, they will 
be together at the end of the ninth day. This is an instance of 
the precision with which the solution of an equation points out 
the circumstances of a problem. 

13. A sets out 3 hours and 20 minutes before B, and travels at 
the rate of 6 miles an hour; in how many hours will B overtake 
A, if he travel 5 miles the first hour, 6 the second, 7 the third, and 
so on? : Ans, ® hours. 

14. Two travelers, A and B, set out from the same place, at the 
same time, A travels at the constant rate of 3 miles an- hour, 
Imt B's rate of traveling, is 4 miles the first hour, 3| the second, 
3 the third, and so on, in the same series; in how many hours will 
A overtake B ? Ans. 5 hours. 

Re 'vi b W.—225. How do you insert m arithmetical means between two 
given immfcers ? 
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6BOMKTRICA1 PRO GR 13 § 8 31 If « 

Art, $S®«— A Geometrical Progression is a series of terms, 
each of which is derived from the preceding, by multiplying it by 
a constant quantity, termed the -ratio. 

Thus, 1, 2, 4, 8, 16, &c, is an increasing geometrical series, 
whose common ratio is 2, 

Also, 54, 18, 6 5 2, &c, is & decreasing geometrical series, whose 
common ratio Is -| . 

Generally, a, ar, ar 2 , a-? 5 , <&e., is a geometrical progression, whose 
common ratio is r t and which is an increasing or decreasing series, 
according as r is greater, or Zess than 1 . 

It is obvious, that the common ratio in any series, will be ascer- 
tained hj dhidmg any term of the series, by that which imme- 
diately precedes it. 

Eeiaee.—A geometrical progression is termed, by some writers, an 
equiratwnal series, or a series of continued proportionals, or a progression 
hy quotients. 

Art. 227o~- To find the last term of the series. 
Let a denote the first term, r the common ratio, I the nth term, 
and $ the sum of n terms ; then, the respective terms of the series 
will be ■ 

1, 2,- 3, 4, .5. ... . n— 3, ^—2, n~l, n. 

a, ar, ar 1 , ar 5 , ar' i; . . . . . ar n - A 1 ar n ~~ 3 , ar*— 3 , m* 1 — 1 * 

That is, the exponent of r in the second term is 1, In the third 

term 2, in the fourth term 3, and so on; hence, the nth term, of 

the series will be, l=ar nr -~ 1 ; that is, 

-dtray term of a geometric series is equal to ike product of the first 
term, by the ratio raised to- a power, whose exponent is one less than 
the number of terms, 

EXAMPLES, 

1. Find the. 5th term of the geometric progression, whose first 
term is 4, and common ratio 3. 

3*=3X3X3X3=81, and 8 1X4=324, the fifth ietm, 

2. Find the 6th term of the progression 2, 8, 32, <&c. 

Ans. 2048. 

3. Given the 1st term 1, .and ratio 2 5 to. find the 7th term. 

Ans, 64, 

4. Given the 1st term 4, and ratio 3 } to find the 10th term. 

Ans. 78732. 
B b T i e w.~~ 226. What is a Geometrical Progression ? Give examples of 
an increasing, and of a decreasing .geometrical series. How may the com- 
mon ratio in any geometrical series be found? 227. How is any term 'of a 
geometrical series found ? Explain the principle of this rule. 
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5. Find the 9th term of the series, 2, 10, 50, &c. A. 781250. 
6« Given the 1st term 8, and ratio -|, to find the 15th term. 

AllS. of 4 8"' 

7. A Bias, purchased 9 horses, agreeing to pay for the whole 
what the last would cost, at 2 dollars for the first, 6 for the second, 
&e.; what was the average price of each? Ans. $1458. 

Art. S&§.---To find the sum of all the terms of the series. 

If we multiply any geometrical series by the ratio, the result 
will he a new series, of which every term except the last, will 
have a corresponding term in the first series. 

Tints, let a, ar, ar 2 , ar 3 , &c, he any geometrical series, and & its 
sum, then s^a+ar+ar^+ar* ...... +ar n - 5 +ar ,l ~ 1 

Multiplying this equation hy r, we have 

rs=ar+ar*+ar i +a7 A . . . . . -\~m- ai - 1 +ar n . 

The terms of the two series are identical, except the first term 
of the first series, and the last term of the second series. If, then, 
we subtract the first equation from the second, all the remaining 
terms of the series will disappear, and we shall have 
rs — s=ar tl — a 
(r~~l)&=a{r n —l) 

S ~~ r-1 
vq rl=ar n 

ar n —~a rl—a 

r — 1 r—Y 

THE SUM OF A GEOMETRICAL SERIES. 

Multiply the last term by He ratio, from ike product subtract ike 
first term, and divide the remainder by the ratio less one, 

MXAMiPJLES, 

1. Mnd the sum of 10 terms of the progression 2, 6 5 18, 54, &c. 
The last .term =2X3 9 =2X 19683=39366. 

#=== — __ — =59048, Ans, 

r~~ 1 o — I 

2. Find the sum of 7 terms of the progression 1, 2 ? 4, &c. 

1 Ans. 127. 

3. Mud the sum of 10 terms of the progression 4, 12, 36, &c. 

Ans. 118096. 

4. Find the sum of 9 terms of the series 5, 20, 80, &e. 

Ans. 488905. 
i 
u 



Hence, 






Since £= 


- ar n-~ 


- 1 , we ha 


Therefoi 


°? 




Hence 


j, the 






TOR 


BINDING 



5. Find the sum of 8 terms of the series, -whose first term is 8;i 



and ratio«, Ans. 307^ 
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6. Find the sum of 8+20+50+, &g„ to 7 terms. A. 3249g. 

7. Find the sum of 3+4J-+6f+, &e., to 5 terms, A. 39 T V 

Rbmar k.— -If the ratio r is less than 1, the progression is decreasing, 
and the last term Ir is less than a. In order that both terms of the fraction 

«- — — shall be positive, the signs of the terms must be changed, and we 

Have 8^-~~—, The sum of the series when the progression is decreasing, 

is, therefore, found by the same rule, as when it is increasing, except that 
the product of the last term by the ratio, is to be subtracted from the first 
term, and the ratio subtracted from unity, instead of subtracting unity from 
the ratio. 

8. Find the sum of 15 terms of the series 8, 4, 2, 1, &c. 

9. Find the sum of 8 terms of the series 6, 4i, 3|-, &c. 

Aim 19fff . 

d~ nfii 

Akt. S^fK—The formula ^— — -— , by separating the nume- 
rator into two parts, may l>e placed under the form 



°~l-r l-~r 
'Now, when r is less than 1, it must be a proper fraction, which 

may be represented by -; then r n =:(- ) ==—;. Since p is less 

than q, the higher the power to which the fraction is raised, the 
less will be the numerator compared with the denominator ; that 
is, the less will be the value of the fraction ; therefore, when n 

becomes very large, the- value of .-—, or r n will be very small; and, 
when n becomes infinitely great the value of—, or r n , will be in- 

gil 

finitely small, that is f G» But, when the numerator of a- fraction 

is mm, its value is 0. This reduces the value of s, to ■= . Hence, 

1 — r 

wlien the number of terms of a decreasing geometrical series is infi- 
nite, the last term is zero, and the sum is equal to the first term 
divided by one minus ilie ratio. 

E B vie W.—228. What is the rule for finding the sum of the terms of a 
geometrical series ? Explain the reason of this rule. When the series is 
decreasing, how must the formula, expressing the sum, be written, so that 
both terms of the fraction may be positive ? 229, What is the rule for fad- 
ing the sum of & decreasing geometrical series, when the number of terms 
is infinite? Explain the reason of this rule, 
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1. Find the sum of the infinite series I+i+i+> &c.- 

.Here «===!, y=4, and #=-= =■= — ~=§. Ans. 

1— r 1— | 

2. find the sum of the infinite series l+i+l + g+ 5 ^ c * 

Ans. 2. 

3. Find the sum of the infinite series 9+6+4+, &c. A, 27. 

4. Find the sum. of the infinite series 1— 1+| — sVK ^ c * 

Ans. -|-» 

1 1 1 

5. Find the sum of the infinite series l+~-i+~5+~g+> &<*• 

x & & 

Ans, ~~+- T . 

6. Find the sum of the infinite geometrical progression a— b 

¥ W 6* b a 2 

j _l_— & c in which the ratio is . Ans. ~-rr- 

a a 2 a° -a &-r« 

7. If a body moves 10 feet the first second, 5 the next- second, 
2 1 the next, and so on, continually, how many feet would it move 
oyer? Ans. -20. 

Art. &S®.— The two equations, i=ar n '~\ and s™~j37jp tur ~ 
nish this general problem: Imoioing three of the five quantities a, 
r, n, I, and s, of a geometrical progression, io determine ike other 
two. This problem embraces ten different questions, as in arith- 
metical progression. Some of the cases, however, involve the 
extraction of high roots, the application of logarithms, and the 
solution of higher equations than have been treated of in the pre- 
ceding pages. The following is one of the most simple and useful 
of these cases. 

Having given the first and last terms, and the number of terms 
of a geometrical progression, to find the ratio. 

Here h==m^~ L , or ^^- 

Hence, r=^^(\). 

1. The first and last terms of a geometrical series, are 3 and 
48, and the number of terms 5 ; required the intermediate terms. 
Here 2=48, a=3, j^l===5-~l==4 

Hence, ^==^8=16, and **=y 16=4, and r=|/4=2. 

2. In a geometrical series of three terms, the first and last 
terms are 4 and 16; required the middle term. Ans, 8. 

In a geometrical progression, containing three terms, the middle 
term is called a mean proportional between the other two. 

3. Find a mean proportional between 8 and 32. Ans. 16. 

4. The first and last terms of a geometrical series are 2 and 1 62, 
and the number of terms 5; required the ratio. Ans. 3. 
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BATIO AM PBOP0RTIOS. 

Art. SSl«~~-Two quantities of the same kind, may be com- 
pared in two ways: 

1st By finding how mucli the one exceeds the other, 

2d. By finding how many times the one contains the other. 

If we compare the numbers 2 and 6, by the first method, we 
gay that 2 is 4 less than 6, or that 6 is 4 greater than 2* 

If we compare 2 and 6, by the second method, we say that 6 is 
equal to three times 2, or that 2 is one third of 6, This method of 
comparison gives rise to proportion. 

Art. \%S2a - /&///>> is the quotient which arises from dividing 
one quantity by another of the same kuuL Thus, the ratio of # 
to is 3; iho ratio of « to aha is m. 

Itiut-A it ks. — 1st. Fn comparing* two narabor* or inwtUUius by their 
quoiieni, the number expressing the raih) which (he dv>i i».\>r*« (j the >ec- 
and, will depend on which is made the &tantf<<fd of comparison. Thus, in 
comparing 2 (nv'i b\ if wo make 2 the mm»*£ of measure, or .standard, we lino, 
thai ifct /A/cr ^o 1 the standard. If we make 6 the unit of measure,, or 
standard, we ihid, that 2 if o>?e Mf7<4 of ihe standard. £n ihidlu<>; the ratio 
of one number to another, the Prendi math einat ieia-ns always make oho Jirst 
of the two numbers the Standard of -coiuparhsoii; while the Jn^hVh mako 
the Itusi named the .standard, Tims, the .French say die ralio of 2 to {> is 'J ; 
while the English ^ay it is ^. The French method Ks now generally used 
in the Hinted States though, in a few works, the other is piill roiuincd. 

2d. In order thai two quantities xi\r,y bo compared, or have a ratio to each 
other, it U ovidenily nece^ary that fhoy should ho of the *mmo kind, so that 
uqo way ho some purl of, or some number of limes {lie other, Tim*, .2 
yards has a ratio to yards, because the latter ife three tunes the former; but 
2 yards hna no ratio io 6 dollars, bince the one can not be ^aid to he either 
greater, less, or any number of thnoy the other. 

Art. SlSS.—When two numbers, as 2 and 8, are compared, the 
first is called the antecedent, and the second the consequent. 

An antecedent and consequent, when spoken of as one, are 
called a couplet. When spoken of as two, they are called the terms 
of the ratio. Thus, 2 and 8 together, form a couplet, of which 2 
is the first term, and 6 the second. 

Art. §HMe—Katio is expressed in two ways. 

1st. In the form of a fraction, of which the antecedent is the 
denominator, and the consequent the mmieraior, Thus, the ratio of 
2 to 6, is expressed by f ; the ratio of 8 to 12, -by *&, &e. 

& is view.— 231. In how many ways, may two quantities of the same 
kind be compared ? Compare the numbers 2 and 6 by the first method. 
By ihe second. 232. What is ratio? Give an illustration. 233, When 
two numbers are compared, what is iho first called ? The second ? Give 
an example. 
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2d. By placing two points (:) between the terms of the ratio, 
Thus, the ratio of 2 to 6, is written 2 : 6; the ratio of 3 to 8, 
3 : 8, &c. 

Art. $B8&«~~The ratio of two quantities, maybe either a whole 
number, a common fraction, or an inietminate decimal. 



The ratio of 2 to f/5 is ^—-, or ^^ — -, or 1.1 18+, 

We see, from this, that the ratio of two quantities can not 
always be expressed exactly, except by symbols; but, by taking a 
sufficient number of decimal places, it may be found to any re- 
quired degree of exactness. 

Art. 51 36.— Since the ratio of two numbers is expressed by a 
fraction, of which the antecedent is the denominator, and the con- 
sequent the numerator, it follows, that whatever is true with regard 
to a fraction, is true with regard to the terms of a ratio. Hence, 

1 st. To multiply the consequent; or to divide the antecedent of a 
ratio by any number, 'multiplies the ratio by that number, ( Articles 
122,125.) 

Thus, the ratio of 4 to 12, is 3. 

The ratio of 4 to 12X5, is 3X5. 

The ratio of 4-~2 to 12, is 6, which is equal to 3X2, 

2d. To divide the consequent, or to multiply the antecedent of a ratio 
by any 'number, divides the ratio by thai number* (Articles 128 ? 
124.) 

Thus, the ratio of 3 to 24, is 8. 

The ratio of 3 to 24~~2, is 4, which is equal to 8-*- 2. 

The ratio of 3X2 to 24, is 4, which is equal to 8-S-2. 

3d. To multiply, or divide, both the antecedent and consequent of 
a ratio by (my number, does not alter the ratio, (Articles 126, 127*) 

Thus, the ratio of 6 to 18, is 3. 

The ratio of 6X2 to 1 8X2, is 3. 

The ratio of 6-f-2 to 18-5-2, is 3, 

Art. HSHV-When the two numbers are equal, the ratio is said 
to be a ratio of equality. When the second number is greater than. 

Be tie w. —234. When are the antecedent and consequent of a. ratio 
called a couplet?- When the terms of a ratio? By what two methods is 
ratio expressed ? Give an example. 235. What forms may the ratio of two 
quantities have ? 236. How is a ratio affected by multiplying the conse- 
quent, or dividing the antecedent? Why? Howls a. .ratio -affected 'by 
dividing the consequent, or: multiplying the antecedent? Why ? How is 
&, iratio, affected,, by either multiplying or dividing both antecedent and 
consequent by the sam« number?- Why ? 
20 



284 BAY'S ALGEBRA, PART FIRST. 



the first, the ratio is said to be a ratio of greater inequality, and 
when it is less, the ratio is said to Be a ratio of less inequality. 

Thus, the ratio of 4 to 4, is a ratio of equality. 

The ratio of 4 to 8, is a ratio of greater inequality. 

The ratio of 4 to 2, is a ratio of less inequality. 

We see, from this, that a ratio of equality may he expressed 
by 1; a ratio of greater inequality, by a number greater than 1; 
and a ratio of less inequality, by a number less than 1. 

Art. &3§.— When the corresponding terms of two or more 
ratios are multiplied together, the ratios are said to be compounded, 
and the result is termed a compound ratio. Thus, the ratio \°, 
compounded with the ratio f , is ^XiHHH 4 - In this case, 3 
multiplied by 5, is said to have to 10 multiplied by 6, the ratio 
compounded of the ratios of 3 to 10 and 5 to 6. 

Akt. 2»»— -Ratios may be compared with each other, by re- 
ducing the fractions which represent them, to a common denom- 
inator. Thus, to ascertain whether the ratio of 2 to 5 is greater 
than the ratio of 3 to 8, we have the two fractions, § and f , which 
being reduced to a common denominator, are V and V 5 anc ^ 
since the first is less than the second, we infer, that the ratio of 2 
to 5 is less than the ratio of 3 to 8, 

PROPORTION. 

Art. M#«~— Proportion is an equality of ratios. Thus, if a> b, c 9 

d are four quantities, such that - is equal to -, then a, 6, c, d farm 

a proportion, and we say that a is to 5, -as c is to d ; or, that a has 
the same ratio to b t that c has to ct 

Proportion is written in two ways. 

1st. By placing the double colon between the ratios. Thus, 
a ' : b i : c : d. 

2d, By placing the sign of equality between them. Thus, 
a*. 6=c : <£. 

The first method is the one generally used. 

From the preceding definition, it follows, that when four quan- 
tities are in proportion, the second divided by the first, gives the 
game quotient as the fourth divided by the third. This is the test 
of the proportionality of four quantities. Thus, if 3, 6, 5, 10 are 

Ei?Kf.~ 237. What Is a ratio of equality? Of greater inequality? 
Of lessiaecitiality? Give examples. 238, When are two or more ratios 
§aid to be compounded? Give an example. 239. How may ratios be com- 
pared to each other? 240. What is proportion? Give an example. How 
are four quantities in proportion written ? Give examples. 
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the four terms of a true proportion, so that 3 : 6 : : 5 : 10, we 

must have | ==y*. 

If these fractions are equal to each other, the proportion 'is true; 

if they are not equal to each other, it is false. 

Thus, let it be required to find whether 3 : 8 j ; 2 : 5, 

The first ratio is f, the second is #, or 3 § 6 , and \ 5 ; therefore, 

3, 8, 2, 5 are not proportional quantities, 

E e m A E K,~~~The words ratio and ^rpporfifc-n, in common language, are 
sometimes confounded with each other. Thus, two quantities are said to be 
m the proportion of 3 to 4, instead of, in the ratio of 8 to 4. A ratio sub- 
sists between two quantities, a proportion only between four, It requires 
two equal ratios to form a proportion, 

Art, ^MIL~— In the proportion a : b i ; <? : <i, each of the quan- 
tities a, b, c, d, is called a term. The first and last terms are 
called the extremes, the second and third, the means, 

Art. S4^ a — Of four proportional quantities, the first and third 
are called antecedents, and the second and fourth, consequents (Art. 
233); and the last is said to be a fourth proportional to the other 
three, taken in their order. 

Art. MS* — Three quantities are in proportion, when the lirsi 
has the same ratio, to the second, that the second has to the third. 
In this case, the middle term is called a mean proportional between 
the other two. Thus, if we have the proportion 

a : b i : b : c 
then b is called a mean proportimalhetween a and c, and em called 
a third proportional to a and : b. 

Art. 04$.,— Proposition L^*In every proportion, the product of 
the means is equal to the product of the extremes. 

Let a : b : : c : d. 

Then, since this is a true proportion, the quotient of the second 

divided by the first, is equal to the quotient of the fourth divided 

by the third. Therefore, we must have 

b_d 

ac" 

Multiplying both sides of this equality by ac, to clear it of frac- 

i abc ade rt , 

tions, we have — ==?— , Or, oc^ad. 

a c - 

Illustration by numbers, 3 : 6 : : 5 : 10, and'OXS^XlO. 

Be vie w. — 240* 0-iye examples of a true and false proportion. What 
is a test of the proportionality of four quantities? 241. What are the first 
and last terms of a proportion called ? The second and third terms ? 
242. What are the first and third terms of a proportion called ? The sec- 
ond and fourth? 243 . When are three quantities in proportion ? Give an 
example* What is the. second term called ? The third 1 
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, „ be ad 7 ad be 

From tlie equation be—act, we have d=— } c=-j~ t o=^—~ } ana a=--— t 

from which we see, that if any three terms of a proportion are 
given, the fourth may he readily found. 

The first three terms of a proportion, are ac, bd, and acxy ; what 
is the fourth? Am.bdxy. 

Remark.— This proposition furnishes a more convenient tent of the 
proportionality of four quantities, than the method given in Article 240, 
Thus, to ascertain whether 3 : 8 : : 2 : 5, it is merely necessary to compare 
the product of the means and the extremes,* and, since 3X^ is not equal 
to 8X2, we infer that the proportion is fake. 

Art. 5845.— Proposition II. —Conversely, If the product of two 
quantities is equal to the product of two others, two of them may be 
made the 'means, and the other two the extremes of a proportion* 

Let bc=ad. 

Dividing each of these equals hy ac, we have 

be ad „ b cl 
_— — . Or, -=-. 
ac ae a e 

That is, a xb: : c: d. 

Illustration. 5X8—4X10, and 4:5:: 8 : 10, 

Art. S46«— Proposition III.— if three quantities are in contin- 
ued proportion, the product of the extremes is equal to the square of 
the mean. 

If aibubzc 

Then, by Art. 244, ac===bb===b\ 

It follows, from Art. 245, that the converse of this proposition, 
is also true. Thus, if ac=bP, 

Then, a : b • : b : c; 

That is, if the product of the first and third of two quantities, is 
equal to the square of a second, the first is to the second, as the second 
is to the third. 

Illustration, If 4 : 6 : : 6 : 9, then 4X9=6 2 =36. _ 
If 2X8—16, then 2 : j/16 : : j/U : 8 

Or 2:4:: 4: 8. 

Art. 5l4f«— Proposition TV.— If. four quantities are in propor- 
tion, they will be in proportion by alternation ; that is, the first will 
have the same ratio to the third, that the second has to the fourth. 

Let a i b : : c : d. 

rm • • d 

This gives, --=:_. 

be- 

Multiplying "both aides by e, ~-==df. 
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c cl 
Dividing both sides by b 9 -=7-- 

That is, a ■ : c : : 5 : cl 

Illustration. 2 : 7 : : 6 : 21, and 2 : 6 : : 7 : 21. 

Art. SI4S*-— Proposition V.— If four quantities are in propor- 
tion, they will be in proportion by inversion; thai is, the second will 
be to the first as the fourth to ike third. 

Let . a 

By Art. 244, 

Dividing both sides by b, 



i : 


b:i 


: 6' : cL 






ad- 


=6e. 






ad 


~c. 






a 

T 


c 




b 


; a : 


: d : c. 




> : 


15, 


and 5 : 


;2 



For, from 1st proportion, 
From 2d proportion, 



Dividing both sides by d, 

That is, 

Illustration. 2 : 5 : : 6 : 15, and 5 : 2 : : 15 : 6, 

Art, £8 4®. —Proposition YI. — If two sets of proportions 'have 
an antecedent and consequent in the one, equal to cm antecedent and 
consequent in the other, the re?naming terms will he proportional. 

Let a : b : : c : d (1.) 

And at b : : e : f (2.) 

Then will c : d : : e : / 

a e° 

Hence, -=--. 

e e 

This gives, e : cl : : e : /' 

Illustration, 3 : 5 : :■ 6 : 10 

8: 5-9:15 

And 6: 10:: 9: 15. 

R e m ark .—TMs proposition is generally termed equality of ratios. It 
is almost self-evident* 

Art, 0-5 #•— Proposition YII. — If four quantities are in propor- 
tion, they will be in proportion by composition ; thai is, the sum of 
the first and second, will be to the second, as the sum of the third and 
fourth, is to the fourth. 

'Lei a : b t : c i cl 

Then will a+5 : b : : c+ d : $ 

From the 1st proportion, &«=«<?, by Art. 244, 
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Adding bd to each, M™M, 

■bc+bd=ad+bdi Or 5(c+d)==tf(a+d). 

Dividing each side by c+«5, 6'== -i-Jyi ; 

This gives, a-f 5 : b : : c~H : & 

Illustration. 3 : 4 :.: 6 : 8 

3+4 : 4 : : 6+8 : 8; Or, 7 : 4 : : 14 : 8, 

Remark .—In a similar manner, it may be proved, that the sura of the 
first and second terms, will be to the jir$t f as the sum of the third and 
fourth is to the third. 

Art, 5851. — Proposition YIIL—Jf four quantities are in pro- 
portion, ihey will be in proportion % division; that is, the difference 
of ihefrst and second, will be to ike second, as the difference of the 
third mid fourth is to the fourth. 

Let . a : b : i c : d 9 

Then will a — 5 : 6 : : c — dl : ci 

From the 1st proportion, be=.ad t by Art, 244. 
Subtracting bd from each, bd=bd 

be — bd=ad — bd ; 
Or 9 b(c~~-d)^d(a—b), 

d(a — b) 



Dividing each side by c~-~ d 9 5— , . 

J Or—b c—d 

This gives, a~~~h : 6 : : 0— -d : & 

Illustration, 8 : 5 : : 16 : 10 

8-5 : 5 : : 16-10 : 10; Or, 3 : 5 : : 6 : 10. 

E .38 m A B k .— In a similar manner, it may be proved, that the difference 
of the first and second will be to the jfo-«*, as the difference of the third and 
fourth is to the third. 

Art. 0tS&»— Proposition IX.— If four quantities are in propor- 
tion, the stm of ihefrst and second will be to their difference, as the 
sum of the third and fourth is to their difference. 

Let a.: hue id, (1.) 

Then will a+b : a—b : : e+d : c—d. 

from the 1st, by composition, Art, 250, 
a+b ihn c+d : d. 

By ultamation, a+b : c+d iibi d, Art, 247. 
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This gives, — rr^T* 

43 &+© 6 

From the 1st, by division, 

a — b : 6 : : c — <$ : d, 

By alternation, «~~& : c — d i t b i d; 

„,, . . c— <i ^ , <?+<$ c—d 

This gives, T=r ; hence — r--r= — r « 

to s a—h b a+b a~~h 

That is, a~\~b i c+d : : a— 6 : c—c?; 

Or, by alternation, a~\-b : a— 6 : : c-f-d? : c—d. 

Illustration. 5 : 3 : : 10 : 6 

54-3: 5-3:: 10+6: 10—6 

Or, 8 : 2 : : 16 : 4. 

Art, S 5 ^—-Proposition X.,— If four quantities are in proportion, 
like powers, or roots, of those quantities, ivill also be in proportion. 

Let a ib : : c : d. . 

Then will a" : 6* : : C* : ^ 

„ . & <* 

ior, since -=-, 

a c 

If we raise each of these equals to the nth power, we have, 

a n ~~c n " 
That is, a 11 1 b n : : c n : <2» 

Where % may either he a whole number or a fraction, 
Illustration. 2 : 3 : : 4 : 6 

2 2 : 3 2 : : 4 8 : 6 2 
Or 4 : 9 : : 16 : 36 

Also, a 2 : & 2 ; : m 2 a 2 : -m 2 6 2 

And l/a 2 : i/5 2 ; :■ ]/®V : i/mW 

Or a tb % t ma i mb. 

Art. 2 «£4«— Proposition XI.— -J/* te? sets of quantities are in 
proportion, the products of the corresponding terms will also be -in 
proportion, 

■Let a: 6 : : c: cf, (1.) 

And #&': % : : r : <s; (2.) 

Then will «#& ibm t er : afo. 

For, from the 1st, -:=-; and from the 2d, ~— ™--» 
a c m r 

Multiplying these equals together, 

& w w d ,,? -6» ds 
_X~~=~X'~> or— =— . 

a m c y am cr 

This gives, am i bn : : er : cfo. 
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3:5: 


:6: 10, 


4:3: 


: 8 : .6, 


12 : 15 : 


: 48 ■: m 



Illustration. 



Art. 5S«S«I» — Proposition XII. — In any continued proportion, 
iliai is, any number of proportions having the same ratio, any one 
antecedent is to its consequent, as the sum of all the antecedents is 
to the stmt of all the consequents. 

Let a : b : : c : d : : m : n, &c. 

Then will a : b -. : a+e+m : 5+dH-ra ; 

Since a : b i \ c i d, we have bc=ad. 
Since a : b % : m : ?i, we have bm=an. 

Adding ad to each, ab=ab. The sums of these equali- 

ties give c{,b~\-hc~\~b?n^=ab J rad J ran; 

Or b(a-\-e-{-m)=^a(b+d+n). 

Dividing by a+c+m, 5^ r — ; — -' ; 

° J a+c+m 

Dividing both sides by a _— ~IC — . — 1 . 

tt ^ a a+c-f-m 

This gives, a : 6 r: a+e+m : &+$+^ 

Illustration, 3 : 4 

8:4 

Or 3 ■: 4 



: 6 : 8 : : 9 : 12 

. 3+6+9 : 4+8+12 
: 18 : 24. 



B, e m A e k ,~~-Xn the preceding demonstrations, the proof has generally 
been made to involve the definition of proportion, that is, that the four 

b d 
quantities, a } 'b t e } d } are in proportion, when -=— . This is regarded as 

a matter of great importance to the pupil. If the instructor chooses to dis- 
pense with this, as .some writers do, several of the demonstrations may be 
somewhat shortened. There are several other Propositions in Proportion, 
that may foe easily demonstrated, in a manner similar to the preceding, but 
they are of so little use, as not to be worthy of the pupil's attention. 
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